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INTRODUCTION 

wm ranle from a few meters to possibly hundreds of meters. For reducing the cost of 
. i • j n prfltina (e 2 energy required for reboosting and control), 

U wU “te^cisary 1 to make the structured light as possible. However, reducing 
structural mass tends to Increase the flexibility which would make it men 
control with the specified precision in attitude and shape. Therefore. 15 a 

develop a methodology for designing space structures which are optimal with respect 

both structural design and control design. 

In the current spacecraft design practice, it is customary to first perform the 
structural design and then the controller design. However, the structural design and the 
control design problems are substantially coupled and must be considere concurren y 
order to obtain a truly optimal spacecraft design. For example, let 9 
the "control" design variables (e.g., controller gains), and it the set of the structural 
design variables (e.g.. member sizes). If a structural member tUcta«« » 
dynamics would change which would then change the <control law ot 


That 


SSHi tu°r ZZ ZZZZZrZ the sets « and , depend on each other. 

Future space structures can be roughly divided into four mission classes. Class 1 
missions include flexible spacecraft with no articulated 

attitude pointing and vibration suppression (e.g., large space antennas). Class 11 
misTons consist of flexible spacecraft with articulated multiple payloads where the 
requirement"^ to fine-point the spacecraft and each individual W^d whOe suppressing 
the elastic motion. Class III missions include rapid slewing of spacecraft witht 
appendages while Class IV missions include general nonlinear motion of a flexible 

:pa P c™ rT'with articulated appendages and robot arms. Cla « ™ f Tactua?orand 
linear mathematical modeling and control system design probiemsjexcept f ° r ^ tor 
sensor nonlinearities), while Class III and IV missions represent nonlinear problems. 

In this paper, we shall address the development of an integrated controls/structures 

on 

5 !~ m ^ ysraz js.usz 

CONTROLLER DESIGN METHODS 

rnntrol of laree flexible space structures (LFSS) is a challenging problem because of 
their special dynamic characteristics .hid' “ery^mafuLierent 

«“•!. of" ^rrwtdge^ the parameters. In irder to be practical,. 



implementable, the controller must be of a reasonably low order and must also satisfy the 
performance spec,f,cat,ons RMS pointing error. closed-loop bandwidth. e“ “ It 

must also have robustness to "nonparametric" uncertainties (i.e., unmodeled structural 
moden' '? parametrlc " uncertainties (i.e., errors in the knowledge of the design 

controllers (MBC) aT'dSpfw contrXs d ' S ‘ 8 " m " h0<iS f * r LFSS « 

followed ^e^ “ 

nowledge of the design" model (consisting of the rigid rotational modes and a few 

— a ’r eS) u S ”P rediction '' P-t- Using multivariable freqlncy-doltn d^si^ 

thP ^ d Mi ^ controllers can be made robust to unmodeled structural dynamics- that^s 
the spillover" effect can be overcome [1J. However, such controllers gTne^llv tenfti ’ 
be very sensitive to uncertainties in the design model, in particular, to uncertainty in 
the structural mode frequencies [1,21. An analytical explanation of this instability 
mechanism may be found in (21. Achieving robustness to real parametric^^ uncer^ntles 1, 

as yet an unsolved problem, although considerable research activity is in progress in that 
area using H-infinity and structured-singular-value methods. progress in that 

miinr-jit a** f th ® se " sitivit y problem of MBC’s, dissipative controllers, which utilize 
DiiS and , COr f, Patible actuat0rs and sensors > offer an attractive alUrnative 
Dlant 2nri e nf 0 r t rS utlh ” special passitivity-type input/output properties of the 

Encer’tainJies t£*T i'T** pr6SenCe ° f both ^nparametrtc and parametric 

Itrnl pr n • controller of this type is the constant-gain dissipative 

controller. Using collocated torque actuators and attitude and rate sensors the 
constant-gain dissipative control law is given by: sensors, the 


u = -G y - G y 

P P r r 

where y p and y r are the measured (3m x 1, where m is the number of 3-axis sensors) 
attitude and rate; G p and G f are 3m x 3m symmetric, positive-definite gain matrices. This 
la " has been P roven give guaranteed closed-loop stability despite unmodeled 

P ormance is inherently limited because of its restricted mathematical structure. 

robust stTbmtv° d°vnlLV hi H her P ? rf ° rmanCe While stiJ1 staining the highly desirable 
rlt S n b y ' dyna .™ lc dlssl Pative compensators can be used. Two types of such 
controllers were considered in [2] and are presently under develooment l m I 

ofThe^I? 10 ° f H aI i l diSS ! Pative controllers is that, although they utilize the knowledge 

iwr4T?„ n zzz*ss ^ *■* ^ * not 

INTEGRATED DESIGN FORMULATION 

Farti*» In ° r ? er t0 facilitate the integrated design methodology development an 
"Farth P n 0, ! ng g c e ° Statl ° nary platform concept was selected as a focus mission The 

assumed that a three-axis control moment gyro (CMC) and collocated attitude and me 


( 1 ) 


2 





sensors, located close to the center-of-mass of the structure, are used for accomplishing 
the control. 

The approach followed herein is to formulate the integrated design problem as a 
single-objective optimization problem. The structural design variables used are outer 
diameters of the truss and antenna support members with the thickness fixed. In 
particular, the truss was broken into three sections and the outer diameters of the 
longerons, battens, and diagonals within each section constitute nine design variables. 

Two additional structural design variables are the outer diameters of the support members 
for the two antennas, thus constituting a total of 11 structural design variables. 

The control law considered herein is the constant—gain dissipative controller given 
by Eq (1), which is known to have excellent robustness to unmodeled elastic mode dynamics 
and parametric uncertainties. The set 1? of the control design variables consists of the 
controller gains G and G . In order to ensure that G p and G p are symmetric and positive 

definite, they are expressed in terms of their Cholesky decompositions: 


G = rt 

p p p 


g = rt 

r r r 


where T and T are upper-triangular matrices. Thus, the number of control design 

p r 

variables is 12, so that the total number of design variables is 23. 

The sensor outputs are contaminated with zero-mean white noise processes w^ and w 

with covariance intensities W and W p . It is straightforward to write the equation for 

the evolution of the state vector covariance matrix [3]. The steady-state version of the 
covariance equation is a Lyapunov equation, which can be readily solved to obtain the 
steady-state covariance matrix Z of the state vector. The RMS pointing error at a given 
location can be determined from Z in a straightforward manner. 

The objective considered herein is to obtain the best possible performance with the 
least possible total mass. This is expressed as a weighted sum of the total mass and a 
measure of the "time constant", as: 


Minimize 


(M A * + M J L 

j = p struc l_+ d-0) i 


l lU/KeU^ll 


(M° + M° ) y Ill/*ett°m 

struct. act. L l 


with respect to: d,.d , T , T ; 

r 1 11 p r 

where M M denote the structural mass and the actuator mass, > denotes the 

struct * act. * 

real part of the ith closed-loop eigenvalue A^ and the superscript "0" denotes the 

nominal values of the corresponding variables. The coefficient 0 is chosen to be between 
0 and 1, according to the relative importance given to the total mass and the response ^ 
"time constant", represented by the term inside the summation signs. The "time constant 
term is a measure of how fast the motion (including the elastic motion) is attenuated. 

The reciprocal of the "time constant" term is a measure of the closed-loop performance and 

is called the "controlled performance". 

The constraints are given by: 
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1) Limit on the maximum allowable RMS error at the larger antenna: 


C rms S c max 11 Mrad. 


2) Limits on the minimum and maximum allowable tube diameters: 


d, s d a d i = l n 

3) Matrices T p and T r must remain nonsingular (i.e., must have non-zero diagonal elements) 

m order to ensure positive definiteness of G and G . 

P r* 

INTEGRATED DESIGN RESULTS 

. F ° r + the nominal structural design, the first modal frequency was about 0 6 

large antenna support with the first truss mode at about 6 H 7 Ann „ * * 6 H th 

"t”^ c^lottr ™ 1 *7 r^-s were^^^reTeZts 

stutl ' t0 ma ^ lta * n the^RMS^h!^/ error ^w^hi^ld^required^tolerance* r ^»timizatio^ namiCS 

Resea?c h We i;t P e e r rtor« 2-5“owTeSctf.'f 8 " 

r the 

corresponds to a "performance" or Vontmi" H n min,e^T • p ' A vaIue of 0 near zero 
a "mass" or "cost" dominated desXn Ac i domina ^ ed des, « n w hile fi near 1 corresponds to 

the trade-offs between structura and b * tween , 0 and l > F ^res 2-5 indicate 

For ft - n iq , tural and c °ntrol properties of the optimal integrated desion 

ss-l-s 

SSSTS r a r s eq muTas W Vo “"1^^ 

advantage of integrated design is in its capability ^obtafnVbette^dSim” 0 ^ VCr ’ main 

necessarily reduction of the total mass. better deSlgn and not 

CONCLUDING REMARKS 

s in P | P I!lhi n ! egrated C ° ntrols/struct ures design problem was formulated as a 

mth ' 1 s r“ s “ d the 

compensators) for incomoration in th*» , . . laws le g -* dissipative dynamic 

verification of the I'* 18 " meth0d towards “^imental 

also under development [ 41 . P ‘ placen " ! " t » f and actuators are 
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Table 1. Conventional Design vs. Integrated Design 



Objective 

Function 

Controlled 

Performance 

Structural 

Mass 

Actuator 

Mass 

Total 

Mass 

Initial Design 

1.0 

j 1.0 

1.0 

1.0 

1.0 

Control-optimized 
Design 
p = 0.15 

0.75 

1.41 

1.0 

1.33 

1.09 

Integrated 

Design 

P = 0.15 

0.32 

4.82 

0.58 

1.97 

. 

0.97 

1 
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A8STRAC1 


Presented herein is a novel passive vibration damping technique that is 
referred to as Non-Obstructive Particle Damping (NOPD)." The NOPD technique 
consists of making small diameter holes (or cavities) at appropriate locations 
inside vibrating structures and filling these holes to appropriate level? with 

^ t '^ es , whlch . ^ e1d the maximum damping effectiveness for the desired mode 
(or modes). Powders, spherical shaped, metallic, non-metallic or liquid 

particles (or mixtures) with different densities, viscosities and adhesive or 
cohesive characteristics can be used. aanesive or 

1. INTRODUCTION 

^mn,mI he nf effe - C K tiV + e - neSS ° f dampi " 9 treatments in structures is related to the 

amount of vibration energy converted into other forms of energy The 

performance of virtually all existing damping methods is affected bv 

environmental conditions. Vibration damping under severe temperature*^ 

pressure, and fluid flow conditions is usually handled by structural desiqn 

md . tenal selection, and other measures. Systematic treatments 
or passive damping are unavailable for cryogenic or harsh environments. 

Existing Methods of Passive Damping 

Presently used passive damping techniques can be classified infn ti» 
broad categories: (a) viscoelastic material applications b) friction 

isolators. C lmpact dampers ’ ( d ) f luid dampers, (e) tuned dampers, and (f) 

a. Viscoelastic materials are very effective vibration suppressors at room 
and moderate temperatures but lose their effectiveness in low and h?gh 

deqfade tU ^mhrm 1 ?™!°h S * Vlsc . oe . lastic "»terials have a tendency to 
Khir ^cesses- 1 ^ $1nte9rate WUh time throu9h °^gassing 

b. Friction dampers are useful in many applications includina harsh 
environments such as rocket engine turbine blades. However because the 

of Pf °thermal° f 3 fu " Cti °" ° f the Tightness^ oTTA arid 

or thermal and environmental conditions,*the effectiveness of 

conditions. thsnM ' fon:es ofte " Oesrades due to changes In surface 

irevall ^sThVTn -rd.'",, app,,ca H ttons where pyroshock conditions 
+i 9 f s n recoil guns, and are relatively effective Their 

15 a ‘ tributcd ‘o momentum exchange between the 

impractical when the^ impacting part ides. 3 Impact dampers become 
impractical when the amount of energy to be absorbed is large. 

Fluid dampers are devices that use the added mass effect squeeze film 
effects, and where applicable, the sloshing effects of ’the fluid to 

Z L , r ! Jctural dam PJ n 9- They are also used to absorb sudden shock? 

y dissipating energy through heat and acoustic effects, and can be tuned 
to specific frequencies. 4 Fluid dampers are normally not applicable 

11mlted ut? 1 ity 0V1 ronmenta 1 condUions and hence have specialized and 
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e. Tuned dampers form a class of vibration absorbers that have to be 
specially designed to attenuate the amplitude of a specific vibration 
mode. These include dynamic vibration absorbers, acoustic cavities, and 
other forms of passive tuned mechanisms. They are quite effective if 
designed appropriately. Sometimes, however, changes that occur in time 
can result in the detuning of the dampers. 5 

f. Isolators are damping devices designed to attenuate the transmission of 
vibrations to sensitive instrumentation and equipment over a given 
frequency range. These can be made from viscoelastic materials, fluid 
dampers, NOPD, and other combinations thereof. Their effectiveness is a 
function of vibration amplitudes, frequency bandwidth, and environmental 
conditions.isolators can also be affected by constant loading and 
vibration effects and can degrade in time. 

2. Non-Obstuctive Particle Oamping (NOPD) Related Experience 

NOPD Involves the potential of energy absorption/dissipation through 
friction, momentum exchange between moving particles and vibrating walls, 
heat, and viscous and shear deformations. Initial NOPD test results 
substantiate the effectiveness of this damping technique.'However, the 
Information available Is Insufficient to model, optimize, and predict Its 
effectiveness on different applications. 

The following describes a Space Shuttle Main Engine (SSME) liquid oxygen 
(LOX) Inlet tee vibration problem addressed and test results obtained that 
Indicate significant vibration reductions using NOPD techniques. 

3. SSME LOX Inlet Tee. In an effort to reduce the high amplitudes of 

vibrations of an SSME component 7 ,'without changing Its mass or 

performance characteristics, four 1-millimeter (mm) diameter holes were 
machined Inside one of the LOX Inlet tee splitter vanes (Figure 1). The holes 
were partially filled with various particles and tested under hammer Impacts 
and high frequency/high amplitude shaker excitations. Acceleration 

measurements were taken on the vane and on the outside shell of the LOX Inlet 
tee (Figure 2) with holes empty and filled with various particles. The 

results showed significant effects In spite of the small size of the holes and 
small amounts of fill materials. 

Description of Tests. Vibration and modal tests of the LOX Inlet tee 

vanes, with holes empty, were conducted and data was recorded and reduced to 
the form of frequency response functions. Then, the four 1-mm-dlameter holes 
were filled with 0.18 mm, 0.28 mm, and 0.58 mm (Figure 1) diameter steel balls 
to 1/2-, 3/4-, and 7/8-full levels and tested. Next, zirconium oxide 

(Zr0 2 ) ceramic balls of 0.25 mm diameter were introduced Into the holes 

and tested for vibration levels with the same excitation. Similar tests were 
carried out with nickel and tungsten powders. 

All of the tests were performed according to the standard practice of 

modal/vibration testing. The tee was suspended by flexible rubber bands to 

simulate a free-free condition, and the shaker was bolted onto a fixture with 
the moving tip (with a load cell attached to It) glued to the bottom of the 
tee as shown In Figure 2. The driving point response was kept at 13.7 g, and 
the vane responses at different locations along the midspan ranged from 20 g 
to 154.6 g at the leading edge midpoint of the right vane. 
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SSME LOX Inlet Tee Test Reunite t. 

the tests: modal data (mode L;« T ? . types of data were obtained in 
frequencies); and vibration (accefe?ance l I*"* 1 "? rat1os at various 
ifferent types and levels of fill. ve s °t various modes with 

uniform grid o f ’ac cel erat hfn P measurement ™on L rh ^ obta1ned from a 25-point 
shown on separate plots (Figure 3) As th* each . v f ne * These mode shapes are 

rind te o S i (Fi9U / e 4) ' there are a PProxi^elyTo d modp qUe K n< ; y response function 
Hz and only a few below 3000 Hz The dolinll! 19 modes between 3000 and 6000 

Hz^re^bend^ng £ 4740 HZ ' The "p^nen^^des "lC\?00 

Hz P a Ef^r 9 ?ca 1 ° f t°^s?^ a r^d S e W |t re 4?^"r-o Jn« y ranged from °- 06 * 

??• , El9ht . of the 10 ">° d es above 3000 111! H . z \° °‘ 20 * for a mode at 5239 

rzi 7 ^ £ 

«!7X.K.7SS b !j: & rssu; 

damping ratio was 0.0006 and the amoiitnH^ 6 torsiona1 mode at 5021 Hz the 
changed to 0.0035 and S S g/i ff 1 ^ was *2.8 9/lb when empty ft 

sampu ten 0 f t J his 11 lustrates ^a damping^ effect Tx^^’ ? hen fi,1ed ^ 
sample of three modes is DresentoH c erreci exceeding a factor of 5 a 

sfss’jrjt fflsv=rf»iss-sw srs 

. . y amounts of various material* a. 15 new - 'be observation 

P "?‘ iuc « s “‘ h T r^ ,?f« t Vn« f Sma " «"«» « 

aircraft / SUCh an a PProach to rocket enain. eK The Potential 
aircraft, rotorcraft, lasers CKet engine components, soacecraft 

Pr<mfSinS - A- 
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involved, optimal fill levels, and the best locations and dimensions of holes 
for specific applications as well as other aspects of NOPD. 

As the data in Table 1 indicates, the damping effectiveness is a function 
of mass/density with other parameters probably playing equal parts. For 
instance, 0.18 mm diameter steel shot performs better than other particles for 
the modes at 3807 Hz and 4309 Hz frequencies, while nickel powder damps more 
than other particles at 4257 Hz frequency. Similarly, ZrOa was found to 
reduce vibration amplitudes in the above mentioned tests more than nickel or 
tungsten powders at 4309 Hz and 5239 Hz frequencies. However, in most cases, 
tungsten performs better than the rest. These facts indicate that vibration 
reduction by NOPO is a complex function of the material and size of particles 
relative to the cavities they are in. Hole diameter, density, and perhaps 
other characteristics of each type of the particles related to adhesive and 
cohesive forces, viscosity, friction surfaces and flexural properties, also 
contribute to the overall effect. 

The NOPO technique is proven to be a very effective vibration damping 
methodology that has potential applications in all areas of structural 
vibration and acoustics. The tests presented herein show effectiveness in the 
high frequency range, but preliminary test data has indicated effectiveness 
under low frequency vibrations as well. Moreover, the NOPD concept is simple, 
easy to implement (holes can be made a part of the manufacturing process) and 
is relatively inexpensive. It has advantages over viscoelastic damping, since 
its effectiveness is Independent of the environment (when appropriate 
particles are used), has more mechanisms for energy dissipation, does not add 
mass (it often can actually reduce mass) and does not degrade in time (among 
others). Furthermore, damping can be optimized through experiment and 
analysis by choosing the right location and size of holes in a structure, and 
by determining the optimal size-shape-kind (or even mixture) and the 
fill/compaction of the particles utilized. 
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Table I. Amplitudes and Damping Ratios of LOX Inlet Tee Splitter Vanes 

Under Various Materials Damping 


Mode 

Frequency, Amplitude, 
Damping Reduction 
Factor 

Holes Filled With Different Materials - 3/4 Full 


Empty 

Steel 23 

Zirconium 

Oxide 

Steel 7 

Steel 11 

Nickel 

Powder 

Tungsten 

Powder 


Frequency (Hz) B 

Amplitude (g/lb) 
Damping ratio 
Vibration 

Reduction factor 



1 

■ 

1 

I m ; 

3,807 

29.3 

0.001 

1.2 

3,804 
: 27.5 

0.0011 
1.25 

M 

O 

D 

E 

1 

Frequency (Hz) B 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 

4,064 

57.5 

0.0009 

1 

1 

4.061 

39.8 

0.0012 

1.3 

4,061 

37.3 

0.0013 

1.4 

i_ 

1 

4,057 

29.0 

0.0017 

1.9 

4,056 

25.2 

0.0016 

1.8 

M 

O 

D 

E 

2 

Frequency (Hz) T 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 

4,257 

27.6 

0.0015 

4,258 

32.6 

0.0011 

-1.2 

4.256 

27.1 

0.0015 

1 

4,259 

30 

0.0012 

-1.1 


4,257 

20.4 

0.0013 

1.4 

4.258 

25.5 

0.0013 

1.1 

1 

B 

Frequency (Hz) T 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 



1 

1 

4,308 

52.8 

0.0013 I 
1.06 

1 

m 

4,306 

46.4 

0.0016 

1.2 

4,306 

41.5 

0.0015 

1.34 

H 

Frequency (Hz) T 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 

4,748 

70,1 

0.0008 

1 

4,743 

42.7 

0.0009 

1.64 

4,741 

41.1 

0.001 

1.7 

4,740 

37.0 

0.0013 

1.9 

4,737 

35.0 

0.0017 

2 

4,734 

18.2 

0.0028 

3.9 

M 

O 

D 

E 

5 

Frequency (Hz) T 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 

5,021 

52.8 

0.0006 

5,017 

30.1 

0.0009 

1.76 

5,018 

27.6 

0.001 

1.9 

5,015 

20.4 

0.0012 

2.6 

5,014 

18.9 

0.0015 

2.8 


5,010 

9.4 

0.0035 

5.6 

M 

O 

D 

E 

7 

Frequency (Hz) T 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 

* 5,239 
29.5 
0.002 

5.233 

26.4 

0.0028 

1.12 

5,234 

26.3 

0.0025 

1.12 

1 

Btj 11 

5,232 

22.6 

0.0025 

131 

5,232 

32.7 

0.0016 

-1.11 

5,234 

30.9 

0.0017 

-1.05 

M 

O 

D 

E 

6 

Frequency (Hz) T 

Amplitude (g/lb) 
Damping ratio 
Reduction factor 

5,606 

7.9 

0.001 

5,604 

7.0 

0.00011 

1.13 


5,605 

6.0 

0.0012 

1.32 

1 

1 

5,593 

6.9 

0.001 

1.15 

5,593 

6.4 

0.001 

1.2 

M 

O 

D 

E 
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Note : B — Bending Mode 
T = Torsional Mode 

Reduction factor = Amplitude empty Amplitude filled 
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Figure 5. Accelerance Amplitudes of 
a Torsional Mode at 5021 Hz Under 
Various Materials 
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Figure 6 . Accelerance Plots to Show Damp¬ 
ing Effects of Various Materials for a Bending 
Mode of the LOX Inlet Tee Splitter Vane 



Figure 7. Accelerance Plots to Show Damp 
ing with Various Materials for a Torsional 
Mode of the LOX Inlet Tee Splitter Vane 
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Introduction 

Consider the Daniels system in Fig. 1 with n brittle fibers of 
independent identically distributed resistances (R*), i - 1, 2, n, that 

is subject to a random load process S(t). It survives in any of the damage 
states m - n, n-1, 1 having m unfailed fibers and n-m failed fibers. 

System collapses when damage state m-0 is reached. Let Y m be the residence 
period in damage state m. System reliability in a time interval (0,r) is the 
probability 

n 

P At) - P( 2 Y > r) (1) 

m-1 

n 

chat time to failure Z Y exceeds service life r. 

, m 
m-1 

Figure 2 shows a plate with a crack of initial length 2a 0 that is 
excited dynamically by stresses S(t), t > 0, normal to the crack. Let A(t) be 
half crack length at time t. System reliability can be defined as probability 

P $ <0 - P(A(r) < a a , 0 < t <_r) (2) 

where a a is a specified critical crack length. The determination of this 
probability poses significant difficulties due to the coupling between system 
response and crack growth rate. 

The paper develops methods for estimating system reliabilities P s (r) in 
Eqs. 1 and 2 and corresponding failure probabilities P F (r) - 1 - P s (r). The 
analysis is based on properties of conditional differential random processes 
and one-dimensional diffusion models. 


Daniels Systems 


It is assumed that fibers are brittle linear elastic with stiffness K and 
damping C, unfailed fibers share equally the load, and system response is a 
mean square differentiable process that takes on positive values with nearly 
unit probability. Let X_(u) be system displacement in damage state m and u 
«(0, Y„) be a local time in this state. System response is 


X m (u) " Sk S(Y n + 


+ Y m+1 + u) 


(3) 
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for quasistatic excitations and satisfies the differential equation 


X (u) + 2 f 0) X (u) + « 2 X (u) - i S(Y + ... + Y . + u) , 
m mmm mm M n m+1 

(4) 

in which C - — f — — c<) , f - Cn/(2w M), w — J nK/M, and M *■ the 

Jn n m Jn n n n n 

system mass, for dynamic excitations. 

Consider a sample < t 2 < ... < of the ordered random resistances Rj 
< k 2 < ... < R* and denote by the critical threshold in damage state m. 
Damage state m begins when X m+! (u) first upcrosses £ m+l and ends when X^u) 
first upcrosses £ m . Probabilistic characteristics of X^u) can be obtained 
from Eqs. 3 and 4 under initial conditions X m (0) - £ m>1 X m (0) - Z m+1 - 
Xm*i(Y m+1 )| (a | n+1 -upcrossing of X m+l (u) at time u - Y m+l ). It can be shown that 
Z m+l follows probability (1) 

. .,. . z f<z i 

£ z < z I W - <5) 


m+1 


dz z f(z I w 

J 


where f(z | £ mt .,) is the probability of X,,,., (Y.*,) | X,,., (Y,,,*,) - 

Denote by u m (u) the mean ^-upcrossing rate of X m (u) | {X m (0) 

X^O) - z ntl > 0) at time u £ 0. Assuming that the sequence of £ m -upcrossings 
follows an inhomogeneous Poisson process of intensity u 1D (u), probability of 
event (Y,,, < y) given the above initial conditions on X^u) 

y 

can be approximated by exp (- j v o (u) du). The safety requirement in Eq. 

1 becomes ^ 


F Y | Y.Y , Z. Z X (0), X (0) ( * (U 2(n-m)+3 )) ' r>0 

m-1 m 1 n m+1 n m+1 n n 


m+1 


in which $ - the distribution of the standard Gaussian variable, — 

independent Gaussian variables with zero mean and unit variance, and functions 

F are distributions of conditional random variables Y m | Y # .Y m+1 , Z n , 

. .., Z B . lt X,(0), X.(0) where (X ll (0), X B (0)} define the initial state of the 
system. First and second order reliability methods (F0RM/S0RM) discussed, 
e.g., in Ref. 2 can be used to calculate probabilities P s (r) and P F (r) based 
on the safety condition in Eq. 6. 

Figure 3 shows the probability of failure for a Daniels system with n-2 
fibers of deterministic strength £| - 1.25 and — 3.00 subject to a 
quas^static load process S(r) - d(r+e) S(r), where €-0,1, d(a) - l-e* 5 , 
and S(r) is a stationary Gaussian process with mean 2 and covariance function 
(1 + Irj-rjl) exp (- |t j * Tj |). Results have been obtained by F0RM/S0RM 
algorithms applied to the safety condition expressed in the standard Gaussian 
space given in Eq. 6. 
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Plate with Crack 


Consider the massless isotropic and homogeneous plate in Fig. 2 with an 
initial crack of length 2a 0 that has an infinitely stiff element of mass M at 
its free end. The plate is subject to stresses S(t) normal to the crack. Let 
2A(t), X(t), and g(A(t)) be crack length, plate deformation, and plate 

stiffness at time t > 0. Displacement process X(t) satisfies differential 
equation 


M X(t) + C X(t) + g(A(t)) X(t) - S(t) (7) 

where C denotes system damping. Stiffness function g(a) can be obtained 
numerically for various values of the crack length and plate geometry. This 
function is approximated by 

g(a)/g(0) - 1 - 1.708x J + 3.08 lx 4 - 7.036x 6 + 8.928x* - 4.266x 19 (8) 
for i-1 where x-2a/i. 


It is assumed that (i) S(t) is a stationary broad band Gaussian process, 
(ii) X(t) is positive with nearly unit probability, (iii) system is lightly 
damped, and (iv) crack growth is slow. Thus, the probability law of system 
response X(t) varies slowly in time so that it can be approximated by a narrow 
band Gauss ian process with central frequency w(A(t)) - 

Jg(A(t))/M. Let H(t) be the envelop of X(t) and R(t) - H(t)/JT a(A(t)) 

11 G 0 M 

where a(A(t)) J as i s the response variance at time t and G 0 is 

the coordinate of the one-sided power spectral density of S(t) at frequency 
w(A(t)). It can be shown by use of the averaging method that R(t) satisfies 
the stochastic differential equation (3) 


dR(t) - - p £ R(t) - j dt + J7 dB(t) (9) 

in which p — C/2M and B(t) — the Brownian motion process with independent 
identically distributed Gaussian increments dB(t) of mean zero and variance 
dt. Therefore, the range of displacement process X(t) at time t can 
be approximated by 2H(t) - 2jT a(A(t)) R(t). 


According to the Paris and Erdogan model, the rate of crack growth is (2) 


dA(t) 

dt 


<*>(A( t) ) 

2 it 


a [Ax(t) 


( 10 ) 


where a and (} are coefficients and Ax(t) denotes the range of the stress 
intensity factor. Let h(a) be the stress intensity factor at the crack tip in 
Fig. 2 corresponding to unit stresses and a crack of length 2a. This function 
can be obtained numerically and is approximated by 

h(a) - Jx (0.467 - 0.514x + 0.960x 2 - 1.421x 3 + 0.782x 4 ) (11) 

for i-1. Thus, stress intensity factor range A*(t) is equal to h(A(t)) 
g(A(t)) 2 H(t). From Eqs. 9 and 10, process (R(t), A(t)) is a bivariate 
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diffusion process satisfying the stochastic differential equation 

f dR(t) - * P [ R(t) - j dt + J7 dB(t) 


(12) 


dA(t) - n w(A(t)) R(tr dt 


a f O') r - 

where tj ■» — 2M 1 -— end w(a) ™ u>(a) I h(a) Jg(&) I 

2* { J C J 1 J 

These equations can be used to calculate the first passage time of A(t) 
relative to level a cr (l). 

An alternative approach can be based on the solution 


A(t) - tf* 1 [ 1 &(a Q ) + f R(s)^ ds ] 


(13) 


where dtf(a) - da/(»j w(a)). Since process A(t) has almost surely monotonically 
increasing samples, reliability Pj(r) is 


P s (r) - P (R(r) < x cr ) 


(14) 


7 

where x cr - 0(« cr ) * and R < r > ” J R(s)U ds> Thus ’ P s (t) coincides 

0 

with the distribution of random variable R(t) evaluated at x . 


An approximate method for calculating the distribution of R(r) can be 
based on the observation that random variables R(t) and R(s) are strongly or 
weakly correlated when |t-s| < r w or |t-s| > *■«*> where r„ is the correlation 
time of R(t). This suggests to approximate R(t) by a stationary independent 
series with time step and the same marginal distribution as R(t) that 
takes on constant values within a time step. According to 
this approximation R(r) has mean 


E R(r) - n r V 
cor 


t 1 + 1 ] 


(15) 


variance 


Var R(r) - n r 


cor 


[ r(i + p) * r(i + f) ] 


(16) 
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and characteristic function 


^(u) - E[e iu *^ r ^] - [?(u r cor )] n (17) 

where r - n T m and £ is the characteristic function of random variable 

R(t)0. Assuming that R(r) follows a Gaussian distribution reliability can be 
obtained from 


x - E R(r) 
cr __ 

J Var R(r) 

where * - the distribution of the standard Gaussian variable. The Gaussian 
assumption is asymptotically correct as r -* «o. Alternatively, 
the distribution of R(r) can be obtained from the characteristic function in 
Eq. 17 and the inversion theorem that gives (4) 



V> - 


£ 


( 


F(x) 


1 . 1 T e lux <(-u) - «- lu> jM 

2 2 * J iu 

0 


du 


(19) 


System reliability coincides with this distribution evaluated at x ■ x„, i.e., 

P $ (0 “ F(x,) (20) 

Figure 4 shows reliabilities in Eqs. 17 and 20 and Eq. 18 as a function 
of crack length 2a, for the plate in Fig. 3 with thickness of 0.1 in, i - 1 
in, M - 0.3 ib sec J in’ 1 , c - 20 ib sec in', a, - 0.05 in, G 0 - 0.0179 ib 1 sec 
in , n - 100, r m - 0.0479 sec, a - 0.66 x 10 -4 , and fi - 2.25. Results by the 
two approximate methods practically coincide. 

Conclusions 

Reliability has been determined for two degrading dynamic systems subject 
to random load processes. Damage is caused by loss of components for Daniels 
systems and crack extension for plates with cracks. The analysis has 
accounted for the coupling between response and current damage state of the 
system. It Is based on mean crossing rates of conditional processes and 
properties of diffusion models. Simple systems are used to illustrate 
proposed methods for estimating reliability. 
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ABSTRACT 

°* th ^ s Paper is to set up and analyze benchmark problems on 
multibody dynamics and to verify the predictions of two multibody computer 
simulation codes. TREETOPS and DISCOS have been used to run three example 
problems — one degree-of-freedom spring mass dashpot system, an inverted 
pendulum system, and a triple pendulum. To study the dynamics and control 
interaction, an inverted planar pendulum with an external body force and a 
torsional spring was modelled as a hinge connected two-rigid body 

system. TREETOPS and DISCOS affected the time history simulation of this 

Pf° . e ®r ystem state space variables and their time derivatives from two 

simulation codes were compared. 

1.0 INTRODUCTION 

Growing interest in deploying flexible satellite and spacecraft structures 
or various applications in space has made the subject of multibody dynamics 
important again. Rigid and flexible systems interconnected in either closed 
or open-loop configurations that undergo large rigid-body motions and/or small 
elastic deformations constitute the class of problems referred to as multibody 

k * >redict f on and control of systems for a combination of 
rigid and flexible-bodies motions are formidable tasks, but must be considered 

as part of the design strategy of multibody dynamic systems. The application 

of appropriate multibody dynamics analysis methods can achieve objective de¬ 
sign of these systems. J 

.. Th k primar J objective of this paper is to address Likin’s question(1) on 
he absence of objective evaluation of government supported multibody computer 
codes. Two simulation codes— TREETOPS and DISCOS were selected for 
evaluation. Three example problems were selected for analysis: they are a 
single degree-of-freedom spring mass system, a triple pendulum system, and an 
inverted pendulum with the base acted upon by a constant force. Time domain 
results for all three example problems obtained from both codes are discussed. 
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2.0 PAST RESEARCH 


Two decades of research has produced a wealth of information about the 
dynamics of multibody systems. Of late, spacecraft components, large space 
structures and robotic manipulators with control elements were modeled as a 
combination of rigid and flexible bodies with an expanded generality to the 
system mathematical modeling and formulation of equations of motion. 

Emphasis was given to the solution methods amenable to computers. Efficient 
dynamic simulation codes development was the major thrust. 

Proceedings of the SDIO/NASA sponsored workshop on multibody simulation (2) 
provide important recent developments for computer simulations of rigid, flex¬ 
ible mulibody machine and space structures. Fletcher, et al (3) derived 

Newton-Euler equations of motion for two point-connected rigid bodies. Hooker 
and Magulies (4) formulated a generalized procedure for several multibodies. 
Kane (5,6) introduced a new approach called Lagrange’s form of D’Alembert’s 
principle. This method contained the idea of generalized speeds for rapid 
computation of simulation problems. Meirovitch (7) derived the equations of 
motion of flexible spacecrafts and appendages by the conventional Lagrange’s 
method. 

To adapt mathematical methods for computer simulations, Fleischer (8) was 
the first to program the Eooker-Margulies equations. Several multibody 

simulation codes such as DISCOS (9), MBODY, TREETOPS (10A,10B), ADAMS (11), 
SADACS, MIADS, and CONTOPS have been developed. Some are designed for specific 
applications, while others claim to be general purpose programs. Kim and 

Haug (12) proposed a multibody dynamics verification library and presented 
results of DADS, DISCOS and CONTOPS. 


3.0 MULTIBODY DYNAMICS COMPUTER PROGRAMS 

Two computer codes specified for this study, DISCOS and TREETOPS, are 
briefly discussed in this section. Three example problems: (1) a spring-mass- 
damper system, (2) a tripe pendulum system, (3) an inverted pendulum system 
were selected and solved using each code. 


3.1 TREETOPS 

TREETOPS is a time history simulation of motion of a complex structure of 
interconnected flexible or rigid bodies at hinges. The equations of motion 
used by this code were derived via Kane’s method, which is the generalization 
of Lagrange’s form of D’Alembert’s principle. In addition to geometry and 
material properties of the bodies of the structure, TREETOPS requires infor¬ 
mation such as the numerical integration type,time step size, plot-data output 
interval, simulation run time and other user supplied options. 

The user can enter necessary data into the computer by running the interactive 
setup program TREESET, which acts as an interactive preprocessor to help the 
user enter and edit data in the various TREETOPS programs. 
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3.2 DISCOS 


DISCOS (Dynamic Interaction Simulation of Controls and Structure) is another 
computer code written for the dynamic response analysis of topological systems 
of connected rigid bodies. It uses the general form of Lagrange’s equations to 
derive the equations of motion. Lagrange multipliers are used as interaction 
forces and/or torques to maintain prescribed constraints. 

DISCOS was used to study the stability of an inverted pendulum and to calcu¬ 
late the force which balances the system when the pendulum is released from a 
given initial position. 


3.3 EXAMPLE PROBLEMS 

3.3.1 Spring-Mass-Damper Problem 

The first example is a single degree-of-freedom spring-mass-damper system, 
shown in Figure 1A. The oscillatory displacement of mass plotted against time 
is shown in Figure 2. Both TREETOPS and DISCOS predicted identical results. 

3.3.2 Triple Pendulum Problem 

The second problem consists of three pendulums (rigid bodies) connected at 
the hinged joints as shown in Figure IB. The body 1 from its initial -30 
degrees and bodies 2 and 3 from parallel positions were released. Figure 3 
shows time history response of hinge 1, and other time histories of position 
and angular velocity are reported in Reference 13. 

3.3.3 Inverted Pendulum Problem 


Figure 1C shows the inverted pendulum mounted on a cart which is acted upon 
by a constant force of 10 Newtons. The cart is free to move in a horizontal 
direction unlike the previous two problems where translational motion of one 
hinge point was constrained. DISCOS and TREETOPS were used to obtained 
histories of positions and angular velocities of the hinge for the first 10 
seconds. Details of these plots are shown in Reference 13. Figure 4 shows 
the hinge angle as a function of time. 

3.3.4 Stability of Inverted Pendulum 


The stability of the inverted pendulum was tried by feeding back a force on 
the cart. A constant row vector which is multiplied to state variables were 
determined from the characteristic values of the state differential equations. 
These nonlinear differential equations were solved numerically and plots were 
obtained for comparison with DISCOS predictions. The problem was run on DISCOS 
with 10 degree initial hinge angle displacement which was used to represent a 
kind of disturbances. Results show that the hinge angle starts to decrease as 

the computed force is applied to the cart and crosses the neutral line (upright 
position of the pendulum) twice before the system approaches the stable posi¬ 
tion asymtotically. DISCOS results are in good agreement with theoretical 

predictions as shown in Figure 5 and 6. 
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4.0 RESULTS AND DISCUSSION 


From the results of all three example problems solved by both DISCOS and 
TREETOPS codes (i.e. time history plots of position, both linear and angular 
velocity, and acceleration), it can be concluded that both codes predict iden¬ 
tical results. These identical simulation results support the conclusion in 

Reference 14, which states that all approaches used to derive equations of the 
motions will produce equivalent mathematical representatives. Reference 14 
compares both these codes and presents capabilities and limitations. It also 
recommends a few baseline simulation tests using simplified and idealized con¬ 
figurations be conducted to eventually include actual configurations. 
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Fig. 1A A Spring-Wass-Damper System 
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Fig.1C An Inverted Pendulum System 


Fig. 1 Three Example Problems 
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INTRODUCTION 

The issue of the utility of multilevel decomposition and optimization remains controversial. To date, only the 
structural optimization community has actively developed and promoted multilevel optimization techniques. (See 
reference 1 for a thorough overview and discussion of existing techniques.) However, even this community 
acknowledges that multilevel optimization is ideally suited for a rather limited set of problems. Reference 1 warns 
that decomposition typically requires eliminating local variables by using global variables and that this in turn 
causes ill-conditioning of the multilevel optimization by adding equality constraints. The purpose of the present 
paper is to suggest a new multilevel optimization technique. This technique uses behavior variables, in addition to 
design variables and constraints, to decompose the problem. The new technique removes the need for equality 
constraints, simplifies the decomposition of the design problem, simplifies the programming task and improves the 
convergence speed of multilevel optimization compared to conventional optimization. 

STATE-OF-THE-ART MULTILEVEL OPTIMIZATION 

Multilevel optimization is illustrated by the schematic in figure 1. The figure represents a three level decomposition 
of a general optimization problem into subproblems such that each design variable is assigned to one and only one 
subproblem. Starting with the lowest level, each subproblem (e.g. sub 3-1) is optimized with respect to its subset of 
design variables, holding all other design variables fixed. The objective of all subproblems is to minimize constraint 
violation. At the lowest level, only local constraints must be considered. However, at the middle level (e.g. sub 
2-2), design variables may not be changed in a way which would violate lower level constraints. Fi nall y the system 
level optimization minimizes the cost function (objective) without violating constraints in any subsystem. The 
whole process is repeated until the values of the cost function and constraint violations are acceptable. 

The key to multilevel optimization implementation is efficient mi nim ization of constraint violations in each 

subproblem. Figure 2 illustrates how an envelope function (£1) is used to fit multiple constraint functions (g). This 

i 

envelope or cumulative constraint function is defined as: 

£1*1 In [ Ie pg ] ( 1 ) 

where p is an adjustable smoothing factor. Each subproblem minimizes fl(p.y) where p is a vector of fixed 
parameters and y is a vector of local design variables. The subproblem also calculates sensitivity derivatives 
(dQ/dp.) at the solution point 
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In the problem illustrated by figure 1, the four subproblems on the lowest level would minimize cumulative 
constraint functions flj, f^, O^and £1^. At the next level, the third subproblem (sub 2-3) treats 0^ and as if these 

were local constraints. The local design variables in sub 2-3 are some subset of the p. which were fixed parameters 

influencing sub 3-3 and sub 34. Thus, the derivatives (3fl/3p) calculated at the lowest level can be used to estimate 
new values of each Q. At the system level, the actual cost function is minimized such that the constraints from all 
subproblems remain feasible (tl<0) or such that initially infeasible constraints do not get any worse. 


Decompositi on techniques 

Multilevel optimization works very well for all system design problems which decompose readily into subsystems. 
Figure 3 illus t rat es the decomposition process. A grid of all system design variables (x) all subsystem design 
variables (y) and all constraints (g) is constructed. The grid is ordered with the system design variables first. The 
blocks indicate which constraints are functions of which design variables. In this simple example, it is easy to 
identify three subproblems with the first two constraints in sub 2-1, the next two in sub 2-2 and the final two in sub 
3-1. Notice that sub 2-1 and 2-2 belong on the highest level of subsystems because they are functions of x. Sub 3-1 
is on the level below that and connected to sub 2-1 by the first and second y design variables. 

Unfortunately, not all system design problems are easy to decompose. Figure 4 illustrates a typical situation which 
occurs when some of the "fixed parameters" are not really independent design variables. Notice that in this problem, 
a fixed parameter in the lowest level, v^, is not an independent design variable, but rather, a behavior variable which 

is a function of variables v and y. at the middle level. Multilevel optimization is possible but the approximation of 

ft at the middle level becomes more complicated. For instance, 

n 3 (y 3 +Ay 3 ) = W + {0« 3 /9y 3 ) + 0nj/av 1 X3v 1 /3y 3 )} (AyJ (2) 

If there are numerous behavior variables, then the programming logic required to resolve such approximations can 
quickly get out of control. 

Novel Implem entation technique 

A novel way to simplify the coding is similar to the approach presented in reference 2. The dependency grid 
concept is extended to include behavior variables,v, and cumulative constraints, ft, as shown in figure 5. This 
dependency grid is turned into a matrix, denoted T, by putting a 1 in each diagonal box, putting negative sensitivity 
derivative values in each shaded box and putting a zero in each blank box. For instance, a lightly shaded box in row 
Vj and column y^ is replaced by the most recent value of (-d v^/Sy^). 

This global sensitivity matrix, T, is very useful. If a value for (30^/ 3yrequired, a column vector, f), which has 
zeros in each row except for a 1 in the row which corresponds to y^ is constructed. The solution vector, d, to the 
system of equations 

[r]d * p (3) 

will contain the total sensitivity derivatives with respect to y . For instance, the row of d which corresponds to Oj 
will contain 


(dfydy 3 ) = (an 3 /ay 3 W3ftj/3v 1 )(3v 1 /3y 3 ) 


(4) 
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It is important to understand that the global sensitivity matrix, r, is updated as the multilevel optimization 
progresses and that equation 3 is solved by each subproblem above the lowest level. The matrix r is i nitiall y the 
identity matrix. Each subproblem produces sensitivity derivatives (dfl/dp) and stores these in the appropriate 
locations of r. Those subproblems which evaluate behavior variables also calculate and store derivatives of 
behavior variables with respect to local design variables. Equation 3 can be solved for many different right hand 
side vectors thereby providing high quality gradients of each Q with respect to all local design variables. 

A global sensitivity matrix can also be cicated and used in the conventional optimization process (i.e. with no 
decomposition into subproblems). In that case, the rows and columns are design variables, behavior variables and 
constraints. The global sensitivity derivatives (dg/dy) and (dg/dx) include the effect of any behavior variables and 
can be used by the nonlinear programming algorithm to estimate more accurate search directions. 

RESULTS 

Table 1 contains results for several test cases comparing conventional approach (including global sensitivities) and 
multilevel approach. These test cases are generated and optimized using an extension of the multilevel simulator 
reported in reference 3. The multilevel cases are run to convergence. The conventional approach begins with the 
same initial values of design variables and is terminated after using approximately the same number of function 
evaluations as required by the multilevel approach. Three test cases are reported here. As noted in table 1, these 
cases vary in the number of design variables, number of constraint functions and number of behavior variables. The 
initial conditions are also varied (gsO is defined as the feasible region). In each case, the quality of the multilevel 
solution far exceeds that of the conventional approach in terms of smaller objective and constraint values. 

The comparison between multilevel and conventional approaches would be even more lopsided if table 1 compared 
the number of constraint function evaluations required to converge to a global minimum. The conventional 
approach tends to follow constraint boundaries and therefore converges very slowly as more and more constraints 
become active. Multilevel approach, on the other hand, minimizes the constraint violation for each subproblem. 
Thus, the system level optimization begins far from most constraint boundaries and has considerable freedom to set 
the system level design variables. This is one reason why the multilevel optimization converges much faster than 
the conventional approach. 

Figures 6-8 contain detailed convergence histories of the three problems. Objective (Obj) and maximum constraint 
value (Gmaxsmax g.) are plotted against number of constraint function evaluations. Notice that the conventional 

approach performs well when the initial design is in the feasible domain (figure 8) and performs poorly when the 

initial guess is far from the feasible domain (figure 7). On the other hand, multilevel approach performs equally well 
from any starting point. 


CONCLUDING REMARKS 

In conclusion, multilevel optimization can be implemented using a global sensitivity matrix. This formulation is 
easy to code because each subproblem is very similar and because all the coupling information is preserved in the 
sensitivity matrix. This formulation extends the usefulness of multilevel optimization to a much wider range of 
multidisciplinary design problems because decomposition is simplified if behavior variables are allowed. This 
method is particularly well suited to problems with large numbers of design variables and with computationally 
expensive constraints. The recent tests suggest that multilevel optimization converges much more rapidly than the 
conventional approach for such problems. 
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A. Test Problem Characteristics 

Initial conditions 

infeasible 

•-f—-1.1. 

iwaswe 

feasible 

Design Variables 

50 

50 

66 

Constraints 

33 

33 

46 

Behavior Variables 

0 

4 

10 

B. Multilevel Results 

Obj 

.51 

.38 

.15 

Gmax 

.05 

.00 

.00 

C. Conventional Results 

Obj 

.83 

.54 

.31 

Gmax 

.25 

11.10 

.00 

L _ 


Table 1. Comparison of test problem results. 



Figure 1. Schematic of a three-level optimization problem. 
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Figure 2. Envelope function used as cumulative constraint mea su re. 
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Figure 5. Global sensitivity matrix used for internally coupled s ystem* 










Conventional Optimization Multilevel Optimization 



Figure 6. Comparison of optimization results (no behavior variables) 


Conventional Optimization Multilevel Optimization 




Figure 7. Comparison of opti mi zati on results (4 behavior variables) 

Conventional Optimization Multilevel Optimization 




Figure 8. Comparison of optimization results (10 behavior variables) 
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ABSTRACT 

In recent years there have been several hierarchic multilevel optimization algorithms proposed and implemented in design * 
studies. Equality constraints are often imposed between levels in these multilevel optimizations to maintain system and 
subsystem variable continuity. Equality constraints of this nature will be referred to as coupling equality constraints. In 
many implementation studies these coupling equality constraints have been handled indirectly. This indirect handling has 
been accomplished using the coupling equality constraints' explicit functional relations to eliminate design variables 
(generally at the subsystem level), with the resulting optimization taking place in a reduced design space. In one multilevel 
optimization study where the coupling equality constraints were handled directly, the researchers encountered numerical 
difficulties which prevented their multilevel optimization from reaching the same minimum found in conventional single 
level solutions. The researchers did not explain the exact nature of the numerical difficulties other than to associate them 
with the direct handling of the coupling equality constraints. 

In this paper, the coupling equality constraints are handled directly, by employing the Generalized Reduced Gradient (GRG) 
method as the optimizer within a multilevel linear decomposition scheme based on the Sobieski hierarchic algorithm. Two 
engineering design examples are solved using this approach. The results show that the direct handling of coupling equality 
constraints in a multilevel optimization does not introduce any problems when the GRG method is employed as the internal 
optimizer. The optimums achieved in this study are comparable to those achieved in single level solutions and in multilevel 
studies where the equality constraints have been handled indirectly. 


INTRODUCTION 

Recent studies (1-8) in the area of multilevel optimization have shown that it is a viable method for solving large non-linear 
design problems. In multilevel optimization, the main design problem at the top level is decomposed into a hierarchical tree 
consisting of subproblems at the lower levels. A coordination problem is introduced to preserve the coupling among these 
subproblems. The advantage of the decomposition is that it allows the subproblems to be analyzed and optimized 
independently with the coupling providing continuity between the levels. 

In many multilevel optimization schemes one component of this coupling is achieved by placing equality constraints on 
various design variables between successive levels. In several implementation studies these equality constraints are 
eliminated explicitly and handled in some indirect fashion. Sobieski et al. (2,3) in their portal frame example implicitly 
enforced the equality constraints by eliminating variables at the lower levels. This is possible when an explicit relationship 
between local level and global level variables exists. Haftka (7) used two inequality constraints to replace the equality 
constraints in his multilevel approach to the same portal frame problem. 

Thareja and Haftka (6) encountered numerical difficulties when handling equality constraints directly in a multilevel 
optimization. The numerical difficulties prevented their multilevel optimizing algorithm from reaching the same global 
minimum found in single level solutions. In an effort to avoid equality constraints Thareja and Haftka (8), have extended 
Haftka's earlier technique (7) in their single-level approach to hierarchical problems. The method provides a decoupling 
technique to form a single level problem which avoids equality constraints. The method is proposed for structural 
optimization. This decoupling may not always be an alternative in more complex engineering problems. 

The objective of this paper is to demonstrate the utility of the Generalized Reduced Gradient (GRG) method for handling the 
coupling equality constraints directly in a multilevel optimization. The GRG method is used as the optimizer for both the 
system and subsystem optimizations within a multilevel optimization based on the Sobieski hierarchic algorithm (1-3). The 
coupling equality constraints imposed between system and subsystem variables are handled directly by the GRG optimizer. Two 
engineering design examples are solved, one being a two level study of the portal frame problem (2,7) and the second being a 
two level study of the speed reducer example (4,5,10-13). Numerical results are comparable with published results for both 
examples. 


SOBIESKI HIERARCHIC ALGORITHM WITH THE GRG OPTIMIZER 

Jaroslaw Sobieski of NASA Langley Research Center proposed a linear decomposition scheme (1) for hierarchic multilevel 
optimization in 1982. The algorithm has since been implemented in both two and three level design formulations (2,3). The 
algorithm requires an internal optimizer at both the system and subsystem levels. In the Sobieski test studies (2,3) the 
CONMIN (16) optimizer was employed as the internal optimizer, where the coupling equality constraints were enforced 
indirectly through variable elimination prior to optimization. 

In this study OPT3.2, a FORTRAN implementation (14) of the GRG method is employed as the internal optimizer, with 
the coupling equality constraints being handled directly. In general a user can input equality constraints directly, when 
employing a GRG optimizer. In its optimization routine the GRG method divides the vector of design variables into two 
classes, nonbasic and basic variables, and employs the implicit function theorem to formulate a reduced, unconstrained 
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problem in the nonbasic variables. This problem is then optimized using a linear measure of the gradient of nonbasic 
variables (generalized reduced gradient). An important feature of the GRG method is that it can actively make variable basis 
changes when required during optimization. This differs from the fixed choice inherent to an explicit variable elimination. 

A brief description of the Sobieski hierarchic algorithm for a two level formulation is presented in this section. In a two- 
level optimization, the original overall system design problem (standard form) is decomposed into a single problem at the 
system level and one subproblem for each element at the lower level. In general some of the system variables (global) are 
functions of the subsystem variables (local). At the system level only the global variables are used in the overall system 
optimization. A linear approximation of the subsystems (eq. 4) is monitored at the system level in order to preserve inherent 
coupling. The global variables being optimized at the system level serve as design parameters for the subsystems. Therefore 
the subsystem design space consists of only its own local variables, with the global variables fixed at the sublevel and acting 
as parameters. 


At the subsystem the relationships between global and local variables are maintained and take the form of coupling equality 
constraints linking the variables (eq. 9). The constraints of the original problem are divided between the system and 
subsystems dictated in part by the variable restructuring (i.e., global vs. local). At the subsystem level these constraints are 
incorporated into an objective function referred to as a cumulative constraint function (eq 8). The goal in the subsystem 
problem is to minimize the cumulative constraint function in terms of the local variables for a given global variable state. 
After optimizing a given subsystem, parameter sensitivity derivatives (15) are calculated for both the local variables and 
cumulative constraint function. These sensitivity derivatives are used at the system level in a Taylor series extrapolation to 
form linear approximations of both the cumulative constraint and the local variables. System constraints are formed which 
insure that the linear approximations of the subsystem's cumulative constraint function and of the local variables do not 
exceed their respective bounds (eq 4,5). These linear approximations are of course functions of the global variables only. 
Move limits of ±10% are imposed on the global variables (eq. 6) to maintain the sensitivity derivative accuracy. The 
algorithm loops through the system and subsystems in an iterative fashion until a converged solution is obtained. The 
standard form of a two level optimization can be represented as detailed below: 


SYSTEM LEVEL: 


Minimize: /(x) ( 1 ) 

subject to: 

gSj(x)S0 j=l ,2,3. J (2) 

h s k (x)=0 k= 1,2,3.K (3) 

(KS°+ (dKS/dx) T * (Ax)) e £ 0 e=l,2,.NE (4) 

or achieve a 50% improvement if KS° is positive (ref. 17) 
y* c £ [y° c +((Ax) T * (dY/dX) e ) T ] £ y u e e=l,2,..NE (5) 

ABS(Ax) £ (0.10)* ABS(x*) (6) 

x 1 S x £ x u ( 7 ) 

where: 


*r 

x=[x | * x 2* x 3 , * ,,x nl 1 vector of global variables 

8 s system inequality constraint vector 

h S system equality constraint vector 


subsystem cumulative constraint function 


dKS/dx=[dKS/dx j.dKS/dx n ] T 

vector of KS sensitivity derivatives 
y=[y i .y2.y3.-yj] 1 vector of local variables (subsystem) 

dY/dX={dYj/dX n ) (n x i) matrix of y sensitivity derivatives 

*r 

Ax=[Ax i ,Ax 2 ,.Ax n ] 1 vector of global variable change 

subscript e refers to specific subsystem elements) 

superscript o refers to current value(s) at subsystem 

superscripts 1 & u refer to lower and upper limits 

NE total number of subsystems 

superscript • refers to initial values 


SUBSYSTEM: 

Minimize: KS(x*,y) = (Vp)*\n['Z-e~P8)( x *y)] (8) 

subject to: 

h k [x*,y)=(x*-f(y)) = 0 k=l,2.K e (9) 

where: 


* 

X 

fj(**.y) 

h(x\ y) 
KS(x*,y) 

P 


current global variable vector (fixed) 
local inequality constraint j=l,2,...,J 
normally stated as g(x*,y) 1 0 

coupling equality constraint vector 

Kreisselmeier-Steinhauser function (11) 
used as a cumulative constraint function 

weighting factor in KS 


subscript k particular coupling equality constraint 
Kg coupling equality constraints at subproblem "e” 
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DIRECT HANDLING OF COUPLING EQUALITY CONSTRAINTS 

This research focuses on the direct handling of the equality constraints (eq. 9) which are used to maintain local variable (y) 

continuity with the current system level variable state (x ). In the Sobieski implementation studies (2,3), these equality 
constraints have not been handled directly but are enforced implicitly, using variable elimination. This implicit enforcement 
results from using the coupling equality constraints to eliminate K e local design variables by expressing them in terms of 

the fixed global variables. The resulting subsystem optimization then takes place in a reduced local design space without the 
equality constraints. This technique is not general and can only be used when an explicit relationship few* variable elimination 
exists. 

Although the Thareja and Haftka study (6) used a different multilevel optimization approach, we will discuss their work at 
this point. In their study, the subproblem optimization is based on minimizing the sum of the squares of the coupling 
equality constraints, where the coupling equality constraints have the same form as equation (9). Their subsystem inequality 
constraints are then imposed directly. They conclude that the direct use of these equality constraints introduces numerical 
difficulties which prevent a "true" optimum from being achieved. In fact their multilevel optimum was approximately fifty 
percent larger than the optimum found in single level solutions. Thareja and Haftka did not explain the exact nature of the 
numerical difficulties other than to associate them with the direct handling of the coupling equality constraints. 

The Sobieski formulation at the subsystem (eq. 8,9) can be handled directly when using the GRG method. In this study the 
coupling equality constraints (eq. 9) are not eliminated, and no loss of optimality is observed. It should be noted that the 
GRG method does not require that the equality constraints be explicit functions. Therefore the use of the GRG method 
allows for the most general implementation of the Sobieski algorithm. 

In the Sobieski algorithm, when equality constraints are handled directly (eq. 13), the optimizer must be able to handle 

infeasible starting points. This results from the fact that after a system level optimization is completed (new x*), the 
subsystem coupling equality constraints (eq. 9) are likely to be in violation. Most GRG method implementations allow 
infeasible starting points. 

In this study, the linear estimates of the local variables (eq. 5) are returned to the subproblems and used as the initial starting 
point for optimization. These linear approximations of local variables will tend toward satisfying the equality constraints and 
serve as an improved starting point for the subsystem optimization. Details of the GRG performance in finding a feasible 
starting point and of its optimizing performance are provided in the following engineering examples. 


PORTAL FRAME EXAMPLE 

The portal frame example which served as the test case for the Sobieski algorithm is recoded, and solved using the GRG 
code, OPT3.2 as the internal optimizer, and leaving the coupling equality constraints in explicit form. The portal frame 
shown in Figure 1 consists of three I-beams. The frame is designed subject to two loading conditions with the system level 
design problem being to minimize mass subject to frame displacement constraints. The global variables for each beam are 
the cross sectional area, "A" and area moment of inertia, "I." These terms are incorporated in the system level design vector 
x. For each individual beam (i.e., subproblem) the cumulative constraint function KS, is minimized (for local stress and 
buckling constraints), using the respective local design vector y, at each subsystem. These local variables, y are the cross 
sectional dimensions of each I-beam. 

The coupling equality constraints imposed at the subproblems require that the current system values of area and inertia be 
maintained as explicit functions of the local y vectors. This constrains the y variables to those combinations which produce 
the current x values (i.e., area and inertia). Formal details of the deflection and local stress constraints imposed on the frame 
can be found in ref. 2. Additional details of this research's implementation of the Sobieski algorithm, with the GRG 
optimizer can be found in ref. 17. 

The multilevel optimization of the portal frame using the GRG method as the internal optimizer produced numerical results 
which are improved, as compared to the Sobieski test case results. Table 1 details the optimized portal frame dimensions and 
system volume in comparison to Sobieski's results. It should be noted that the minimized volume achieved in this study is 
only slightly smaller than the result reported in the Sobieski test case. The differing optimums most likely represent two 
different local minimums for this highly non-linear problem. 

Figure 3 details the convergence history of the portal frame's volume, where each node represents the system optimum as 
found by the GRG optimizer during iterations of the Sobieski algorithm. At convergence the algorithm tends to cycle about 

a portal frame volume of 90,000. cm^ level. The minimum volume reported is simply the feasible minimum which occurs 
during these final cycles (see ref. 17 for additional details on cycling of the Sobieski algorithm). Figure's 4a and 4b detail the 
GRG optimizer's typical iteration history at the subsystems in the feasible start trial. The GRG optimizer was able to fully 
optimize the subsystem problems taking on average only 6 GRG iterations per cycle of the Sobieski algorithm. An upper 
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limit of 12 GRG iterations was imposed at these subproblems and was reached in only a few cases. This upper limit 

subsystem optimum from being reached for those few cases. This did not seem to impact the performance 
of the Sobieski algorithm. 

As noted earlier, the initial starting point passed to the subsystems from the system is generally infeasible, excluding the 
original initialization. The infeasibility results from the coupling equality constraints being in violation. In this study the 
u . pP amizer > during its phase 1 search, was able to generate a feasible starting point for all but 4 of the 132 subsystem 
optimizations (t.e., the locations of the "zero" GRG iterations shown in figures 4). In these cases the last point generated in 
e phase 1 search is passed back to the system level along with limited sensitivity information. This approach proved 
adequate, as the GRG optimizer was able to generate a feasible starting point in the subsequent subsystem optimization. 

The average of only 6 GRG iterations per subsystem optimization, along with the success of generating feasible starting 
points, can be considered "good performance," and clearly indicates the effectiveness of the GRG method in handling the 
coupling equality constraints imposed. 


GEAR/SPEED REDUCER EXAMPLE 

ITiis example was originally modeled by Golinski (10,11) as a single level optimization. Several other optimization 
schemes have been applied to the problem including those by Lee (12) and Datseris (13). More recently Azarm and Li (4,5) 
solved the problem using a multilevel optimization scheme incorporating global monotonicity analysis. In their 
decomposition the variables being optimized at a given level are not explicitly related to those at other levels and therefore 
coupling equality constraints are not required. In complex large design problems it may not be possible to decompose 
problems such that variables are independent at different levels. 

Tbe Sobieski algorithm which allows for interdependent variables between levels is applied to the speed reducer problem in 
tms study. The decomposition applied in this study involves variables which are explicitly linked between levels and 
TOrawecoupIing equality constraints are imposed. These coupling equality constraints are enforced directly using the GRG 

Fl *T 5 shows a schematic of the speed reducer, which has been optimized for minimum mass subject to shaft deflection 
Si?! 688 “" s ^ raints “K* to gear teeth stress/design constraints. The problem is decomposed, with the system level problem 
g to minimize mass subject to only shaft deflection and shaft stress constraints in a reduced design space. At the 

to maintain variable* con cons * rain * s arc m ' n * m * ze d in a KS function while applying the coupling equality constraints 


The variables at the su bsystem or gear level are: 

yj = b= face width of the gear teeth 
Y 2 - m= teeth module or the inverse of 
diametrical pitch 
Y 3 = Z = number of pinion teeth 


Hi s g l obal variables for the syste m are defined as follows- 

* 1 = l\= shaft length 1 (between bearings) 
x 2~ ^2 = length 2 (between bearings) 
x 3“ ^\~ s * la ft 1 
x 4® ^ 2 ® shaft dia. 2 

x 5 = partial gear volume (explicit function of subsystem variables) 
x 6= transmitted gear force (explicit function of subsystem variables) 

Where the coupling equality constraints for this formulation are; 

x 5 =0.7854 yj y 2 2 (3.333 y 3 2 +14.9334 y 3 - 43.0932) -1.5079(x 3 2 +x 4 2 )y, n n 

x 6 =94000./(y 2 y 3 ) (12) 

Note that the partial gear volume, x 5 which is dependent on all three subsystem variables (gear dimensions) is reduced to a 
single measure of that volume at the system level. The transmitted gear force, x 6 which depends on the gear dimensions is 

? e V3riable at ? C S ? Stem ! eveL In d* decomposition, volume (i.e., mass) is minimized at the system 
level using the shaft dimensions and x 5 (partial gear volume). This system level optimization is subject to shaft stress and 

deflection constraints, where the stress and deflection are caused by the transmitted force, x fi . At the subsystem (gear level) 

^ifJ^r 88 constr “ nts * nd d>ree gear sizing constraints are incorporated into a KS function. The KS function is 
™ subject to two coupling equality constraints which restrict the y vector (gear dimensions) to 

combinations which maintain the current x 5 and x 6 values. Details of the decompositii used in this reSS be found 

in ref. 17, where the constraint equations and system level functions are patterned after those formulated by Lee (12). 
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Figure 6 details the two level structure of the speed reducer optimization, where the decomposition breaks the design along 
the lines of shaft and gear design. Table 2 details the results of using the GRG method as internal optimizer within the 
Sobieski algorithm. One sees the results are similar to those found in the single level approach by Lee, the heuristic 
decomposition of Datseris's and the multilevel study of Azarm and Li's. Figure 7 details the convergence history of the speed 
reducer's volume during the multilevel optimization applied in this study. 

The Sobieski hierarchic algorithm is based on monitoring linear measures of the subsystem at the system level. The linear 
approximations in this coding are based on sensitivity derivatives calculated using the Lagrange multiplier equations (15). 
The inputs to the Lagrange equations were calculated using analytic first and second order derivative information along with 
Lagrange multiplier estimates from OPT3.2. These analytic inputs result in highly accurate sensitivity derivatives. The 
impact of the accurate sensitivity derivatives can be seen in the GRG method's performance at the subsystem. Figure s 8a an 
8b detail the iteration history of the GRG optimizer OPT3.2, at the subsystem for trials 1 and 2 respectively. In these plots 
the "zero" iteration points do not represent the GRG method’s inability to generate a feasible starting point as in Figures 4 of 
the portal frame example. Instead "zero” iterations indicate that the linear extrapolations of the susbsystem variables retmned 
from the system were feasible and optimal upon arrival to the subsystem. The Sobieski cycles requiring only one 0PT3. 
iteration at the subsystem represent the case where the linear extrapolation returned from the system is infeasible, and the 
feasible point generated in the phase one search of OPT3.2 is optimal. Cycles requiring two or more OPT3.2 iterations 
represent an infeasible extrapolation from the system, followed by a phase one search, with a subsequent optimization using 
the GRG method. This example highlights both the robustness of the Sobieski hierarchic algorithm and the ability of the 

GRG method to handle coupling equality 


CONCLUSIONS , _ ... . 

Multilevel optimization methods are being considered for the design of increasingly complex systems. These muiuieve 

methods decompose large design problems into a hierarchical organization of smaller subproblems. The subproblems can be 
optimized independently with a coordination problem being introduced to handle system coupling. In the most general 
decomposition it is likely that variables between levels will be functionally related. The multilevel optimization sc ernes 
based on handling this type of decomposition introduce coupling equality constraints to maintain the variable relationships. 
In some implementation studies these coupling equality constraints have been handled indirectly through variable elimination 
(23). This elimination is only possible when an explicit functional relationship between the variables exists. Another 
implementation study (7) suggests that the direct use of equality constraints may introduce numerical difficulties which 
prevent convergence of the optimizer. The ability to handle equality constraints directly, avoids the problem of variable 
elimination. In addition it also reduces the need to develop algorithms which avoid coupling equality constraints. 

This research demonstrates that coupling equality constraints can be handled directly by using the GRG method as the 
internal optimizer in a multilevel optimization based on the Sobieski hierarchic algorithm. The two engineering design 
examples presented illustrate the GRG methods general utility for handling coupling equality constraints. These results are 
important in light of the fact that as multilevel optimization is applied to larger and more complex problems variable 
elimination may not always be possible. We should note that this success may not be exclusive to the GRG optimizer. 
Other optimizing algorithms which are robust in their handling of equality constraints may also work. 


REFERENCES 

1 Sobieszczanski-Sobieski, J., "A Linear Decomposition Method for Large Optimization Problems-Blueprint for 

development," NASA TM 83248, Feb. 1982 „ _ a d 

2 Sobieszczanski-Sobieski, J., James, B., and Dovi, A., "Structural Optimization by Multilevel Decomposmon, AIAA Paper 
No 83-0832, AIAA/ASME/ASCE/AHS 24th Structures, Structural Dynamics and Materials Conference, Lake Tahoe, Nevada, May 
1983 

3 Sobieszczanski-Sobieski, J., James, B., and Riley. M., "Structural Optimization by Generalized, Multilevel Decomposition," 

AIAA Journal, Vol. 25, Jan. 1987, pp. 139-145 „ . ~ . 

4 Azarm, S., Li. W.-C..1987, "Optimal Design Using a Two-Level Monotonicity-Based Decomposmon, Advances in Design 

Automation," ASME Publication DE-Vol. 10-1, S.S. Rao (Ed.), pp. 41-48. 

5 Azarm, S., Li, W.-C., "A Multi-Level Optimization-Based Design Procedure Using Global Monotonicity Analysis. Advances 
in Design Automation 1988," ASME Publication DE-Vol. 14, S.S. Rao (Ed.), pp. 115-120. 

6 Thareja, R., Haftka, R., "Numerical Difficulties Associated with Using Equality Constraints to Achieve Mulu-Level 
Decomposition in Structural Optimization," AIAA Paper No 86-0854-CP. AIAA/ASME/ASCE/AHS 27th Structures, Structural 

Dynamics and Materials Conference, San Antonio, Texas, May 1986. _. 

7 Haftka, R. T., "An Improved Computational Approach for Multilevel Optimum Design," Journal of Structural Mechanics, Vol. 

12(2), 1984, pp. 245-261. „ , ^ . . . * ATAX D 

8 Thareja, R., Haftka, R., "Efficient Single-Level Solution of Hierarchical Problems in Structural Optimization, AIAA Paper No 

87-0716, AIAA/ASME/ASCE/AHS 28th Structures, Structural Dynamics and Materials Conference, Monterey, California, April 
1987. 

9 Kreisselmeier, G„ Steinhauser, R., "Systematic Control Design by Optimizing a Vector Performance Index," IEAC 
Symposium on Computer Aided Design of Control Systems, Zunch, Switzerland, 1971. 


41 


S °' ,,!d ° f -> R “*>” Methodi," Jnl. 

Vol. »)«“ APPM » Mechine Symha,.." U.toin md M^hme Theory. 1»73. 

! \ Jf*’ T : W n Tf, ight Minimiz,uion of a Spe^ Reducer”. ASME Paper No. 77-DET-163. 

” y H "*“ e “* Techpqpe.,- M= 0 h m „ „d 

Manu^'^Ktmem ’of c* OPT ?'^ AF0RTRA N Implementation of the Generalized Reduced Gradient Method,” Users 

1988. ’ ^ ^ f Mwh * mcal Ensmeenng. Aerospace Engineering and Mechanics. Rensselaer Polytechnic Institute. Jan. 

KM - 0,0pa ™““ *“«■»■***» 

62282, V ^ 11^1973 ’ ‘ CONMIN ‘ A Fortran Program for Constrained Function Minimization: User’s Manual.” NASA TM X- 

MultilL^Trvl.fn^'J ?* br i el f' J G A ‘ ”V s “ g * e G ««alized Reduced Gradient Method to Handle Equality Constraints Directly in a 
Multilevel Optimization. Advances in Design Automation 1989,” ASME Publication DE-Vol. 19-2. B.RavaiS o£.) pp. 744 . 


FIGURE 1: PORTAL FRAME DETAILS 
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FIGURE 2: TWO LEVEL STRUCTURE 


FIGURE 3: PORTAL FRAME CONVERGENCE 



NOTE: The initial rise of the infeasible start case can be 

attributed to the 10% move limits imposed on global 
variables at the system level. These move limits artificially 
restrict the system level search for a feasible point. 
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FIGURE 4a: SUBSYSTEM 1 ITERATIONS FIGURE 4b: SUBSYSTEM 2 ITERATIONS 
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FIGURE 5: SPEED REDUCER SCHEMATIC TABLE 2 



FIGURE 6: TWO LEVEL STRUCTURE 


FIGURE 7: SPEED REDUCER CONVERGENCE 
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CONFIGURATION DESIGN SENSITIVITY ANALYSIS OF BUILT-UP STRUCTURES 

Kyung K. Choi and Sung-Ling Twu 

Department of Mechanical Engineering 

and 

Center for Simulation and Design Optimization 
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Iowa City, Iowa 52242 


rnomhJ 0 the ^'9° of complex built-up structures that are made of truss beam 

nronirtu t’ ® he ’ w nd SOl ' d ’ ,her ® ar ® fiv ® dif,erent kinds of design variables- material 
K- ™ 9 '. sha P e - configuration, and topological variables. Previous resear^h hLs 
ctm^ n ^l a the im P rovement in performances obtained by altering the configuration of 
opfimetn! ^ m P° nen ‘ s ca [i be mu ch more significant than those obtained when the 
L. etr y IS .assumed to be fixed (Refs. 1-4). Using the variational approach a unified 

vtabtefSh h3 h d ® vel0ped in Ref - 5 for the firs * ,hree kindsof design 
variables, and has been further extended recently in many structural anaivsk nmhkm 

fnthie 33 nonl,near ’ struc tural dynamics, and frequency response analysis (Refs 6-8) 

*^. s P a P er < a continuum design sensitivity analysis method is developed for the 
configuration design variable of built-up structures. for the 

analysis k1hp f orilnttr diffe . rences between the shape and configuration design sensitivity 

,he 

component remains fixed. On the other hand, in the configuration design both the 

design chanoe o?a deskn 6 " 13 *' 0 " of the des ' 9n c° m P° n ent are changed. The configuration 
snge of a design component can be viewed as a dynamic process of moi/ino thn 

!„ n f t, K;rr ion ' ro,a,ion ' ana 

anniied tn F ?* 1 J or a l,n ® des ' 9n component. Three similar steps can be 

Since des,9n chan9 ® of the surface and solid design components 



Figure 1 Configuration Design Change of a Line Design Component 
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It is shown in Ref. 9 that a translation of the design component does not 
contribute to the design sensitivity result of a performance measure. Therefore, the 
configuration design sensitivity result can be obtained by adding contributions from the 
shape variation and rotation of each individual design component in the built-up 
structure. 

For shape variation, a unified shape design sensitivity analysis method has been 
developed in Ref. 5 using the material derivative idea of continuum mechanics. The 
domain shape variation can be viewed as a dynamic process of deforming a continuum 
medium from ft to ft t = T n (ft,-t), with t playing the role of time. A shape design 

velocity field V a is considered as the perturbation of the shape. 

Suppose the displacement z t (x T ) is a smooth solution of the boundary value 

problem on the perturbed domain ft r The existence of pointwise material derivative z Vq 
at x e ft is shown in Ref. 5. If z t has a regular extension to a neighborhood of the 
closure ft t , then the partial derivative Zy exists and commutes with the derivative with 
respect to x { as shown in Eq. (5). The pointwise material derivative of displacement is 
obtained in terms of the partial derivative and the shape design velocity field as shown in 
Eq. (4). Using the material derivative formulas of Ref. 5, the first variation of a 
general functional due to the domain shape variation is obtained in Eq. (7). 


Material Derivative for Domain Shape Variation 



L 


Figure 2 Domain Shape Variation 
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(5) 
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a ,0 the slha P® variation, the process of orientation change can be viewed as 

a dynamic process of rotating a continuum medium from n to Q t = T 0 (Q,x), with x 

playing the role of time. An orientation design velocity field V e is considered as the 
perturbation of the orientation, and is normal to the domain of the design component. 

Suppose the displacement z t (x t ) is a smooth solution on the perturbed domain £2^ 

The pointwise derivative z v# at x e Cl due to the orientation change, if it exist, is defined 
by Eq. (10), where, a regular extension of z t is defined as z t (x) s z t (x x ), if x = x + 
tV 0 . As shown in Eq. (13), very much like z^ in Eq.(5), z^ # commutes with the 
derivative with respect to x,. In Eq. (10). A is the rotational transformation matrix and 

V v# contains derivatives of the orientation design velocity field, and they are written in 
Eqs. (11-12) for the line design component. The same derivation can be applied to a 
surface design component with different A and V v# . Using the regular extension of a 
displacement function, and the fact that the determinant of the Jacobin is independent of 

cha^eTStaSTiq h 04) SI Va ' iali ° n °' a 5eneral fu " c,ional due 10 lhe 


X X* 

3' 3 


Derivative for Orientation Design Sensitivity Analysis 
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Figure 3 Orientation Change of a 
Line Design Component 
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The variational form of a boundary value problem of the built-up structure is 

given in Eq. (15). Taking the first variation of both sides of Eq. (15) and noting z = z Vq 

• ' * • 

+ z v , Eq. (16) is obtained. Using the fact that z e Z and a n (z,z) = i n (z), Eq. (16) 
becomes Eq. (17). 

Consider a performance measure in a general form as in Eq. (18). Taking the 
first variation of Eq. (18), we can obtain Eq. (19). In the direct differential method, 

Eq. (19) is solved for z with the given design velocity fields V n and V e . Once the original 

response z and the first variation z are obtained, the configuration design sensitivity 
expression in Eq. (19) can be evaluated. In the adjoint variable method, an adjoint 

equation is defined in Eq. (20) and is solved for the adjoint response K. Since z is in the 

space of kinematically admissible displacements, Eq. (20) can be evaluated at zand 

Eq. (17) at z= K, to obtain Eq. (21). Once the design velocity fields are defined, with 
the original response z and the adjoint response the configuration design sensitivity 
expression in Eq. (21) can be calculated. 


Configuration Design Sensitivity Analysis 

a n (z,z) = i 0 (z), for all z e Z 

• • • * I « I • 
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A swept wing model shown in Fig. 4 is considered for the study of configuration 
design sensitivity analysis. This wing model consists of the truss and membrane design 
components. The wing is made by aluminum, and is subjected to a uniform pressure 
(0.556 psi) acting on top of the skin panels. An established finite element code ANSVS is 
used to create the finite element mesh. Because of the symmetry of the structure and 
loading, only half of the wing box is analyzed. The finite element model consists of 60 
truss elements (STIF 8) and 130 membrane elements (STIF 41). 

For a configuration design change, the tip of the swept wing is moved forward as 
shown in Fig. 4. The design velocity fields are defined so that all ribs (shear panels) 
that are parallel to the y axis remain parallel while moving. The layout of the spars 
(shear panels) and the skin panels will then be rotated accordingly. The displacement at 
the tip of the wing and several stress performance measures are specified. The 
configuration design sensitivity analysis is carried out using the finite element results 
obtained from ANSYS. Results presented in Fig 5 show an excellent agreement between 
the predictions y’ and actual changes Ay, where Ay is obtained by the central difference. 

Configuration DSA of Swept Wing Model 



Figure 5 Configuration Design Sensitivity 
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In summary, a unified configuration design sensitivity analysis of built-up 
structures has been developed. The configuration design change is identified by the 
translation, rotation, and shape variation. The material derivative idea of continuum 
mechanics is used to account for the shape variation. In this paper, a design sensitivity 
analysis method to treat orientation change of a design component has been developed. 

The numerical implementation of configuration design sensitivity analysis is carried out 
by using the results of an established finite element code. The results show that the 
method leads to an accurate and efficient configuration design sensitivity analysis of the 
built-up structure. 
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1. Introduction. The parametric nonlinear programming problem is that of determining the behavior of 
solution(s) as a parameter or vector of parameters a 6 TV varies over a region of interest for the problem 
/i i\ Minimize 


( 1 . 1 ) 


{/(x,a) : h(x,a) = 0, g(x,a) > 0}, 


where / : 7l n+r -> 7 1, h : H n+r — TV and g : 7l n+r — TV are assumed to be at least twice continuously 
differentiable. Some of these parameters may be fixed but not known precisely and others may be varied to 
enhance the performance of the system. In both cases a fundamentally important problem in the investigation 
of global sensitivity of the system is to determine the stability boundaries of the regions in parameter space 
which define regions of qualitatively similar solutions. The objective in this work is to explain how numerical 
continuation and bifurcation techniques can be used to investigate the parametric nonlinear programming 
problem in a global sense. Thus we first convert the problem (1.1) to a closed system of parameterized 
nonlinear equations whose solution set contains all local minimizers of the original problem. This system, 
which will be represented as F(z, o) = 0, will include all Karush-Kuhn-'Rjcker and Fritz John points, both 
feasible and infeasible solutions, and relative minima, maxima, and saddle points of (1.1). The local existence 
and uniqueness of a solution path (z(or),cr) of this system as well as the solution type persist as long as a 
singularity m the Jacobian D,F(z, a) is not encountered. Thus we first characterize the nonsingularity 
of this Jacobian in terms of conditions on the problem (1.1) itself. We then describe a class of efficient 
predictor-corrector continuation procedures for tracing solution paths of the system F(z, a) = 0 which are 
tailored specifically to the parametric programming problem. Finally, these procedures and the obtained 
information will be illustrated within the context of design optimization. 

2. Systems Formulation and Bifurcation Problems. If M = diag( Mlt . ..,/,,) is a diagonal matrix 

and C = /i,+i/(z,(») - JV =1 A^ hj(x,a) - £f_j mgi(x, a) is the Lagrangian, then any solution of the Fritz 
John or Karush-Kuhn-Tucker first order necessary conditions is a solution of the closed system [8] 

V,£(z, a) -l 

(21) = 0, where z = A , 

_ U T /i + A T A-/? 0 ’J M 

* This work was partially supported by the Air Force Office of Scientific Research through Grant # 

AFOSR-88-0059. 
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and 0 O is a fixed constant. In the presence of a smooth F , a necessary condition for the existence of 
multiple solution branches to the system F(z,a ) = 0 in each neighborhood of a solution (z 0 ,<*o) is that 
the Jacobian D,F(z 0 ,a 0 ) be singular. Since solution type (minimum, maximum, saddle point; feasible or 
infeasible point) can change only at such a singularity, we now give necessary and sufficient conditions for 
D,F to be nonsingular. 

Theorem 2.1. [8] Let (z 0 , oo) he a solution of F(z, a) = 0, defined by 2.1, where f , g and h are C k , (k > 2), 
in a neighborhood of(z 0 , a 0 ). Define two index sets A and A and a corresponding tangent space t by 

A = {»: 1 < * < P,9i( x o.“o) = 0}, A = {« € A : ^ 0} 

f = {y €K n : D t h(xo,a 0 )y = 0, D x gi(x 0 ,a 0 )y = 0 (i G .4)} 

Then a necessary and sufficient condition that D t F(zo,ao) be nonsingular is that each of the following three 

conditions hold: 

a) A = A; 

b) S := {V I s,(ro,ao)}i € ^U{V r h,(ro>ao)}j = i is a linearly independent collection of? + |<4| vectors where 
|^41 denotes the cardinality of A; 

c) The Hessian of the Lagrangian is nonsingular on the tangent space T at (z 0 ,a 0 ). 

Having stated this theorem, several comments are in order. If x 0 is a Fritz John or Karush-Kuhn-Tucker 
point, then condition (a) is called strict complementarity (0j(*o.<*o) = 0 implies p? is positive) and condition 
(b) is the linear independence constraint qualification. Furthermore, if in addition to conditions (a) and (b), 
the Hessian of the Lagrangian is positive definite on the tangent space T, then i 0 is a local minimizer at a 0 . 

An equivalent and more computationally efficient method for tracing solution path segments of (2.1) 
along which D,F is nonsingular is to use an “active set” strategy in which a purely equality constrained 
problem is considered, with active inequality constraints playing the role of additional equality constraints. 
This amounts to deleting inactive inequality constraints and corresponding (zero) multipliers from the def¬ 
initions of C and F and replacing the components of F by for each » € A. In case a multiplier 

for an active inequality constraint changes sign along a path segment one has passed a singular point on 
the path due to a violation of a) in Theorem 2.1. Paths branching from such a point correspond to various 

choices of the active set. 

3. Numerical Continuation and Bifurcation Methods. Since the subject of numerical continuation 
and bifurcation methods has a formidable literature and since excellent introductions to this subject area can 
be found in the books of Allgower and Georg [2], Keller [5] and Rheinboldt [9], our objective in this section 
is to briefly introduce these techniques and show how they can be tailored to the parametric programming 

problem. 

To describe the predictor-corrector continuation methods, let w = (*,<*) so that the problem is that of 
tracing solution paths of an underdetermined system of nonlinear equations F(u>) = 0 where F :U +l — 
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7l m . Assume that F(u;) = 0 is continuously differentiable, has a smooth solution path P = {u> € : 

u; = ^(s),$ € /} where / is an interval of real numbers, and that the path is nonsingular in that [D w F\ w ^p] 
is of full rank. Most path following algorithms generate a sequence {(u/*,**)}^ where u>* is a point on or 
near the path and wq is a known solution of F(w) = 0. To go from a point u/* to a point Wk+i, one uses 
current and previous information to obtain a predicted point, say typfc+i, which becomes the starting point 
for a Newton-like correction iteration which terminates with a solution 

Given a point Wk on the path, one predicts a new point by using a predictor of the form wpk+ 1 = 
Wk + Asd(As). The prediction direction d is typically chosen to be an oriented unit tangent 7±, which is a 
solution to [D w F(wk)]Tu — 0. However, a more robust and efficient prediction strategy which uses current 
and previous tangents has been developed by the authors [6] and will be used below. Once a predicted point 
is obtained, the correction back to the path can be based on a Newton-like solution of the augmented system 


(3.1) 


r(w \ = r pm _ 0 

N(w) = (u; - u>p*+i ) T d( As) 


which confines the correction to a hyperplane orthogonal to the prediction direction d( As). 

It follows from this brief description that the two main computational problems in a predictor-corrector 
step are the determination of Newton corrections Aw for the system (3.1) and the computation of the tangent 
vector 7*+i. (The computation of the tangent is essentially free after one computes the Newton correction.) 
We now describe how to compute these in a way specifically tailored to the parametric programming problem. 
In light of the comments at the end of section 2 it suffices to consider the case of an equality constrained 
problem. For this case the techniques presented below reduce the matrix algebra in a continuation step 


V 2 £ —ID 

to that of the Lagrangian matrix W = * , K f 

—D x n 1 


rhf 1 
) 

4 


associated with the nonlinear programming 


problem. 

To solve the system [D w G(u;)]Aiy = —G(u;) for a Newton correction Aw , we give a variant of the 
bordering algorithm of Keller [5], which also accounts for the presence of the additional augmenting equation 
^(^i^i) = — /?o = 0 in (2.1) and (3.1). Let y, 5, u 6 H n + q be solutions of 

(3.2) Wy = - , Wv = - [ V,/ £* ,a) l , and Wu = ~\, 

J L 0 J da l J 


respectively. Furthermore, let £,y, v and u be vectors in ft n +*+ 2 defined by t = 


(3.3) 


.» = 0 
Vo 


and u = 10 I. Then it can be shown [7] that a Newton correction step for (3.1) is given by 


Au; = y + su + tu, where 


Pv Pu a 
<Pv <Pv t 


_ f \B + Py 
N + <Py 


If the vectors l,y, v and u are computed at wt+i (or some approximation to u>* + i) the tangent at w*+i 
can be computed via 


(3.4) 


T*+i = ± [(f T t))u - (f T u)v] /||(/ T v)u - (f T u)v||j. 
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The sign depends on orientation and is changed when a fold point is encountered along the path. 

The nonsingularity of W is also characterized by conditions a), b) and c) given in Theorem 2.1; the 
nonsingularity of D W G and of the 2x2 matrix in (3.3) follow from the nonsingularity of W as long as the 
prediction direction d is not orthogonal to the null space of D W F. The latter is the case for our predictor as 
long as As is not too large. Fold points or bifurcation points along the path are indicated by a singularity 
in W , and may be detected, distinguished and handled by methods discussed by Keller [5] together with 
methods we now describe. 

The methods for solving the linear systems in (3.2) can be based on various linear algebra techniques 

in nonlinear programming, modified to account for the possibility that maybe indefinite on some 

segments of the path. One must also adapt these linear algebra techniques to determine sign changes in 

three important sets which determine critical point type at regular points: (A) sign gi(x } a) for i £ {1,... ,p}, 

(B) sign ^ for t € {1,... f p + 1} and (C) the signs of the eigenvalues of VlCf , the restriction of the Hessian 

of the Lagrangian to the tangent space of the active constraints. To see how one may monitor and detect 

changes in the signature of in the course of using a generalized null space method for solving (3.2), 

assume conditions a), b) and c) of Theorem 2.1 hold. Then the k x n matrix A T = J - 1 is of 

t D r 9i i 6 A J 

full rank. In a null space method one first computes matrices Y £ H nxk and Z £ 7£ nx ( n “*) of full rank 
such that [Y:Z] is nonsingular, A T y = / and A T Z = 0. In the course of solving (3.2) by such a method one 
must form and factor the (n — A) x (n — A) matrix Z T V\LZ , whose signature is the same as that of . 
Given that Z T V\LZ may be indefinite in the continuation process, one generally would compute the LDL T 
factorization of this matrix by using, e.g., the Bunch-Kaufman algorithm [3, § 4.4]. Here, the matrix D is 
a block diagonal matrix with 1 x I and 2x2 blocks whose signature is easily computed and is the same as 
that of Z T VlCZ. 

Once a change in a sign in (A-C) is detected, a singularity is detected which one must deal with 
appropriately, reversing the orientation in the case of a fold point or switching branches at a bifurcation point. 
One particularly easy aspect of this problem is the case associated with a loss of strict complementarity: 
to switch branches, one simply activates or de-activates a constraint. Further analysis and classification of 
these fold and bifurcation points as well as methods for detecting them numerically can be found in [8,10] 
and in a forthcomming paper [7]. 

4. A Numerical Example. As a simple illustration of the above procedures we consider the following 
problem from design optimization [4] 

Minimize 

(41) .... { d : V d E(d t h;p) = 0, A < 1.5, A > 0} 

(<*> A) “ 

f - 2 

where E(d,h;p) = — pd + A 2 — y/l + (A — d ) 2 j (y/\ + A 2 , and p is a parameter. This problem is 

used to model the determination of the unloaded height A of a simple two bar planar truss with semi-span 
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1 which minimize# the displacement d under a fixed load p. The solution paths z(p) of (2.1) were tracked 
using our continuation method. The following plot gives the displacement d as p varies. 

Fig 4.1: Feasible Solutions of (2.1) 

LEGEND 

O Fold • Bifurcation 


Minimizers Maximizers 
K d, displacement 

p, load 

This plot represents a projection of the feasible solutions of (2.1) into the ( p,d ) plane, and the dot 
labeled with e,/ and g indicates three distinct bifurcation points with p = d = 0 and A = 0, 1.41 and 
1.5 respectively. Bifurcation points a,c, e and g result from a loss of strict complementarily in which an 
inequality constraint becomes weakly active. The path of maximizers branching from point o corresponds 
to A < 1.5 active and p\ < 0, and changes type at the singular point g, becoming the path of minimizers 
labeled G. The other path branching from point a passes through /, across which the one eigenvalue of 
V'Cf changes sign. At / there is a change in type resulting in the path of maximizers labeled F. 

Extreme sensitivity of the solution of (1.1) to variations in p occurs at the fold points b and d (p — ±.3704) 
at which there is a loss of linear independence in the active constaint gradients, and p 2 = 0. This is also the 
case at the bifurcation point e, where in addition, strict complementarily is violated. One cannot compute 
near or past these points without the normalization B(X,p) = X T X + p T p - ft = 0, since near these points 
an unnormalized multiplier is unbounded. When the system is at a state near these points, small variations 
in load p can result in very large changes in the solution, or the loss of (local) existence of a solution. The 
latter case is illustrated near 6 where increasing the parameter past p = .3704 results in the loss of the 

solution and a snap through of the truss to a state represented by path D. Similar behavior occurs near d 
and e. 

Not pictured above are branches of infeasible solutions of (2.1) emerging at o,c,e and g (h > 1.5 or 
A < 0). (In some problems such paths may provide the opportunity for further branching to other feasible 
paths.) A path of feasible singular points with p = d = 0 branches from e through / to g, and can be 
parameterized by p 2 . The solutions to (4.1) need only be stationary points of the potential energy £(d,A;p). 

However, all path segments, exclusive of the segments from d to e and from c to b, do correspond to physical 
states of the system (where E is minimized). 


0 
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In this paper we have described how continuation techniques can be tailored to the parametric nonlinear ' 
programming problem and used to investigate the global dependence of the solution on a parameter. The 
use of the system (2.1), including the normalization B{ A,/j) = 0 enables the computation to proceed through 
singular points where solution type may change and branching and/or sensitivity of solutions of (1.1) occurs. 
Computing paths of maximizers, saddle points and singular points enables one to locate regions of sensitivity, 
multiple operating states, and disconnected paths of minimizers. 

We think that these methods have great potential to facilitate parametric study in nonlinear program¬ 
ming and, for example, in nonlinear optimal control Further testing and development of the numerical 
methods on some tractable model problems is needed, as well as further analysis of the behavior which can 
be expected at more complex singularities. 
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Introduction 

Optimum design parameter sensitivity analysis has become an important topic in recent years. The 
principal reasons for obtaining optimum design sensitivity information with respect to various problem 
parameters are (1) to predict revised optimum designs, associated with specified perturbations of the problem 
parameters, without re-optimizing the problem and, (2) to provide sensitivity information in multilevel 
optimization strategies. Methods for calculating these derivatives have been proposed by several authors 
(see Refs. 1-5). The most important drawback in estimating parameter sensitivities by the current methods 
is that they do not allow for changes in the active constraint set. Changes in the active constraint set produce 
discontinuities in the optimum design sensitivities, and therefore, a correct formulation has to be cast in 
terms of directional derivatives (Refs. 6-7). This paper addresses optimum design parameter sensitivity 
analysis in terms of directional derivatives so as to include possible discontinuities and it also presents a 
method for estimating optimum design sensitivities using finite differences. 


Problem Formulation 

The general optimization problem considered in this work has the following form 

Min f(Y,P) 
r 

s.t. gj(Y,P)2. 0 j = l,...,m (1) 

where Y = (Y„.... TJ is the vector of design variables andP = (P„.. .,P„) is the vector of design parameters. 

It is assumed that for a fixed set of parameters P, the optimization problem has been solved, so that 
the vector of optimum design variables Y"(P) is known, and that this optimal solution satisfies the first 
order Kuhn Tucker conditions given by 


Vyf(Y\F),P) - I \j (P) V, gj or (P),P) = 0 

j*\ 

(2a) 

X J (P)g j 0r(P).P) = o j = 1.m 

(2b) 

gj (T*(P), P) 7> 0 j = \,...,mr 

(2c) 

\j(P)> 0 j = l,...,m 

(2d) 


* This research was supported by NASA Research grant NSG 1490. 
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where X(P) denotes the vector of Lagrange multipliers at the optimum design Y" (P) for the given vector of 
parameters P. 

If the vector P is perturbed, the set of active constraints for the new optimum will change depending 
on the direction of move for P. This change induces discontinuities for the sensitivities of the optimal 

solution, or in mathematical terms, the derivatives -jp are not unique. References 6 and 7 prove that even 

if the derivatives are not unique, the directional derivatives exist In what follows the optimal sensitivity 
problem is formulated in terms of directional derivatives, defined as 

./ _ .. y(P + r8P)-y(P) 

F V (P)= lim -;- C3) 

i -*o* 1 

where 5P represents a unit vector (| 5P | = 1) in a prescribed direction of change for the vector of parameters 

P. 


If the vector of parameters P is perturbed by fSP, t > 0, the Kuhn Tucker conditions (Eq. (2)) must 
remain satisfied. Moreover, since the sensitivities are obtained when t —> C only first order approximations 
for Y and X in terms of t are required, and only linear terms in t should be retained. 


Using the approximations 
Y(P +1 8P) = y(P) + 1 Yy, (P) 

UP + 1 SP) = UP) +1 X*. (P) 

Eq. (2) for the perturbed problem becomes 


(4 a) 

m 


Vyf(Y(P) J rtY lP {P),P J rt 5P)- I (Kj (P) +1 X'j, (P)) (V y gj ( Y(P) +1 Yfj (P), P + r 8P) = 0 (5a) 

>■1 

(X ; (P) +1 X'j, (P)) (gj (Y(P) + tY 6f (P),P + tbP)) = 0 j = l,...,m (5b) 

g J (Y(P) + tY v (P),P + t5P)^ 0 j = (5c) 

(5 d) 


U(P) + tX jSf (P)> 0 j = l,...,m (5 d) 

Expanding g } in first order Taylor series and retaining only linear terms in t, Eqs. (5b)-(5c) become: 

(P) [ gj ( Y(P), P) + 1 (V,g. (Y(P), P)T V (P) + (Y(P), P)5P] + 1 X v (P) gj (Y(P). P) = 0 (6a) 

g, (Y(P), P)+1 (Vygj (Y(P), P) y tf (P)+V, 8j (y(P), P) SP) ^ 0 (66) 

^ (P) +» X^ (P) ^ 0 

Several special cases arise from these previous equations when t —> 0 + : 


(6c) 



(active constraint, degenerate case) 


(1) Xj (F) = 0, gj (X(P),P) = 0 

V y gj ( Y(P ), F) 7,, (F) + V r gj (Y(P), P) 5P £ 0 (7a) 

V (F) £ 0 

(2) Xj (F) > 0, gj ( Y(P ), F) = 0 (active constraint, non degenerate case) 

v y g/y(F), F) y v (F) 4- v, ^ (y(F), F) 5 f= o (76) 

(F) has no sign constraint 

(3) Xj (F) = 0, gj (y(F), F) > 0 (not active constraints) 

Vygj(Y(P),P) Y Sf (P) + V, gj (y(F),F)8P has no sign constraint (7c) 

\sp (F) has no sign constraint 

Equations (7) show that only degenerate active constraints are allowed to leave the set of active 
constraints, and that non active constraints can only become degenerate active constraints. Therefore, it 
is not necessary to include passive constraints in the sensitivity analysis. Since the Kuhn Tucker conditions 
are satisfied for the unperturbed problem (Eq. (2a)), the expansion of Eq. (5a) in first order Taylor series, 
leads to 

V : „L(y(F),F)y*(F) + V*,L(y(F),F)SF- I X ji AP)Vygj(Y(P),P) = 0 (8) 

jm\ 

where 

L (Y(P),P) =f(Y(P),P) - t Xj(F) gj (y(F),F) (9) 

y-i 

is the Lagrangian function and V\yL =[jjrjjr] and Vy f L = [ jjrjrJ. 

Equations (7) and (8) are the conditions that the directional derivatives must satisfy for the perturbed 
problem. Since only the active constraints are to be considered, these equations lead to the following 

conditions which must be satisfied by Y' Sf (F) and X& (F): 

Vly L(Y(P),P)Y V (P) +V 2 „L(y(F),F)5F- I X'^F) V rgj (Y,P),P) 

i * 1 i 


- I X' aj .(FV r ^.(y(F),F) = 0 (10a) 

V y g ; (y(F),F)y tf (F) + Vrf/y(F),F)8F = 0 j e 7, (106) 

V y gj (Y(P),P) (F) + Vrf, (y(F),F)5F ;> 0 j e J 2 (10c) 

Xj&(P)t£ 0 j € J 2 (10d) 
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where the sets of indices 7, and J 2 are given by 
Ji = {j\\(P)>0, gj (Y(P),P) = 0} 

h = {j\\iP) = 0, gj (Y(F),P) = 0} 

It is easily seen that if all active constraints are non-degenerate (J 2 = <>; i.e. the set / 2 is empty), then 

the set of active constraints remains invariant and no discontinuities exist Therefore, if the strict com¬ 
plementary condition holds at the optimum, the Kuhn Tucker based methods presented in Refs. 1 and 2 
will give the correct optimum design sensitivities. 

The solution of Eq. (10) for (P) and 7^ (P) is easily obtained if it is observed that these equations 

(Ref. 7) correspond to the Kuhn Tucker conditions for an optimization problem where the objective function 
is the quadratic approximation of the Lagrangian and the constraints are the linearized active constraints. 
Thus, the set of conditions given by Eq. (10) is equivalent to the solution of the problem 

Min \z T V\yL (Y(P) y P)Z + Z T V\ p L{Y(P),P) 6 P 
z L 

s.t. V rgj (Y(P),P)Z + V P gj(Y(F),P)bP = 0 jeJ\ ( 11 ) 

Vy gj (Y(P),P)Z + V r g J (Y(P),P)8P^0 jeJ 2 

If the optimal solution for this problem is denoted by Z* with the associated Lagrange multipliers represented 
by y\ then 

Y V (P) = Z (12a) 

*v(P)= Y* (126) 

To further illustrate the concepts revealed by the foregoing analysis, consider the following one 
design variable, single parameter example from Ref. 4 . 

Min f(Y,P) = 2Y 2 -2YP+P ll + 4Y-4P 

r 

s.t. g(Y,P) = Y + 4PZ0 

Figure 1 shows the optimal solution Y’(P), the optimal functions fOT,P) and g(Y*,P) and the 
Lagrange multiplier X* (P) as a function of the parameter P. For P < the constraint g is active and the 

Lagrange multiplier X is positive, but for P > 5 , the constraint becomes passive and X = 0. At P -1 the strict 

complementary condition does not hold and therefore the derivatives are not unique. At this point only 
directional derivatives, which in this case correspond to the left and right derivatives, exist For this simple 

example problem (at P - \) the quadratic problem given by Eq. ( 11 ) leads to 


Case 5P = 1 (right derivative) 


Min 2Z 2 -2Z 

s.t. Z + 42>0 => Yfj. (2/9) = j, (2/9) = 0 

Case SP = -1 (left derivative) 

Min 2Z 2 + 2Z 

s.t. Z-420 => Y v (2/9) = 4, X„(2/9) = 18 

When numerical techniques are used to determine the optimal solution Y (P) and the corresponding 

Lagrange multipliers X (P) for problem (1), the condition = 0, for an active constraint, requires further 

analysis. The Kuhn Tucker conditions (Eq. (2a)), show that the gradient of the objective function can be 
written as a non-negative linear combination of the gradients of the active constraint at the optimum. 
Assuming that the gradients of the active constraints are linearly independent (normality), then, if one of 
the Lagrange multipliers is zero, this implies that the associated constraint gradient does not contribute to 
the non-negative linear combination of gradients in terms of which V/ is expressed. Therefore, the set of 

indices Ji should include all constraints such that is less than or equal to a prescribed threshold. 



Finite Differences 

An alternative procedure for obtaining the optimal design sensitivities, (Ref. 4) is to use finite dif¬ 
ferences for small perturbations of the parameter P. Since only directional derivatives are sought, the 
direction 5 P is prescribed and therefore, perturbations for t rather than for P must be considered. The first 


order Kuhn Tucker optimality conditions for the perturbed problem are given by 

V r f(X(P + tSP),P + tSP)- £ Xj(P + tSP)V r gj(Y(P + t SP),P + tSP) = 0 (13a) 

J m i 

Xj (P +1 5P) gj ,(F(P +1 SP), P +1 SP) = 0 y = l.m (13b) 

gj (Y(P + 1 SP), P + 1 SP) £ 0 ; = 1. m (13c) 

Xj (P + r SP) £ 0 j - l,...,m (13d) 


In a finite difference scheme, the new optimum Y(P + t SP) and the associated Lagrange multipliers 
X(P + t SP) are to be found such that the conditions imposed by Eqs. (13) are preserved. If the original 

functions / and g,,j = 1.m are replaced by approximate explicit functions / and gj in terms of Y, 

j = l,.. ,,m, then Eqs. (13) correspond to the Kuhn Tucker conditions of an approximate problem of the 
form 

Min f(Z,P + t SP) 
z 

s.t. gj (Z,P + t 8P)20 j = l,...,m (14) 
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If the optimal solution for this problem is denoted by Z* and the associated Lagrange multipliers are 
represented by y\ then 

Yv(P) = r ~^ {P) (15a) 

Kr (P) ~ y - - ~— (156) 

Examination of Eq. (13a) shows that the approximate functions / and gj,j = l,...,m, should be accurate 
not only for the function values but for gradients as well. Also, from the formulation of the approximate 
problem given by Eq. (14), it is cletrly seen that these approximations are needed only with respect to the 
variables Y and not with respect to P. 


Quadratic Approximations 

A natural choice for approximating the function and its first derivatives, is to use a second order 
Taylor series expansion with respect to Y. For a generic function, h, this approximation about Y“(P) has 
the form: 

it (Z,P + t SP) =h (Y(P),P + t 5P) + V Y h (Y(P),P +1 SP) (Z- Y(P)) 

+ j(Z- Y(P)) r V 2 „h(Y(P),P+t SP) (Z - Y(P)) (16) 

and the approximate problem becomes 

Min V Y f(Y(P),P + t SP) -4 (Z- Y(P)f V 2 n f{Y{P), P + 1 SP) (Z- Y(P)) 

Z L 

s.t. g, (F(P), P + tSP) + V rij (Y(P), P + t8P)(Z- Y(P)) (17) 

+^(Z-Y(P)) T V 2 YY g j (nP),P + tSP)(Z-Y(P)) > 0 j = 1. m 

which corresponds to the second order approximation of the original problem about Y*(P), at the optimum. 
This is similar to the second order method given in Ref. 4. 


Numerical Results 

The methods presented in this paper are demonstrated for the 10-bar truss structure shown in Fig. 
2. The cross-sectional areas of the members are the design variables and the objective function to be 
minimized in the total weight Constraints are imposed on the stress of each member. The allowable stress 
is 25,000 lb/in 2 for all members with the exception of member 9. Side constraints are such that 0.1 in 2 

£/4, £25in 2 ,/ = 1,...,10. 
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Figure 3 shows the response ratios for the stress constraints (onmembers 2,9 and 10) as a function 
of the allowable stress in member 9 (o 9 ). It is observed that when o 9 < 30,000 the stress constraint in 

member lOis passive while for a, > 30,000, this constraint becomes active. The opposite effect is observed 
for the lower bound side constraint on member 10 ^ from active to passive). The change in the set of active 
constraints produces discontinuities for the optimum design sensitivities at o 9 = 30,000 lb/in . 

Tables 1 and 2 show the right and left derivatives for the optimum design with respect to a 9 . The 

first column correspond to the exact sensitivities using the Kuhn Tucker conditions. The second and third 
columns correspond to the approximate derivatives computed via finite differences using a second order 
approximation. For the third column only diagonal second order terms were retained. For both cases the 

step was set to 500. 

As expected, the sensitivities are not continuous, and the Kuhn Tucker formulation gives the correct 
directional derivatives. The finite difference results show a strong agreement with respect to the exact 
solution, even when only second order diagonal terms are retained. 


Conclusions 

A general procedure for calculating the sensitivity of a optimized design to various problem parameter 
has been presented. The method is based on the first order Kuhn Tucker conditions and possible discon¬ 
tinuities in the derivatives are taken into account A finite difference approach is also presented based on 
second order information. The quadratic method proved to be very accurate in estimating the optimum 
sensitivities. This method is particularly attractive since no distinction has to be made between degenerate 
and non degenerate active constraints. 
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Table 1 

Right Derivative of the Optimum Values of A , with Respect to 

Allowable Stress in Member 9 



Sensitivities (in 2 /psi x 10 5 ) 

Variables 

Optimal 
Solution (in 2 ) 

Kuhn 

Tucker 

Quadratic 

Full 

Quadratic 

Diagonal 

A\ 

7.936 

-0.400 

-0.399 

-0.405 

a 2 

0.100 

0 

0 

0 

A 3 

8.078 

0.400 

0.399 

0.405 

A 4 

3.929 

-0.400 

-0.399 

-0.405 

A 5 

0.100 

0 

0 

0 

As 

0.100 

0 

0 

0 

a 7 

5.758 

0.566 

0.563 

0.573 

** 

5.558 

-0.566 

-0.564 

-0.573 

a 9 

4.634 

-15.932 

-15.871 

-16.132 

A\o 

0.100 

0.570 

0.568 

0.537 


Table 2 

Left Derivative of the Optimum Values of A { with Respect to 

Allowable Stress in Member 9 



Sensitivities (in 2 /psi x 10 3 ) 

Variables 

Optimal 
Solution (in 2 ) 

Kuhn 

Tucker 

Quadratic 

Full 

Quadratic 

Diagonal 



7.936 

0.167 

0.149 

0.151 


a 2 

0.100 

0 

0 

0 


A 3 

8.078 

-0.167 

-0.175 

-0.176 


A 4 

3.929 

0.167 

0.172 

0.172 


As 

0.100 

0 

0 

0 


As 

0.100 

0 

0 

0 


a 2 

5.758 

-0.235 

-0.298 

-0.298 


A* 

5.558 

0.235 

0.245 

0.247 


A 9 

4.634 

15.656 

16.242 

16.244 


A\o 

0.100 

0 

0.064 

0.065 
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Figure 1. One Design Variable Problem. 



Figure 2. Ten Bar Truss Structure. 



Figure 3. Changes in Active Constraints for Ten Bar Truss Example. 


54 








N94-71425 f 


SENSITIVITY ANALYSIS OF THE OPTIMAL SOLUTION OBTAINED 
FROM THE STRUCTURAL DAMAGE IDENTIFICATION PROCESS 
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Abstract 

An identification procedure proposed by Shen and Taylor [1] to determine the crack charac¬ 
teristics (location and size of the crack) from dynamic measurements is tested. This procedure was 
based on minimization of either the ’mean-square* measure of difference between measurement data 
(natural frequencies and mode shapes) and the corresponding predictions obtained from the com¬ 
putational model. The procedure is tested for simulated damage in the form of symmetric cracks in 
a simply-supported Bernoulli-Euler beam. The sensitivity of the solution of damage identification 

problems to the values of parameters that characterize damage is discussed. A sensitivity formula 
is derived. 


Introduction 

Many optimum or light-weight designed load-carrying structural systems such as tubines, 
generators, motors, aircraft, and spacecraft are under sever operational conditions. One form of 
damage that could lead to several failure of the system if undetected is cracking structural member 
of the system. This motivates the search for new methods of crack monitoring which are not only 
quicker, and cheaper, but also capable of detecting the integrity of structural members. Most 
importantly, these crack monitoring schemes could even be performed on line. 

An detection procedure was developed by Shen and Taylor [1] to determine the crack char¬ 
acteristics (location, xc, and size, cr, of the crack) from dynamic measurements. The idea of this 
procedure was related to methods of structural optimization. Specifically, the structural damage 
is identified in a way to minimize one or another measure of the difference between a set of data 
(measurements) T d , and the corresponding values for dynamic response M d obtained by analysis of 

a model for the damaged beam. This may be expressed symbolically as the following optimization 
problem: 

min norm(T d - M d ). ( 1 ) 

xc.cr v 1 

Naturally, the minimization represented here is constrained by the equations which model the 
physical system. Moreover, as indicated in the discussion by Shen and Pierre [2-4], one can note 
that the more modal information used for crack detection, the more accurate and reliable the result 
that can be achieved. For practical purposes, the objective of Eq. (1) was formulated based on a 
certain set of specific modes; specifically the first M modes are considered in the inverse procedure. 

In this study the corresponding to the mean-square measure of the norm is examined. The 
identification process is based on minimization of the ’mean-square 1 measure of difference between 
measurement data (natural frequencies and mode shapes) and the corresponding predictions ob¬ 
tained from the computational model. The identification procedure is tested for simulated damage 
in the form of a simply-supported Bernoulli-Euler beam. The uniqueness and reliability of the iden¬ 
tification process is confirmed by solving several crack identification examples with specified crack 
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positions. Without knowing the damaged location, a restricted region in initial data space had been 
found for which there will be a realistic and convergent solution from the identification process. 
This region is small, and can be expanded if modal variables are well approximated and initial data 
corresponding to higher modes of the beam are included in the process. However, for practical 
reasons, in structural dynamic testing only a small subset of the eigenvalues and eigenvectors can 
be represented in the measurement data. Futhermore, even if substantially more modal informa¬ 
tion would be available, the minimization search may be prohibitive for such a large-dimensional 
feasible domain that would result. 

A concept of improving the above identification procedure is also purposed in this study. A 
sensitivity formula is derived there. Some questions related to the selection of proper modes to be 
used in the optimization process is also discussed in this study. 

A Brief Review of Cracks Identification Procedures [1] 

In reference [1], the mean square differences between measured and modeled values of frequency 
and mode shape are employed as the objective function in the variational formulations for the 
identification of a cracked beam with one pair of symmetric cracks are presented. In other words, 
the inverse process seeks to determine the crack parameters, xc and cr, in the mathematical model to 
minimize the mean square difference between the test data and analytical predictions. In addition, 
the identification problem was treated as well in the form of a min-max problem in (1). For 
simplicity, only the mean-square problem formulation was presented in form consistent with having 
the beam deflection data stated in discrete form. These problem formulations are 


iV/ r 

[(^ta — **'» ) d" ^ ~ ( Wta( Xtm ) ~ tt-V, ( X/ m )) j) (2) 

Or 22 1 m= 1 

subject to constraints that define the beam response w a (ie., the equations for free vibration), and 
which prescribe appropriate normalization of w a and test data w ta . subject to: 

f {EIQ(w"(x)) 2 - u\pA wl{x)}dx = 0 (3) 

•'O 

r-i 

^ ^ (Wg(Xt m )ufo( Xtm ))AXtm “ T}oJ = 0 (4) 

m=2 

(cr + a xc) - R < 0 (5) 

cr < cr < cf (6) 

xc < xc < xc (7) 


where , a is a weighting factor on the cr and xc, R represents the upper bound on 

value cr + axe, and and 7f,cr represent the upper and lower bounds of the crack (damage) 

parameters xc and cr, respectively. Here cr = represents crack ratio (a measure of crack 
depth), and xc identifies crack position (see Fig. 1). 

The effect of cracks on the structural properties of the beam is reflected by factor Q in Eq. (3), 
as described for symmetric surface cracks in Shen and Pierre [2] and in Christides and Barr [5], 
and for the single surface crack problem in Shen and Pierre [3,4]. In other words, the optimization 
parameters xc and cr cited in Eq. (2) enter the problem via Q . 
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Numerical Examples 

The numerical optimization technique set forth in this study for vibrating cracked beam iden¬ 
tification problems is accomplished using the VMCON optimization package program (this imple¬ 
ments a sequential quadratic programming method). The damage properties (cr and xc) of the 
simply supported cracked beams are identified by direct solution of the optimalization problems 
described in the previous section. 

The cracked beam model to which the identification procedure is applied is shown in Fig. 1. It 
is a simply supported beam of length / equal to 18.11 of it’s thickness d y with uniform rectangular 
cross-section area A , and a pair of symmetric cracks of cr = 0.5 located at mid-span (xc = 0.5). 
Examples with position of the crack (damage) specified 

Consider the first example for crack identification, the simply supported cracked beam, for 
which the crack position xc is known. In other words, only the crack ratio cr is to be identified; 
therefore, the variables in this problem are cr, £'s, and mode shapes u; 0 (x) (x, = {cr,{ a , w Q (x tm )}). 
Furthermore, according to the observations in Shen and Pierre [2,3], the even modes of a simply 
supported beam are not sensitive to a mid-span crack; therefore, in effect only first and third mode 
(a = 1,3) information is used to represent crack damage. 

In Table 1, the top row denotes the assumed crack ratio and corresponding first and third 
eigenfrequencies. The symbol ♦ denotes the expected optimal solution through the identification 
process. The first two column entries, indicate the fundamental and the third frequencies 

corresponding to the initial crack ratio cr which is given in the next column. The last three columns 
give the final values corresponding to previous entry values. These final values are obtained at the 
stage where computation is terminated when the further optimal search obtains improvements for 
criterion F less than the specified tolerance (10£ — 5 was adopted in the present study). Recall 
that for an uncracked beam cr is identically zero. Therefore, in this example, it is decided to start 
with the case of the initial value cr = 0.0 and for each case thereafter the cr value is increased by 
0 . 1 . 

In Table 1, rows 5 to 11 present the results for cases with initial cr = 0.1 to 0.8. The corre¬ 
sponding final point values listed in the columns 4-6 show that these cases exhibit, as expected, 
similar solution characteristics and accuracy. This provides a physical understanding of the geome¬ 
try of the solution set: for the inverse cracked beam problem with specified crack position, the mean 
square criterion of Eq. (2) is a convex function and it is bounded by the constraints of Eqs.(3-7). 
Hence, one may conclude that the convergence of the present optimization problem is obtained 
independent of the initial data chosen. In other words, as long as the initial data is selected within 
the problem’s feasible domain, an accurate and unique solution through the identification process 
is expected. 

Examples with simultaneous identification of crack position and depth 

The second numerical example deals with the crack identification of a simply supported cracked 
beam with unknown crack ratio and with crack position unknown. In this treatment, the variables 
in the optimization problem are cr,xc, £'s, and mode shapes w Q (x) (x T = {cr,xc,£ a , w 0 (zcm)})* 

Table 2 shows that almost all of the cases have unacceptable final estimates of xc and cr. For 
instance, if the initial position is selected as xc = 0.4 and cr = 0.4, the values of xc and cr at the 
final iteration are 0.99789 and 0.36289 which are approximately 98% and 28% different than the 
given test data. In other words, evidently the configuration with xc = 0.99789 and cr = 0.36289 
is able to provide another minimum value of the criterion (besides the one associated with the 
expected result). Except for the case with initial cr = 0.4 and xc = 0.48 which provides less than 
1% estimation error. A number of similar examples can be found in reference [I]. 

Questions arise concerning the conditions under which the identification procedure can pro- 
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vided a unique solution. As discussed in Shen and Pierre [2-4] and concluded in the studies of 
Glad well et. al. [6], if all the mode information is used in the identification procedure, then the 
system s properties can be identified uniquely. However, for practical reasons, in structural dy¬ 
namic testing only a small subset of the eigenvalues and eigenvectors can be represented in the 
measurement data. Futhermore, even if substantially more modal information would be available, 
the minimization search may be prohibitive for such a large-dimensional feasible domain that would 

result. These comments are intended to point out certain limitations inherent in the identification 
procedures. 


Sensitivity Analysis of the Optimal Solution from the Damage 

Id net ifi cat ion Process 

Without using higher modes information, a concept of improving the above identification pro¬ 
cedure is presented in this section. The idea is first to obtain the optimal solution of a damage 
identification process with crack position specified. The actual crack position can then be deter¬ 
mined by characterizing the sensitivity of the solution of damage identification process to the value 
of assumed damage position. In other words, the final solution from damage identification process 
should be preserved at the new damage position xc* = xc + Sxc. It is clear that the variables 
—i ~ { fr >£ar» w a (xt m )} ^re dependent on parameter xc. From the K-K-T necessary conditions, a 
set of the equations can be written for new variables xj and new damage position xc". In order to 
achieve an improved solution from damage identification process, bxc ran be selected such that the 
criterion be reduced and constraints be prevented from violations as well. Therefore, to find 6xc 
and X] is equivalent to find a optimal solution of the following problem : 

i db m 

mm ($(xl,xc)— + $'(xj,xc))<5xc (8) 

subject to : 

['i’i + + 4>'i)&xc)\+ < 0 ( 9 ) 

[<t>i + + <K)6zc]\. = 0 (10) 

where 0 s ggj>, and f) = ^. Functions and <*>, are the criterion, inequality constraints, 

and equality constraints, respectively. 


Conclusions 

A general method for crack identification of a simple beam with one pair of symmetric cracks is 
presented. The method may be useful as a component of an on-line nonintrusive damage detection 
technique for vibrating structures. A variational formulation is expressed as a direct minimiza¬ 
tion problem statement with a criteria of the mean square difference of natural frequencies and 
mode shapes between test measurements and corresponding model values. The crack identification 
problem is reduced to finding the cracked beam’s damage parameters that will satisfy appropriate 
constraints and minimize the mean square difference. 

The uniqueness and reliability of the identification process is confirmed by solving several crack 
identification examples with specified crack positions. Without knowing the damaged location, 
a restricted region in initial data space has been found for which there will be a realistic and 
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r=^ Uti0 v fr0m the , idenUfication process ’ This re 6* on is small, and can be improved via 
process °f sensitivity analysis of the optimal solution from the damage idnetification procedure. 
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Test Data: £= 

0.84703, £=70.1348, cr‘=0.5 

Initial Data 

Final Data 

It 

£3 

CT 

ft 

6 

cr 

1.0 

81.0 

0.0 

0.84684 

70.1348 

0.50033 

0.98841 

80.0769 

0.1 

0.84697 

70.1346 

0.50019 

0.97217 

78.8135 

0.2 

0.84704 

70.1347 

0.49998 

0.94815 

77.0062 

0.3 

0.84701 

70.1348 

0.50007 

0.91032 

74.3024 

0.4 

0.84694 

70.1347 

0.50024 

0.73638 

63.7848 

0.6 

0.84705 

70.1348 

0.49962 

0.54574 

55.0511 

0.7 

0.84703 

70.1348 

0.50034 

0.27233 

45.9316 

0.8 

0.84700 

70.1347 

0.50009 



Table 1: Numerical results based on mean square problem statement of Eqs. (2-7) with the crack 
(damage) specified {xc = 0.5). 


Test Data: £=0.84703, £=70.1348, cr*=0.5, xc‘=0.5 

Initial Data 

Final Data 

ft 

£3 

CT 

XC 

ft 

£3 

cr 

xc 

0.91806 

78.5161 

0.4 

0.4 

0.69639 

70.1359 

0.99789 

0.36289 

0.91371 

76.6365 

0.4 

0.43 

0.70007 

70.1362 

0.99440 

0.39620 

0.91158 

75.1335 

0.4 

0.46 

0.84610 

70.1347 

0.91029 

0.53775 

0.91056 

74.7464 

0.4 

0.47 

0.84711 

70.1347 

0.67125 

0.49033 

0.91063 

74.5157 

0.4 

0.48 

0.84704 

70.1348 

0.50554 

0.49972 

0.73472 

63.8062 

0.6 

0.51 

0.84704 

70.1348 

0.60027 

0.50526 

0.73711 

64.2643 

0.6 

0.52 

0.84704 

70.1348 

0.60083 

0.50531 

0.73617 

64.7619 

0.6 

0.53 

0.84704 

70.1348 

0.60141 

0.50534 

0.73929 

65.6727 

0.6 

0.54 

0.84705 

70.1348 

0.60255 

0.49459 

0.73909 

66.6112 

0.6 

0.55 

0.84702 

70.1348 

0.99721 

0.24709 

0.75452 

74.0109 

0.6 

0.6 

0.70040 

70.1363 

0.99079 

0.59307 


Table 2: Numerical results based on mean square problem statement of Eqs. (2-7). The position 
of the damage xc is a variable. 
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FOR ILL-CONDITIONED SYSTEMS 




By Irving U. Ojalvo 
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University of Bridgeport, Bridgeport, Connecticut 06601 

ABSTRACT 


Ill-conditioned systems arising in analysis and optimization can display 

a high sensitivity to numerical precision for changes and errors in data input. 

Such data may be in the form of system parameter input or desired system 

response. The ill-conditioning we refer to generally arises from the lack of 

sufficient independent data to define a complex system or the weak 

sensitivity of response to source input parameters. In this paper we shall 

show how small errors in data and assumed fixed and known parameters can 

lead to highly erroneous results in ill-conditioned linear algebraic equations. 

A simplified detection and correction of critical input data arising in the 

coefficient matrix and desired response (i.e., right hand side) is proposed 
herein. 
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INTRODUCTION 


Ill-conditioning is characterized by high sensitivity of solutions to 
small changes in system parameters and data inconsistencies. In this paper 
we shall trace response data and input parameter errors, and show how they 
can create significant solution contamination for ill-conditioned systems. 

We will then show how a simple detection of these inconsistencies is 
possible from an examination of the zero and near-zero eigenvalues and 
eigenvectors of the system. This will be followed by a correction procedure 
which can be used to identify the sensitive data and to correct it as well as 
indicate how to correct the system response or design parameters to achieve 
reasonable solutions. 


TECHNICAL APPROACH 

A technical statement of the problem is as follows: Determine the 
parameters, {r}, which will deliver a desired performance or response, {Y}, 
starting with a design based on initial parameters, {r 0 }, which deliver a non¬ 
optimum response, {Y 0 }. 


Assuming the elements of {r} are reasonably close to the desired design, 
a Taylor series expansion yields 


{Y} = {Y 0 } + [ S ] {r - r Q } + {R} 



where { R } are the remainder terms in the approximation and [ S ] is the 
response sensitivity, given by 

[am 1 


[S] = 



d {r} 


r = r G 


The usual linearization procedure employed for such problems 
involves performing a least error-squared minimization of the remainder 
terms which results in the symmetric formulation 


[A] {x} = {b} (3) 

where 

[A] = [STS] 

{b} =[S]T {Y-YoJ (4) 
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{X} = {r - r 0 } 


If there is insufficient independent performance data { Y - Y 0 } to 
uniquely determine the system parameters, { r }, [ A ] will be ill-conditioned 
and a solution of Eqn. (3) for the system parameters { r } will be difficult to 
achieve. 

One procedure for solving Eqn. (3) if [ A ] is ill-conditioned (i.e., [ A ] 
has zero or near-zero eigenvalues) is to use the Singular Value 

Decomposition (SVD) method. 1 This requires that the analyst obtain all the 
eigenvalues and eigenvectors of [ A ], which can be computationally 
expensive if the size of [ A ] is large (e.g., 300 by 300) even when the rank 
deficiency of [ A ] is small. 

A more efficient procedure is to use Epsilon-Decompositions^ (E-D) 
which only requires computing the zero, near-zero and lowest non-small 
eigenvalues. This is reasonable since it is only the zero and near-zero 
eigenvalues which make the system ill-conditioned. In this paper we will 
show how to detect and eliminate critical data errors and parameter 
contamination errors. 

CHARACTERIZATION OF ERRORS 
Let us replace Eqn (3) by its approximate version, i.e., 

A’ x' = b’ (5) 

where we have dropped the brackets surrounding the matrices and vectors 

A’ - A 
b' - b 

but x' / x since A is ill-conditioned. 

The approximations in A' are caused by system parameter and 
sensitivity errors, whereas the approximations in b’ are due to response 
errors. 


Let <j>i be the normalized eigenvectors of A and be its corresponding 
eigenvalues. Thus, 

A<l> = O A 


<D-1 = d>T 
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where 


<D = [ <|>1, <|>2,... <|>n ] 

and 



The approximation to the eigenvalue matrix, A is A’ 

where 

A’ = A + P 
i.e.,Xi = X’i +pi 
We shall assume that 


Therefore, 

T [ A' ] <I> *» A' ( 7 ) 

Letting 

x’ 

b’ = <DP' ( 8 ) 

and substituting Eqn (5) and (6) into Eqn (4) yields 

(Xi + pi) q' = ft' (9) 

where we have made use of Eqn (5) and (6). 


Subtracting Xi cj = Pi from Eqn (9) and rearranging terms yields 



( 10 ) 
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EFFECTS OF ILL-CONDmONTNO 

If the matrix A is ill-conditioned then there will be one or more very 
small eigenvalues, Therefore, errors in b', as reflected by pi' - Pj, can have 

a significant influence on errors in x, as reflected by ci* - q. This can be easilv 
seen from Eqn. (10). 7 

Similarly, errors in the sensitivities and input parameters, as 
characterized by the pj, can also influence errors in x ( or q' - q). 

SIMPLIFI ED CORRECTION OF DATA SENSITIVITY 

Since the large error source in x, for small errors i n A and b, are caused 

by the very small eigenvalues, X’i, it is proposed that the <|>j associated with 

these Xj be computed and their contributions to A’ and b’ be removed as 
follows: 

b' - b * £aj<j>j 

where 

aj = <pjT b' 

and 

A'-A - IXj' £ <|>j <J>jT ] 

Thus, the A parameter matrices and b' response vectors are changed 

only as they affect the ill-conditioned nature of the problem. Once these 

critical changes are proposed, the analyst must decide if these potentially 

sensitive changes should be made consistent with the potential error sources 
in the data obtained. 

. , v P n * also wish to trace back the proposed change in A' and b' to [S'] 
and (Y - Y 0 ) using Eqn. (4). 


( 11 ) 

( 12 ) 


CONCLUSION 

A simplified detection and correction of critical data sensitivity for ill- 
conditioned systems has been proposed. It requires computation of the zero 
and near-zero eigenvalues, an their corresponding eigenvectors, for the 
system at hand. Only a theoretical derivation has been presented. Numerical 
examples will be treated in future investigations. 
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Abstract 

In this paper we compare three optimization-based methods for solving aerodynamic design problems. 
We use the Euler equations for one-dimensional duct flow as a model problem, and compare the three 
methods for efficiency, robustness, and implementation difficulty. The smoothness of the design problem 
with respect to different shock-capturing finite difference schemes, and in the presence of grid refinement, is 
investigated. 


1. Introduction 


Most of the effort in devising schemes for solving computational aerodynamics problems has focused on 
the forward, or analysis problem: given the shape of the airfoil (or aircraft), what will be the flow of air over 
it? Of more direct use in designing an aircraft is the solution of the more difficult inverse, or design problem: 
given the flow, what shape will produce it? Recently, due to improved methods for solving the analysis 
problem, and also due to increases in available computational power, there has been renewed interest in 
attacking the design problem. 

Many different approaches to solving the design problem have been developed; these are nicely sum¬ 
marized in [1]. For our purposes, these approaches can be separated into two fundamental classes. In the 
first class, one attempts to solve the inverse problem by (essentially) manipulating the equations governing 
the geometry and the flow so that the geometry can be solved for, once the flow is specified. In the second 
class, a method for solving the forward problem is used iteratively, employing an optimization strategy to 
vary the airfoil shape in some systematic way until (close to) the desired flow is obtained. The second 
class of methods, while generally much more computationally intensive than the first, offers more promise 
for handling difficult geometries and complex flow phenomena, and takes advantage of existing methods for 
solving the associated analysis problems. 

The objective of this paper is to compare several optimization-based approaches for solving the design 
problem. To do so, we introduce a very simple model problem. The analysis problem for this model is well- 
known and has been widely used for testing numerical methods for flows with shocks; it is the problem of 
determining the steady, one-dimensional flow of an inviscid fluid in a duct with a specified spatially-variable 
cross-sectional area. The design problem for the model is to determine the duct shape from the flow solution. 
Except for one-dimensionality, the flow phenomena exhibited by solutions of the model are quite similar to 
those in two-dimensional inviscid flow over an airfoil; this point is illustrated in Figure 1. Thus, we may 
hope to gain some insight into the nature of the airfoil design problem by studying the vastly simpler duct 
flow model. 

In Section 2 below we present the model analysis and design problems. In Section 3 we present three 
distinct optimization methods for solving the design problem, and discuss the relationships between them. In 
Section 4 we display some computational results using the three methods, and discuss the tradeoffs between 
them. In Section 5 we present our conclusions. 
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2. Model Problem 


2.1 Continuous Analysis Problem 


The steady flow of an inviscid fluid in a duct of variable cross-sectional area A(£) is governed by the 
Euler equations 

^+£ = 0 , 0 <£< 1 , ( 1 ) 

where 

[ (pJ U +p)A V g = ( -pA ( y 
\{pE + p)uAj \ o / 

£ is distance along the duct, p is density, ti is velocity, E = e + ti 2 /2 where e is specific internal energy, and 
p is pressure. Here, the subscript £ means differentiation with respect to £, and it is assumed that A(£) is a 
given, differentiable function. The pressure p is given by the equation of state for a perfect gas, p = (7 — 1 )/>e, 
where 7 > 1 is the gas constant. (For air, 7 = 1.4.) We assume supersonic inflow at £ = 0 and subsonic 
outflow at £ = 1 . Under these circumstances, it is proper to specify three boundary conditions at £ = 0 and 
one boundary condition at £ = 1 [ 2 ]. 

In [3] we show how, under these conditions, ( 1 ) can be reduced to a single ordinary differential equation 
in u. This equation is 

f( + 9 = 0 ( 2 ) 

where 

/(«) = u + tf/u, g( U, 0 s ^-(yu - H/v), 

and 7 = ( 7 — 1 )/ (7 + 1 ) and H = 2Hy are given constants. Here, H = ye + u 2 /2 is the total enthalpy, which 

is evaluated at the inflow boundary. Equation (2) is fully equivalent to ( 1 ); no approximations have been 

made in the derivation. 

Now we pose our analysis problem, specified so that the solution contains a single shock at is 
supersonic for 0 < £ < and subsonic for (,<(<!. 

Analysis Problem 
Given: 

A(Z), A<> 0 (3a) 


Find: 


' ft + 9 = 0, away from the shock;, 

* ur = H and ul > u. > ti*, at the shock; 

(36) 

«(£ = 1) = Uout < ti. 

‘ and other technical conditions 


u(£) satisfying 


«(£ = 0) = u in > u. 


Here, u. is the sonic velocity y/]{ i the conditions at the shock are the Rankine-Hugoniot jump relation 
and the entropy condition, and the specified boundary values are the inflow and outflow conditions. The 
technical conditions amount to certain relationships between u,„ and tw that must hold in order for a 
solution to exist; see [3]. 
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2.2 Discrete Analysis Problem 

We introduce three discretization methods for (2) to be used in solving (3) ; these methods differ in 
their degrees of continuity, which has an effect on the results obtained with the design optimization methods 
presented later. 

Let the £ -coordinate be discretized by a uniform, cell-centered grid with centers at = (j — 1/2)/i, 
h — 1/J, where J is the number of unknown grid values. Let u ; - represent a piecewise constant approximation 
to ti on each grid cell. Then, a conservative difference scheme for (2) is given by 


w j = 


_ /; + 1/2 - /;- 1/2 


+ 9j = 0. 


( 4 ) 


Here the source term = g(uj t (A^/A)j) and we assume that the duct shape A(£) is given by a piecewise 
cubic spline described in the B-spline basis [4] with coefficients b m for m — 1,2,..., M and that A(0) 
and >1(1) are fixed. {A^/A)j is obtained by evaluating the spline and its derivative at . The boundary 
conditions on u are uq = u(£ = 0) and uj+i = tt(£ = 1). 

It remains to prescribe the fluxes 35 functions of uj and uj+ j. Three such prescriptions are 

/ G . f EO j and f AV t corresponding to the Godunov, Engquist-Osher, and Artificial Viscosity methods for 
numerically approximating hyperbolic conservation laws; see [3]. The Godunov flux f G corresponds roughly 
to the first order upwind scheme frequently used in computational aerodynamics, and is a C° function of 
its arguments. The Engquist-Osher flux f EO is a slight perturbation of f G that makes it C l . The artificial 
viscosity flux f AV is entirely different, and is C°°. The abilities of these schemes for sharply representing 
computed shock waves vary somewhat inversely to the degree of continuity, with the Godunov scheme having 
about one grid cell interior to a shock, the Engquist-Osher scheme two cells, and the Artificial Viscosity 
scheme many cells. Because continuity is an issue later, we will refer to these schemes as the C°, C 1 , and 
C°° difference schemes, respectively. 

Once the discretization has been made, we are faced with solving a system of nonlinear algebraic 
equations. The system is 

Discrete Analysis Problem 

Given: b mi m = 1 ,..M (spline coefficients describing A(£)) 

Find: Uj satisfying 

W(u) = 0. (5) 


Here W is the vector of discretized equations (4) for j = 1,2,.J and the boundary conditions on u. We 
will refer to the method for solving the analysis problem as the analysis code . The actual method employed 
in the analysis code may be Newton’s method (or a variant), some other iterative method (e.g., multigrid), 
or a time-marching scheme that approximates a time-dependent differential equation. 


2.3 Continuous Design Problem 

We next turn our attention to posing the design (or inverse) problem: given the flow solution ti(£), 
what is the duct geometry A(£)? In other words, we want to find that duct geometry A(£) such that the 
solution of (3) is some specified function u(£). Some of the obvious ways of stating the design problem 
are mathematically improperly-posed; see [3]. Given these difficulties, we are led naturally to seek a least 
squares approximate solution; that is, we want to solve 

Design Problem 

Given: u({) 

Find: A(£), A^ > 0 such that u(£) satisfies (3b) and ||ti(£) — fi(f)ll 2 ls minimized. 

We note that this particular objective function puts a large premium on getting the shock located 
correctly, and that precise location of shocks may not be as important in practical design problems for 
airfoils or aircraft. 
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2.4 Discrete Design Problem 

We assume that a desired (or goal) velocity distribution iij is given for each computational cell in the 
analysis problem. Then we have 

Discrete Design Problem 

Given: , j = 1 , •» J 

Find: 6 m , m = 1,2,..., M (spline coefficients describing >1(0) such that (5) 
is satisfied and " *j) 2 is minimized. 

Later we will consider three variations on this problem that amount to leaving A(£) unconstrained, 
requiring A( > 0, and requiring A^ have the “correct” sign. The latter two translate into simple linear 

constraints on the B-spline coefficients 6 m . 


3. Approaches to formulating design problems using optimization 

Most of the recent literature on the aerodynamic design problem features specific optimization ap¬ 
proaches or specific design problems. In this section we present a general view of the problem of optimal 
design. In particular, we consider three different methods for formulating the design problem as an optimiza¬ 
tion problem. Concepts for these approaches are illustrated by their application to the duct design problem 
discussed in Section 2. Except for these illustrations, this section is independent of the previous material. 


3.1 The Black-Box Method 

The black-box method is the most direct approach to optimal design. In the black-box method the 
analysis code is repeatedly invoked as the design variables are altered by the optimization code. Since the 
analysis code is independent of the optimization code, it may be treated as a black-box. 

If the design is characterized by a vector x p of np design variables then the optimal design problem is 

given by > 

minimize t (xp) , 

x D € R n ° (6) 

subject to C(xp) > 0 , 

where f (xp) is the objective function* and C(xp) is a vector of mo constraint functions. In the black-box 
method, each evaluation of f(xp) requires a solution by the analysis code. 

Often, the function f will be formulated in terms of flow variables zp. The flow variables are the physical 
variables on the discretization grid, such as velocities or pressures. For example, the objective for the duct 
design problem is a function of velocities on the grid cells. In this situation, t is dependent on the design 
variables xp in an indirect manner. That is, the variables xp are linked to the flow variables xp via the 
differential equations or the discretization of these equations, since the flow variables will change when (for 
example) the geometry is altered. In general, i will have both a direct dependence on xp and an indirect 
dependence on xp, due to the dependence of xp on xp. Thus, one could consider the objective function 
to be f(xf'(xp), xp). The term x^(xp) indicates that, given xp, the value of xp is obtained by solving an 
analysis problem. 

The constraints C may also have an indirect dependence on the design variables. However, they will 
often be shape constraints formulated directly in terms of xp. For example, one version of the duct design 
problem requires that the duct area increase monotonically. This constraint can be formulated in terms of 
the coefficients of the piecewise polynomials that define the area function A(£). 

One of the drawbacks of the black-box approach is high computational cost. Typically, efficient op¬ 
timization codes (see e.g., [5]) for solving (6) require computation of Vpf and VpC , the gradients of 
the objective function and constraints with respect to the design variables. Computing these derivatives 

* Note that the typewriter font 1 is used for the objective function to distinguish it from the flux function 
/ introduced in Section 2. 
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by one-sided finite differences requires solving no analysis problems, where each problem corresponds to a* 
perturbation of a different component of Z£>. One mitigating factor is that solving these perturbed analysis 
problems should be considerably cheaper than solving arbitrary problems, at least when the analysis code 
employs an iterative solver. This is due to the availability of the solution of the ‘nearby’ problem at the 
nominal value of xo as a starting guess for the iteration at the perturbed value of xo- In the next section 
we show that the first derivatives for the design problem can often be computed by another method for 
considerably less cost than solving no analysis problems. 

An advantage of the black-box approach is that the analysis code can be used essentially without 
modification. Thus, there is no need to tamper with complicated discretization schemes such as those used 
in most advanced computational aerodynamics codes. 


3.2 A Black-Box Scheme Using an Implicitly-Derived Gradient 

In this section we describe a method, based on the implicit function theorem, for “cheaply” computing 
derivatives required in the optimization. Similar methods are mentioned in reference [6] and the citations 
therein. For simplicity, the unconstrained version of (6) is considered. However, the results apply to the 
constrained problem as well. 

Assume that the analysis problem has been discretized so that an analysis consists of solving a system 
of nonlinear equations. In this case function evaluations for the black-box method are computed as follows. 
Given a design specified by xo> the analysis code solves W(xp) = 0, where xp is the vector of np flow 
variables and W is a vector of np nonlinear equations. Since the analysis problem is an implicit function of 
xo it can be viewed as solving 

W(xp,x D ) = 0 (7) 

for xp t given a design specified by X£>. 

Suppose that xp and xo are considered as subsets of the np + no vector x given by 

* = ( xp | xo ); ( 8 ) 

the Jacobian (first-derivative) matrix of (7) is then 


p 


J = 


Jf 



( 9 ) 


where J is np x (n/’ + n/j), Jp is the np x np Jacobian with respect to the flow variables and Jo is 
the np x no Jacobian with respect to the design variables. (The partitioned view of the Jacobian implies 
np "S* no) this will usually be the case.) Note that Jp is often available in analysis codes, especially those 
based on Newton’s method and variants. 

Consider the function i(xp 1 xo) i where f is the same as the black-box method objective function 1, 
except that xp and xo are considered to be independent of each other. The function i(xp,xo) is then 
equivalent to the black-box method objective function i(xp(xo)> xo) only when (7) is satisfied. Computing 
gradients of i is considerably simpler than computing gradients of f. This is due to the fact that the partial 
derivatives of f with respect to variables in xo can be computed with the assumption that xp is fixed. In 
contrast, the partial derivatives of f with respect to variables in xo must account for the fact that xp is a 
function of xo- 

Usually Vpi and Vpl, the gradients of f with respect to the flow variables and the design variables, 
respectively, are available as an analytic expressions or can easily be computed by finite differences. For 
example, the discrete design problem for duct flow has (V/*f(x)) = Uj — and Vx>f(x) = 0. However, 
the black-box method requires the gradient of f with respect to the design variables xo ■ The theorem 

below provides an efficient way to compute , given V pi and the proof may be found in [3]. 

Theorem If W(xf } xo) = 0 and W(xp t xo) is C l in a neighborhood of x = (xp f xo), with Jp 
nonsingular at x then 

Vd 1(xd) = V D i(x) - Jl jp T V F i(x) . (10) 
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(Here, superscript T indicates transpose.) 

The following algorithm could be used for computing V^f using equation (10). First compute Vpi 
and V/>f, solve Jjy = Vr* for y and then compute V D 1 = Thus, computation of V D t by the 

implicit method requires computing Jo and solving the linear system J'fy = Computation of Jo by 

forward finite differences requires no evaluations of W(xp t xo)- Note that evaluation of W(xp,xo) (some¬ 
times referred to as “computing the residuals”) is usually significantly cheaper than solving W(xp,xo) = 0, 
i.e. solving the analysis problem. Solving J'fy = V pi is trivial if the analysis code computes a factorization 
of Jp. However, if an iterative method such as pre-conditioned conjugate gradient is used in the analysis 
code, then the iterative solver must be adapted to solve the transposed system. 

Some analysis codes do not provide Jp or an iterative solver for systems involving Jp; an example is 
a time-dependent code where the steady state solution is found by stepping through time. The implicit 
gradient scheme can still be used in this case, provided that Jp can be computed efficiently using sparse 
finite differences (see e.g., [7]). The sparse difference approach only requires that the analysis code provide 
the values of W{xp t xo) when values of xp and xo are input; most codes, if not already in this form, can 
be easily modified to produce W . 

In general, computing implicit gradients is much cheaper than computing gradients by finite differences. 
This is because the finite difference gradient computation requires the solution of no analysis problems. In 
contrast, computing the gradient implicitly requires no evaluations of the flow equations W(xp,xo) and one 
solve of a linear system with the matrix Jj. A disadvantage of the implicit scheme is that some (perhaps 
substantial) modification of the analysis code is required. 


3.3 The All-at-once Method 

In deriving the implicit gradient method the objective function f and the discretized differential equa¬ 
tions W were considered to be functions of the independent sets of variables x D and xp. Thus, one could 
consider a design method where both xo and xp are treated as optimization variables and the flow equations 
W {xp,xo) — 0 are treated as equality constraints. This all-at-once method can be described formally as 

minimize f (xp, xo) , 

X £ R("J*+«i>) 

subject to C(xp t xo) > 0, 

W(x Ft x D ) = 0 , 

where x = (x F; x D ) and the vector C are the design constraints as in (6) . An iteration of the optimization 

now involves simultaneous modification of both x F and xp. A similar approach to the design problem is 
described in [8]. 

An advantage of the all-at-once method over the black-box method is the probability of requiring 
considerably fewer equivalent solutions of the large discretized system W(x) = 0. This is because the black¬ 
box method requires the solution of W(x F ) = 0 for each change in x />. However, in the all-at-once method, 
each change in x D requires the computational equivalent of only one step of a Newton solver for W(x F ) = 0. 

Another advantage of the all-at-once approach is that it does not require the existence of solutions to 
the analysis problem for all values of the design variables generated in the course of the optimization. All 
that is required is that the residual of the system W(x r ,x D ) be computable for the values of x F and x D 

generated by the optimizer. However, by definition, the analysis problem must be analyzable at the optimal 
value for xo- 

A big disadvantage of the all-at-once method is that the optimization code is not isolated from the anal¬ 
ysis code. That is, since the optimization code must simultaneously change the analysis and design variables, 
it must contain all the specialized software required for an analysis. In particular, even if the number of 
design variables is small, the optimizer must include code for handling large analysis problems; for example, 
sparse matrix factorization codes or codes that compute preconditioners and conjugate gradient iterations. 
Consequently, the all-at-once optimization code may have to be modified significantly for application to each 
new analysis problem. 
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Another disadvantage of the all-at-once method compared to the black-box method was discovered in 
tests on the duct design problem: the all-at-once method is much more susceptible to derivative disconti¬ 
nuities arising from finite difference schemes designed to sharply approximate shocks. This is because the 
optimization in the black-box method sees potential discontinuities only if shocks move to different grid cells 
from one converged analysis to the next. In contrast, the all-at-once method has potential derivative discon¬ 
tinuities if shocks move to different grid cells for consecutive values of xp in the optimization iteration. Since 
shock locations can move significantly when xp is far from an analysis solution, this type of discontinuity is 
much more pervasive with the all-at-once approach. 


4. Numerical Results 

In this section we present numerical results obtained by applying the design methods discussed in Section 
3 to the discrete design problem for duct flow described in Section 2. The testing was done on a Sun SPARC 
workstation. The optimization code used was NPSOL, a product of the Systems Optimization Laboratory, 
Stanford University. NPSOL is an implementation of a sequential quadratic programming method. 

The design variables (called xp in Section 3) were the B-spline coefficients describing the duct geometry 
A(£). The two end values of A were fixed at A(0) = 1.05 and A(l) = 1.745. The tests were run for the case 
of two design variables (np = 2) and ten design variables (np = 10). The results for np = 2 are found in [3] 

, and those for np — 10 presented here in some detail. The linear duct shown in Figure 2a was the initial 
design for each run. 

Velocities along the duct were the flow variables (called xp in Section 3) for the duct design problem. 
We took J = 40 grid cells, so there were np = 40 flow variables. The boundary conditions were uq = 1.299 
and = 0.506. The flow variables resulting from an analysis of the linear duct, using the C° difference 
scheme, appear as crosses in Figure 2b. 

The analyses in all the black-box method optimization runs were “warm started.” That is, the initial 
values for the flow velocities were taken from the preceding analysis. The initial velocity profile for the first 
analysis in an optimization run was a linear profile connecting the boundary conditions. 

The velocities u ; - used as the design goal were the evaluations on the computational grid of the analytic 
solution for a duct with a cross-sectional area given by a sinusoidal perturbation of the linear duct. This 
velocity profile is the continuous curve in Figure 2b. 

Figures 3-5 show the optimal solutions for the np = 10 duct design problem using the C °, C l and C°° 
difference schemes, respectively. The np = 10 case allows enough degrees of freedom for “wavy” ducts to 
be generated in the optimization process. It is clear from Figures 4 and 5 that strangely shaped optimal 
ducts result from the higher continuity difference schemes that allow a “smearing” of the shock. This is 
particularly true for the C°° scheme. 

Table 1 gives the numerical results for the np = 10 design problem with no constraints. “Bbox (fd 
grad)” and “Bbox (impl grad),” respectively, denote the black-box scheme with finite difference gradients 
and gradients computed using the implicit method. “Opt. Found? - Yes” indicates that the optimization 
code converged to the optimal solution (all optimization methods converged to the same solution for a 
given difference scheme). The number of optimization iterations, number of function evaluations and CPU 
time are indicated in the “No. Itrns,” “No. Fevals,” and “Time” columns, respectively. The number of 
gradient evaluations is approximately the same as the number of function evaluations. The “No. Equiv. 
Newton Steps” column indicates the number of times the optimization method requires a computation 
that is is equivalent to the work of & Newton step on the discretized analysis problem, solve W(xp) = 0. 
This measure of computation cost is used because this cost will dominate for large problems. Inclusion of 
equivalent Newton step results is intended to provide a more meaningful basis for performance evaluation 
than would be obtained by solely considering CPU times on a small problem. 

The black-box scheme using implicit gradients is always more efficient than the black-box scheme with 
finite-difference gradients. The advantage of using the implicit gradient scheme increases as the number of 
design variables increases. This is to be expected since np is the number of analyses required to compute 
the gradient by one-sided finite differences, whereas np is only a secondary factor in the computation cost 
for the implicit gradient method. 

In results not shown here, we found the all-at-once method to be susceptible to difficulties due to low- 
continuity finite difference schemes; sometimes, it would not converge, or would converge to an undesirable 
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Table 1. Test Results for tid = 10, no constraints. 


Problem 

Difference 

Opt. 

No. 

No. 

No. Equiv. 

Time 

Formulation 

Scheme 

Found? 

Itrns 

Fevals 

Newton steps 

(secs) 

Bbox (fd grad) 

c° 

yes 

31 

48 

1216 

105.4 

Bbox (impl grad) 

c° 

yes 

31 

48 

317 

35.9 

all-at-once 

c° 

yes 

19 

30 

19 

32.3 

Bbox (fd grad) 

c l 

yes 

30 

46 

1143 

97.1 

Bbox (impl grad) 

c 1 

yes 

28 

45 

315 

27.2 

all-at-once 

c 1 

yes 

19 

31 

19 

33.8 

Bbox (fd grad) 

c°° 

yes 

28 

40 

998 

68.9 

Bbox (impl grad) 

c°° 

yes 

29 

42 

257 

23.3 

all-at-once 

c°° 

yes 

11 

12 

11 

18.2 


lo£ a| minimum. However, when the all-at-once method does work, as in the C°° case, it is much more 
efficient than the black-box schemes. This is particularly true in terms of equivalent Newton steps. 

To make the optimal duct design more physically reasonable, design constraints were imposed. Initially, 
first-derivative positivity (monotonicity) constraints were imposed. The optimal duct for the C° scheme is 
unaffected by the monotonicity constraint. The monotonicity constraint yields an acceptable optimal duct 
or the C scheme. The optimal duct for the C°° scheme with monotonicity constraints is considerably 
smoother than the optimal unconstrained duct, but it is still somewhat ugly. 

In addition to the monotonicity constraints, second-derivative constraints were imposed which required 
the duct curvature to have the “correct” sign. The second-derivative constraint has little effect on the optimal 
o and c scheme ducts. However, the new constraint results in an acceptable optimal design for the C°° 

cr h pm o " 


Table 2 compares the number of equivalent Newton steps required for the all-at-once method with 
those required for the most efficient biack-box method, on problems where they both computed the optimal 
design. The all-at-once method has a significant advantage in the unconstrained case. However, adding 
design constraints reduces this advantage. A partial explanation of this trend is that the optimization 
method solves a quadratic programming problem (QP) at every iteration. Since the all-at-once method 
me hides the flow variables m the optimization problem, it works with a much larger QP than the black-box 
methods Thus when constraint inequalities enter and leave the active set, the all-at-once method must 
per orm linear algebra computations on much larger problems than the black-box methods. Despite this 

disadvantage, the al -at-once method always required many fewer equivalent Newton steps on C°° scheme 
problems than the black-box methods. 


Based on the duct design tests, several summary statements can be made.'A general trend is that 
increasing the continuity of the difference scheme reduces the difficulty in the optimization runs, but increases 

trnT? Wh ' Ch thC mUSt be constrained ' Summary observations comparing the three problem 

to whii lT ar< n g,VCn ' n Tab ! e 3 ‘ They are com P ared based on robustness, computational cost and the extent 
to which they allow independence of the optimization and analysis codes. (The two black-box methods tied 
for first in the robustness category.) 

The test results indicate the desirability of improving the robustness of the all-at-once method so that its 
efficiency advantage can be exploited. One way to do this is to give the all-at-once method a very good initial 
estimate of the solution for both the flow and design variables. This idea was tested on the n D i 10 design 

P r ° bI f™’ USmg f e . & dlffe ™ ce scheme - Wlth both monotonicity and curvature design constraints. The 
on tK and deSlg r y ariab f, were taken from the optimal so'ution computed by the all-at-once method 
C° nroM ° f thl r S £? b T* 16 aI1 * at * once method then converged to the optimal solution of the 

JL fi nal X' Z °% u, equivalent Newton ste P s - The total cost for both the C“ initial solution and 

the final run on the C problem was 198 equivalent Newton steps. This is an improvement over the 315 
equivalent Newton steps required by the best black-box method. 

The final test results presented here relate to the smoothness of the optimal design problem. For this 
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Table 2. Equivalent Newton Steps for Bbox (impl grad) vs All-at-once Method. 



Constraints 

Avg. ratio of equivalent Newton steps for 
Bbox (impl grad) over all-at-once method 

2 

none 

21.8 

10 

none 

18.9 

10 

1st Deriv. 

2.2 

10 

1st and 

2nd Deriv. 

1.4 


Table 3. Summary Comparison of Design Problem Formulations. 


Problem 

Formulation 

Robustness 

Computational 

Cost 

Independence of 
Optimization and 
Analysis Codes 

Bbox (fd grad) 

High 

High 

High 

Bbox (impl grad) 

High 

Medium 

Medium 

all-at-once 

Low 

Low 

Low 


in U the ZT.i neSS K l °1- T ° bUined iD thC = 2 desi ? n case - The smoothness plots show the change 
between 0 9 and 1 1 oViT UDC ^ 0 ^ aS ,° ne the duct ' defimn S s P Iine coefficients is perturbed over a range 
cC Th n °T ina ‘ Val “ e u TJ* 6_8> res P ective 'y- show the smoothness plots for the C°, 

a II 7u f h . \ Th , e COn nUlty of the dlfference schemes is clearly reflected in the test results. 

emolov arid r?fin reSU t | thus far are for a fixed - coar! * computational grid. Many analysis codes 

in^rS. l n ' qUeS tC> Capture the details of flow Matures, such as shocks. Thus it is of 

interest to consider the smoothness of the design problem when grid-refinement is used. Figure 9 shows the 

it tt, ror H th ' c : 8chem ' wh “ ? s ™ pi ' u» j J 

The initial T much more accurately using grid refinement than using the fixed, coarse grid. 

the sum of siuar«°°on T ' •?* *. nd - refi r ne i ment case run using an objective function that is 

goal veToci irF^re lS i! T* ^ ° f / he differenc « between the computed velocities and the 
goal velocities Figure 10 is the smoothness plot for this objective function using the C~ scheme with end 

; t fi r De , men K f™ lar are obtained for the other difference schemes.) Considerable disTonUnuityt 

introduced into this objective function by grid refinement. discontinuity is 

objective ^oth the d ^ nt “. uiti “ discussed above > a new integral objective function was used. For this 

S»T«bK S , “ d «* design goal were interpolated 

Ih. Jiff t J objective function was then defined as the numeric! integral of the sum-of-souares 

of the difference between the two upline curve,. Figure 11 show, the emoothni plot for the C” X™ 

e new objective function and grid refinement. (Similar results are obtained for the other difference 
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schemes.) Figure 11 indicates that the combination of grid refinement and the integral objective function 
results in a smooth design problem, even for the C° scheme. 


5. Conclusions 

We have presented three methods for formulating design problems as optimization problems. The first 
is the black-box method where the optimization code is completely separated from the analysis code, and 
the optimization code repeatedly invokes the analysis code to provide values of the flow variables that are 
used to evaluate the objective function of the optimization. Most of these invocations of the analysis code 
are made by the optimization code in order to evaluate finite difference approximations to the gradients 
of the objective function (and constraints) with respect to the design variables. In general, this is very 
costly. We therefore presented a modification of the black-box method where these gradients are found by 
an algorithm based on the implicit function theorem. This black-box method with implicit gradients inherits 
most of the good properties of the black box-finite difference gradient method (good robustness, considerable 
independence of the optimization and analysis codes), while substantially reducing the computational cost. 

The black-box method with implicit gradients can be retrofitted to most existing analysis codes to turn 
them into design codes. The amount of work required depends on the solution methodology employed in the 
analysis code. The largest task is to solve linear systems with a coefficient matrix that is the transpose of 
the Jacobian of the discretized flow equations with respect to the flow variables. In many cases (primarily 
in schemes based on Newton’s method), this Jacobian is already computed by the analysis code. In other 
cases, it can readily be obtained by sparse differencing. In all cases, a solution method for the transpose of 
the Jacobian needs to be provided. While this is trivial if a direct factorization of the Jacobian is employed 
in the analysis code, such will rarely be the case for large scale (three dimensional) problems. It remains to 
be determined how iterative methods can best be adapted to solve transposed systems. 

The other method we introduced was the all-at-once method where the optimization simultaneously 
varies the flow and design variables, and the discretized flow equations are viewed as equality constraints on 
the optimization. The primary difference between the all-at-once approach and the black-box approach is 
that the discrete flow equations are not required to be satisfied in the optimization iteration until the optimal 
solution is reached. Obviously, the optimization methodology and the flow equation solution methodology 
need to be tightly integrated in this approach, so that code independence is sacrificed. We found in our tests 
on the model duct flow problem that the all-at-once approach was less robust than the black-box approach, 
often failing to converge or converging to an undesirable local minimum. This was especially true when 
difference schemes of low continuity (those giving the sharpest shocks) were employed. However, when the 
all-at-once approach succeeded, it was dramatically less expensive than the other approaches. Since expense 

is a key issue for large problems, further investigation of how to increase the robustness of the all-at-once 
method seems justified. 

The issue of smoothness of the black-box design problem was examined. It was concluded that the 
optimal design problem can be quite smooth, even in the presence of low continuity difference schemes and 
grid refinement, provided the design objective function is appropriately defined 
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DESIGN OF LAMINAR FLOW BODIES IN COMPRESSIBLE FLOW ‘ 

Simha S. Dodbele, Research Scientist 
Vigyan, Inc., Hampton, VA 

ABSTRACT 

An optimization method has been developed to design axisymmetric body shapes such as 
fuselages, nacelles and external fuel tanks with increased transition Reynolds numbers in 
subsonic compressible flow. The method involves a constraint minimization procedure 

coupled with analysis of the inviscid and viscous flow regions, and linear stability analysis 
of the compressible boundary-layer. Boundary-layer transition is predicted by a "hybrid" 
transition criterion based on Granville's transition criterion and a criterion using linear 

stability theory coupled with the e n -method. A tiptank of a business-jet is used as an 
example to illustrate that the method can be utilized to design an axisymmetric body shape 
with extensive natural laminar flow. On the original tiptank boundary layer transition is 

predicted to occur at a transition Reynolds number of 6.04 x 10® on the original tiptank. On 

the designed body shape a transition Reynolds number of 7.22 x 10® is predicted using 
compressible linear stability theory coupled with e n -method. 

Introduction 

Recent advances in airplane construction techniques and materials employing bonded 
and milled aluminum skins and composite materials allow for the production of 
aerodynamic surfaces without significant waviness and roughness, permitting long runs of 
natural laminar flow (NLF) over wings in subsonic flow. These advances lead to excellent 
opportunities for airplane drag reduction by increasing the extent of NLF over wings [1J. 

As compared to lifting surfaces laminar flow research on nonlifting air-frame surfaces, 
such as fuselages, nacelles, and external fuel tanks has received limited attention (2.3J. 

Reference 3 presents a recent overview of incompressible transition experiments on 
axisymmetric bodies. References 4-6 presented results of mostly, incompressible, under¬ 
water transition experiments over bodies of revolution with varying fineness ratio, 
indicating maximum transition-ReynoIds numbers of about 20 million for low fineness ratio 
bodies. 

A recent study {7] of bodies of revolution at high subsonic speeds without supersonic 
regions demonstrated the potential for tripling the length of sufficiently stable laminar 

flow at Mach number (M) = 0.8 and Length-Reynolds number (Rl) = 40 x 10®, in comparison 
with incompressible speed at the same length Reynolds number. A transition experiment 
was conducted in the NASA-Ames 12-ft. pressure tunnel by Boltz et al., [8,9] at high subsonic 
frecstream Mach numbers, measuring the transition locations on two ellipsoids of fineness 
ratios (f r ) of 7.5 and 9.14. Transition occurred as far downsteam as 80 to 88% at M = 0.90 to 

0.96. Reference 10 presents correlation of compressible boundary-layer-stability analysis 
done for several of the experimental results reported by Boltz et al. and indicates that 
integrated T-S linear logarithmic amplification factors (n-factors) of 8-11 are obtained at 
the point of measured transition onset. 

The transition process over an axisymmetric body shape is caused by large amplitude 
growth of Tollmien-Schlichting <T-S) disturbance waves in the laminar boundary-layer 
flow. In compressible flow, the presence of density gradients in the boundary layer in the 
direction normal to the wall in addition to the velocity gradients can result in a large 
reduction in the spatial growth of T-S disturbances in the laminar boundary layer. The 
favorable damping effect of the T-S waves in compressible flow contribute to the 
achievement of increased transition-Reynolds numbers (R tr ) on lifting as well as 
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nonlifting aircraft surfaces in the absence of strong crossflow [7], This favorable effect of 
compressibility should be exploited in the design of advanced NLF bodies for application to 
general aviation, commuter, transport and business aircraft. 

This paper presents a new design method in which Granville’s transition criterion and 

the e n -method (originally introduced by Smith [11] and Van Ingen [12]) has been 
incorporated to generate body shapes with increased transition Reynolds numbers at 
subsonic compressible speeds. Design calculations for a tiptank in compressible flow are 
presented as an example case. 

Optimization Procedure for NLF Body Design 

The design method developed to obtain body shapes with extensive runs of laminar flow 
is illustrated in the flowchart (Fig. 1). Initial values of the design variables describing the 
body shape are input along with the length Reynolds number, Mach number of the free 
stream, and the fineness ratio of the desired body shape. The axisymmetric body is 
described by design variables representing the body ordinates in the forebody section and 
in the afterbody section 

A constrained minimization method (CONMIN) [13] is coupled with analysis of the inviscid 
and viscous flow regions, linear stability analysis of the compressible boundary-layer and a 
transition prediction method.The aerodynamic analysis program used in the present 
optimization procedure is based on a low-order surface-singularity method (VSAERO) [14].* 
Pressure distributions and velocity distributions can be computed by this method which 
uses surface singularity panels to represent the body shape. The boundary-layer profiles 

along the surface of the body, required for the e n -method, are generated by a modified 
axisymmetric boundary layer code (HARRIS) [15]. The boundary-layer finite difference 
program calculates detailed boundary-layer velocity and temperature profiles along with 
their first and second derivatives normal to the surface, including the effects of transverse 
curvature. Analysis of the laminar boundary-layer stability along the body is done by 
using compressible linear stability theory. The COSAL program [16] solves the finite- 
differenced, boundary-layer stability equations by using matrix methods. The compressible 
T-S eigenvalue problem is solved for each boundary-layer station along the body surface 
giving temporal growth rates of the instability waves propagating at specific wavelengths 
and wave angles. The temporal growth rates are transformed to the spatial growth rates 
using Gaster's phase-velocity relationship [17]. Boundary-layer transition is predicted by 

the e n -method in which n, usually referred to as n-factor, is obtained by integrating the 
linear growth rate of the T-S waves from the neutral stability point to a location 
downstream of the body. 

The correlation of a large number of wind tunnel data and flight transition experiments 

with linear boundary-layer stability calculations has made the e n -method a consistent 
transition-prediction method [18]. For experiments in wind tunnels with low turbulence 
and low acoustic levels the onset of transition can be correlated with an n-factor of 9 to 11 
in subsonic, transonic and supersonic flows. In the case of flight tests, higher h-factors of 
the order of 12 to 15 have been observed to correlate transition. In the present design 
calculations, the n-factor in the design method can be chosen so as to suit a particular 
application- e.g., to design a body for a wind tunnel, a flight test article, or an under-water 
body. 

A number of geometric and aerodynamic constraints are imposed on the design 
parameters to generate practical and realistic body shapes for given design conditions. The 
geometric constraints will be that the design variables are constrained by the specified 
upper and lower bounds. Judicious choice of the upper and the lower bounds for the design 
variables will accelerate convergence of the solutions. The level and the location of the 
minimum surface pressure along the body surface are aerodynamically constrained by the 

requirement that the turbulent boundary layer over the aft-portion of the body should not 

separate until x=0.95 for the design conditions. The objective function is taken to be a 

function of the location of transition predicted by the following "hybrid” transition 

criterion. 
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*obj“l' x tr^ 


(1) 


where x, r (h) = (x tf (g)+ x tr (e n ))/2, 

* s the transition location predicted by using Granville's transition criterion and 

x tr (e n )is the transition location predicted by using e n -method with an n-factor of 9. But for 

calculating the gradients of the objective function Granville's transition criterion is used 
for predicting transition. 

The objective function given by Eqn. (1) is to be minimized subject to the constraints on 
the design variables. The optimizer computes gradients of the objective function using 
Granville’s transition criterion and then, using either a conjugate direction method or a 
method of feasible direction, determines a linear search direction, along which a new 
constrained variable is constructed. 

An improved or minimum feasible objective functional value is calculated by using the 
hybrid transition criterion given by Eqn. (1) and a series of proposed updated design 

variables are calculated. The objective function and the constrained function are evaluated 

using the updated design variables, interpolating over the range of feasible proposed 

design variables resulting in a minimum value of the objective function. The results are 

tested against a convergence criteria. The procedure will stop if the convergence criterion 
is satisfied, giving a body shape with maximum transition length satisfying the separation 
constraint. If the convergence criterion is not satisfied the design parameters go through 
the analyzer again resulting in a new set of design variables and the procedure is repeated 

until a final body shape is obtained. 

Details of the Des ign Method 

The present computational procedure is used to design axisymmetric bodies at zero 
incidence. At zero incidence, the growth of the two-dimensional, T-S disturbances is the 
most dominant instability mechanism on an axisymmetric body leading to transition in the 

boundary layer if laminar separation does not happen earlier than natural transition. For 

the aerodynamic analysis, the body is modelled by 32 panels in the axial direction and 8 
panels in the circumferential direction. Using the VSAERO panel method inviscid pressure 
distributions were obtained and interpolated at 200 axial stations. The boundary-layer 
velocity and temperature profiles are obtained with 101 points in the direction normal to 

the surface and 90 stations in the streamwise direction. Presently, in the design method the 

boundary layer calculations are carried out for adiabatic wall conditions and zero suction 
through the wall. 

The boundary-layer stability equations for the example considered are solved at every 
5th streamwise boundary-layer station starting from the first station. The boundary-layer 
stations are skipped from the point of view of reducing the computational time. In the 
global search for eigen values, the sixth-order stability equation is solved at each chordwise 
station and in the local search for the eigen values the full eighth order stability equation 
is solved. Prior knowledge of the critical boundary-layer disturbance frequencies, which 
are functions of the Mach number helps to identify the critical frequency spectrum during 
the course of the design optimization. To assess the effect of extending the length of 
laminar boundary-layer flow over the geometries analyzed, calculation of the viscous drag 
is made using a modified integral boundary layer approach [3]. 

Computational Results and Discussions 

To increase the speed of computations the design program is run with the initial body 
geometry using Granville's transition criterion to obtain a converged body shape. The final 

body shape obtained by using Granville's criterion is then used as the initial geometry 
input into the design program and the hybrid transition criterion is selected. This 
procedure greatly reduces computer time and also results in rapid convergence of the 
design variables. 
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Results obtained by the optimization procedure are discussed through an example. All 
the computations were done on a CRAY-2 computer. A body of revolution whose maximum 
diameter and length correspond to those of a tiptank of a representative business aircraft is 
considered. The tiptank has a fineness ratio of 8.00 and the design flight conditions 

considered for the present calculations are given by M=0.7 and unit Reynolds number (R') 

si.28 x 10®/foot. The axisymmetric body is modelled by a set of 27 body coordinates with 12 
points defining the forebody section and 15 points defining the aftbody section. Twelve 
design variables representing the ordinates in the forebody region are allowed to vary 
within the set of specified upper and lower bounds while simultaneously holding the tail 

section aft of the maximum thickness point unchanged during the design iterations. 

The final body shape obtained at the end of the optimization with Granville's criterion is 
used as input data to the design program with the hybrid transition criterion. In the 
present example, since the axisymmteric flow is subcritical zero TS wave angle is assumed 
in the design calculations. 

The original tiptank and the final body shape obtained using the hybrid transition 
criterion along with the results of stability analyses are shown in Fig. 2 for comparison. 

The envelope for the new body shape has a smaller gradient than on the original tiptank 
shape. On the original body, the critical disturbance characterized by a frequency of 3500 

Hz starts growing after 13% of the body length from the nose and reaches an n-factor of 9 

at x tr (e n ) = 0.33 (R tr (e n ) = 6.04 x 10®). A drag coefficient (Cp) of 0.0491 is predicted on the 
original tiptank with the boundary-layer transition fixed at x tr =0.33. The design program 

took 2785 secs, to predict the final design shape with the hybrid transition criterion. 

On the designed body shape the transition location corresponding to n-factor of 9 occurs 

at x tr (e n ) = 0.39 ( R tr (e n ) = 7.22 x 10®). Though the critical frequency leading to transition 

remains at 3500 Hz on the original tiptank and the designed body, boundary-layer 
transition as predicted by the en-method occurs much further downstream on the designed 
body. A drag coefficient (Cp) of 0.0415 is predicted on the designed body shape with the 

boundary-layer transition fixed at x tr =0.39 


Conclusions 

An optimization procedure has been developed to design axisymmetric body shapes with 
increased transition Reynolds number. The new design method involves a constraint 
minimization procedure coupled with analysis of the inviscid and viscous flow regions, and 
linear stability analysis of the compressible boundary-layer. Boundary-layer transition is 

predicted by a "hybrid" transition criterion based on Granville's transition criterion and a 

criterion based on linear stability theory combined with the e n -method. A tiptank of a 
business-jet is given as an example to demonstrate that the method can be used to design an 
axisymmetric body shape with increased transition Reynolds number. Boundary-layer 

transition is predicted to occur at a transition Reynolds number of 6.04 x 10® on the 

original tiptank. On the designed body shape a transition Reynolds number of 7.22 x 10® is 

predicted using the en-method, an increase of 20% in transition Reynolds number. 
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Fig. 1. Flow Chart of design procedure for NLF fuselage 



Fie. 2. Pressure distributions, predicted compressible T-S disturbance growth curves and 
transition* locations on the original tiptank and the final design shape (optimization by 
hybrid transition criterion) 


94 












N94-71429 


IMPROVED APPROXIMATIONS FOR DYNAMIC DISPLACEMENTS 
USING INTERMEDIATE RESPONSE QUANTITIES* 


HaroldL. Thomas , Abdon E. Sepulveda , andLucien A. Schmii 
University of California, Los Angeles, California 
4531 Boelter Hall, UCLA, Los Angeles, CA 90024-1593 



Abstract , 6 

An approximation for dynamic displacements, which captures the nonlinearities associated with 
resonance, is presented. This approximation is constructed using approximate intermediate response 
quantities. When dynamic displacements are constrained using this high quality approximation, frequency 
constraints are no longer needed to keep the design away from resonance. 


Introduction 

During the structural synthesis process designs that have natural frequencies near the forcing fre¬ 
quencies of the applied loads may be generated. This produces a resonance condition with large dynamic 
displacements that are very nonlinear functions of changes in the design variables. The usual approach to 
this problem is to place frequency constraints on the design to keep it away from the loading frequencies. 
Choosing the values of these frequency constraints is difficult because if they are too close to the loading 
frequencies, near resonance will occur and if they are too far away the design may be overly conservative. 
In this work an approximation for dynamic displacements is developed which captures the nonlinear effects 
of resonance. The approximations introduced here allow the designer to forego the use of difficult to select 
frequency constraints. An important feature of the approximations presented is that they can be used in 
tne context of modal analysis for dynamic structural response. 


Approximation Concepts 

The use of the approximation concepts method is needed for efficient structural synthesis. In this 
method an explicit approximate optimization problem is formulated and solved at each design stage. In 
the nud 1970 s approximate representations for constraints and objective functions were generated using 
ttrst order Tayior senes expansions in terms of direct or reciprocal sizing types design variables (see Refs, 
l and 2). More accurate approximations can be constructed using approximations of intermediate response 
quantities, which were introduced in Ref. 2. The intermediate response quantity idea has been applied to 
stress constraints (Ref. 3), frequency constraints (Ref. 4), and steady state harmonic displacement and force 
constraints as well as complex eigenvalues constraints (Ref. 5). In this approach simple approximations 
(e.g. linear reciprocal, hybrid; of intermediate response quantities (e.g. forces in the case of stress constraints 
and modal energies in the case of frequency constraints) in terms of design variables can be used while 
retaining the explicit nonlinear dependence of the constraints on the intermediate response quantities. 
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Mathematically: 

*,=/(*) (1) 

where the approximate intermediate response (R t ) is a simple function of the design variables ( X ). The 
approximate value of the constrained response ( Rc ) * s then calculated as. 

R c = g(R„X) (2) 

In other words, given the design vector X, the approximate value(s) of the intermediate response (Ri) is 
calculated first using Eq. 1. Then the constrained response R c corresponding to and* is evaluated using 

Eq. 2. 


A pproximati ons for Dynamic Displacements 


The matrix equation of motion for an undamped structure is: 

[M] {*} + [*] {«} = {*>} < 3 > 

Assuming a sinusoidal loading and response at frequency £1: 

{^} = {p}sinQr (4 > 

{«} = {a} sinftr 

Equation (3) can be transformed into the frequency domain: 

(-n 2 [Af] + [K]) {*} = {/>} (6) 


In the usual approach to approximating the dynamic displacements, Eq. (6) is solved directly for {a } and 
the derivatives of the a { are found by implicitly differentiating Eq. (6): 


tr-{a} = [-G 2 M + *:] 

ax, 






The dynamic displacements are then approximated as direct, reciprocal, or hybrid (see Ref. 6) functions 
of the design variables so that 

u, = d, sin Cii = f(X) sin fir (8) 


The hybrid approximation uses either a direct or reciprocal expansion in each of the design variables, 
selecting term by term the alternative that is most conservative. It is commonly used for static and dynamic 
displacement constraints and it will be employed here to construct the full order solution for comparison 
purposes. 

The approximation shown in Eq. (8) has two drawbacks. The first is that it is based on the direct 
solution of Eqs. (6) and (7) which is very expensive for large problems. The second drawback is that it is 
a poor approximation for the response whenever the loading frequency (fit) is near a natural frequency of 
the structure, because of the strong nonlinear effects of resonance. 


In order to determine the dynamic response of large structures, modal analysis is often used to reduce 
the order of Eq. (6). In modal analysis the response of the structure is approximated as a linear sum of an. 

orthogonal set of basis vector {<}>„}, that is 

{«}=£{4>„R = [*){*} (9) 

* ■ 1 


where the z„ are called the modal participation coefficients. The first N natural vibration modes of the 
structure (eigenvectors) are usually chosen as the basis vectors {<J>„} and that is the approach used in this 
work. Substituting Eq. (9) into Eq. (6) and pre-multiplying by [Of gives 


[Of(-Q 2 [M]+ [*])[<!>] {*} = </} 

(10) 

where 


{/}=m T {p} 

(11) 

Defining the modal potential energy matrix 


[U] = m T [K] [d>] 

(12) 

and the matrix 


[T] = [Of [M] [OJ 

(13) 

makes it possible to rewrite Eq. (10) in the following form 


(-D 2 [T] + [C/]) {z} = {/} 

(14) 


Note that the order of Eq. (14) is N which is much smaller than the order of the full system. The value of 
N is chosen to be the number of modes needed to accurately represent the structural response. 

When the basis vectors {<$>*} are the natural mode shapes of structure they are orthogonal to both 
[AT] and [A/] so that [U] and [ T] are diagonal matrices. Equation (14) is then decoupled and the individual 
z* are calculated using the following expression 


z /- 

Z " U.-&T„ 


(15) 


The approximation introduced in this work is constructed as follows. Evaluate the derivatives of 
U„ and T m with respect to the design variables (X) assuming the eigenvectors are invariant, so that: 




(16a) 


(166) 


Approximate U„ and Tjas linear functions of the design variables (see Refs. 4 and 5): 


NDV a JJ 


(17a) 



NDvar 

= r. + Z — te-x) 


y«i 


3.X; 


(17fr) 


where NDV is the number of design variables. Calculate the approximate modal participation coefficients 
as 


z 


* 



(18) 


and finally the approximate amplitudes of displacement as 

{d} = [0]{£} < 19 > 

The error associated with this approximation is small and comes from two assumptions. The first 
is that the displacements can be represented by a truncated set of modes (AO* This is the error associated 
with the analysis and it can be controlled by choosing a satisfactory value for Af. The other assumption is 
that the mode shapes are invariant with changes in the design variables. This error can be controlled by 
putting move limits (M.L.) on the design variables at each design stage. In the example section of this 
paper it is shown that 60% move limits are not unreasonable. 

The reason for the accuracy of the approximation near resonance is now examined. If the numerator 
and denominator of the right hand side of Eq. (18) are divided by T A the result is 



( 20 ) 


Note that U H /f m is the Rayleigh Quotient Approximation (see Ref. 4) for the structural eigenvalue (£j 
corresponding to n* natural mode. Therefore, Eq. (20) can be rewritten as 



( 21 ) 


Note that as the structural eigenvalue for mode n (k n ) approaches the loading frequency (£2), the modal 
participation coefficient for the n* mode (£„) becomes very large, which is exactly what happens at reso¬ 
nance. The full order approximation in Eq. (8) cannot capture this effect. 

It should be recognized that an approximation based on the direct solution of Eq. (6) which does 
capture the effect of resonance was presented in Ref. 7. However, this approximation cannot be employed 
when modal analysis is used to solve for the dynamic response of the structure. 


Examples 

The example used in this paper will be the mass minimization of the antenna structure shown in Fig. 
1. The structure is modeled with 10 beam type finite elements has 24 degrees of freedoms, and five modes 
are used for the modal analysis. The elements are linked to produce a symmetric structure with five design 

elements (see Fig. 1). Each design element cross section (see Fig. 2) has 2 design variables (t k and t k ) for 
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a total of 10 design variables. The response of node 7 in the y-direction due to a 500 N load applied in the 
y-dirccnon a. node 9 with various forcing frequences is shown by the solid line in Fig. 3. The off centtr 

^ ?dm K “a d <0rSi !!l in “* smic “ rc - No “ tf “ rcsponse P caks the first natural 
frequency of 0.43 Hz (first bending mode) and the second natural frequency of 1.04 Hz (first torsional 

. I " the J firs , t exam P le P roblem structure is loaded at 0.7 Hz, which is away from the resonance 
peaics_ Tne displacement amplitudes of nodes 5 and 7 in the y-direction are constrained to be less than 1 
cm. There are no other constraints on the structure. The design histories and error in the displacement 
p ltude approximations are shown m Table 1 for both the modal and direct approximations for 30% and 
60% design variable move limits. The design histories are plotted in Fig. 4. Note that with 30% move 
limm both approximations perform reasonably well with 60% move limits the modal approximation gives 

Mcuratf^ dC tfS COnv< * gencc - Also . no if that the modal approximation is more accurate and is still 
accurate when 60% move limits are used. The response of the final design at various loading frequencies 

is shown by the solid line in Fig. 3. In the final design the constraint on node 5 is active. The final design 
is presented in Table 2. 6 


The second example problem is the same as the first except the loading frequency is now 0 5 Hz 
which is near resonance, and displacement amplitudes of nodes 5 and 7 in the y-direction are constrained 
to be less than 10 cm. The design histories and error in the approximations are shown in Table 3. The 
esign histones are plotted in Fig. 5. Note that with 30% move limits the modal approximation converges 
rap!dly while the direct approximation overshoots the optimum and oscillates with designs that have about 
7 % inability Wlth raP^ to thc displacement amplitude constraints. Even when 60% nr e limits are 
used, the modal approximation is quite accurate and a near final design is achieved after only 4 iterations 
At the final design the constraint on node 5 is active. The final design is shown in Table 2. 


conclusions and Recom mendations 

The modal approximation for dynamic displacement response is quite accurate even when the design 
is near resonance and large move limits are used. ° 

The approximation presented in this work can be extended to damped response problems when modal 
analysis is used. In these problems the quantities u h a,, r„, {$„}, U„ and T m are all complex but the devel- 

° P ™ nt ap P roximation is <* uitc similar. Transient response of damped structures can also be 

approximated m the manner presented in this work. 

Finally, the problem of disjoint design spaces that occurs when constraints are placed on dynamic 

° b ? erVCd m Ref ‘ ? 311(1 ex P lained in Ref - 9, can be attacked using this kind of approximation. 
By temporarily setting a particular modes participation coefficient equal to zero the design will be able to 

traTobL 0 optim e um SOnanCe *** aSS0CiatCd ^ ^ may hdp 1116 design process conver S e 
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Tabic 1 

Design Histories for Example 1 


1 Design 


Mass (kg) [% Error in Approximation] 


Stage 

Modal 

Full Order 

Modal 

Full Order 


(Intermediate 

(Hybrid) 

(Intermediate 

(Hybrid) 


Response) 

30% MX. 

Response) 

60% M.L. 


30% M.L. 


60% M.L. 


0 

4982 

4982 

4982 

4982 

1 

5991 [0.0] 

5991 [0.6] 

5881 [0.2] 

5708 [4.5] 

2 

5903 [0.3] 

5792 [2.8] 

5321 [0.3] 

5560 [2.0] 

3 

5562 [0.3] 

5618 [2.2] 

5299 [0.0] 

5417 [0.1] 

4 

5436 [0.1] 

5497 [0.6] 

5296 [0.0] 

5351 [0.2] 

5 

5368 [0.1] 

5424 [0.6] 

5289 [0.1] 

5324 [0.1] 

6 

5340 [0.1] 

5360 [0.2] 


5308 [0.1] 

7 

5313 [0.0] 

5329 [0.2] 


5301 [0.0] 

8 

5302 [0.0] 

5308 [0.0] 


5299 [0.0] 

9 

5299 [0.1] 

5302 [0.0] 



1 d 1 

5296 [0.2] 

5299 [0.0] 




Table 2 
Final Designs 


Design 

Element 

Design 

Variable 

Example 1 

Example 2 

1 

t h 

10.00* 

0.52 


h 

10.00* 

0.77 

2 

r* 

10.00* 

0J0 b 


h 

10.00* 

0.50 b 

3 

h 

1.46 

0.50 b 1 


h 

0.50 b 

1 ni 

4 

h 

10.00* 

2.59 | 


h 

10.00* 

2.68 1 

5 

h 

3.59 

0.50 b 


_— 

3.92 

0.50 b 


* At upper bound 
!> At lower bound 
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Design 

Stage 



Table 3 

Design Histories for Example 2 






Modal 

Full Order 

Modal 

(Intermediate 

(Hybrid) 

(Intermediate 

Response) 

30% M.L. 

30% M.L. 

Response) 

60% M.L. 

4982 

4982 

4982 

3749 [0.0] 

3749 [3.4] 

2508 [0.4] 

2898 [0.3] 

2995 [17.4] 

1368 [0.6] 

2245 [0.2] 

2344 [15.3] 

1180 [0.3] 

1748 [0.2] 

1835 [12.0] 

1175 [0.0] 

1401 [0.3] 

1472 [2.1] 

1171 [0.1] 

1219 [0.2] 

1264 [2.6] 

1170 [0.0] 

1129 [0.1] 

1169 [0.4] 

1168 [0.0] 

1165 [0.1] 

1181 [1.6] 

1163 [3.0] 

1155 [5.6] 

1137 [6.4] 

1146 [5.6] 

1137 [6.0] 

1140 [7.3] 

1125 [7.7] 

1140 [6.9] 

1127 [7.6] 

1138 [7.9] 

1123 [8.3] 

1169 [0.0] 


1000 cm 


O node 

Q analysis elemant 
Adasign alamant 


500 ca 


□ ® As 



0 0 A 

© 1 - 


moo cn 


© — 


Figure 1. Antenna Structure 
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INTRODUCTION 

Effective methods of approximate eigensolution reanalysis of modified nondassically 
damped structures are developed in this paper. For structures with passive or active 
discrete damping devices or with damping treatment, the system becomes non- 
proportionally damped and the computation of its dynamic responses may require the use 
of complex modes. For larger systems, the computation of complex modes is very 
expensive. Thus it is desirable to have approximate reanalysis techniques for the efficient 
evaluation of the effect of design changes. 

In recent years, the assumed mode reanalysis method has been successfully applied to 
minimum weight design of undamped structures with natural frequency constraints [lj. 
The accuracy of the assumed mode reanalysis method can be improved dramatically if the 
global approximation function includes the normal modes of the original system and their 
derivatives [2]. This approach has been demonstrated to be effective even for a system 
with shape changes. In this paper, the approach used by Noor et al. [2] for eigensolution 

reanalysis of undamped structures will be extended to treat a nondassically damped 
system. 


EIGENVALUE PROBLEM FOR DAMPED STRUCTURES 

Consider a linear structure with general viscous damping. The equations for free 
vibration of the discrete system are 

Mq + Cq + Kq = 0 (1) 

where M, C, and K are mass, damping and stiffness matrices respectively, and q is the 
displacement vector. Assuming these matrices are symmetric, the system of second order 
ordinary differential equations can be expressed as: 


Bjx - Aix = 0 


where 



and 


( 2 ) 

(3) 
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( 4 ) 




-K 

0 

. 0 

M . 

' 0 

-K 

-K 

-C . 



The eigenvalue problem corresponding to Eq. (2) is 

XiBiUi=AiUi (6) 

or 

Auj = XjUj (7) 

where 

A = Bi 1 Ai (8) 

provided BI 1 exists. 

Assuming all the eigenvalues of Eq. (6) or (7) are distinct, then, it can be shown that 
the eigenvalues satisfy the following orthogonality conditions: 

ufAiUi= u^u^O (9) 

for i * j. 

It should be noted that Eq. (9) is true since Aj and Bj are symmetric matrices. 

When the system is being modified, its mass, stiffness and damping matrices are 
changed by AM, AK and AC respectively. The new eigenvalue problem is given by 


h ®i = A! u[ 

where 

/ 

Aj = Ai + AAi 


( 10 ) 

( 11 ) 


Bj = B] + AB| 


and 



-AK 

-AC. 


ABi 


-AK 0 
. 0 AM. 


( 12 ) 


(13) 

(14) 


For an n-degree of freedom system, the eigenvalue problems of Eqs. (6) and (10) are of 
order 2n. For underdamped structures, the eigensolution includes n pairs of complex 
conjugate eigenvalues with n pairs of eigenvectors that are complex conjugate to each 
other. Assuming L pairs of eigensolutions are computed for the nominal structure (i.e. Eq. 
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(6)), the reanalysis problem is to use this information to solve the eigenproblem of the 
modified system (Eq. (10)). 


EFFICIENT EIGENSOLUTTON REANALYSIS METHODS 

For undamped structures, efficient reanalysis has been studied quite extensively by 
many researchers [1-4]. For local modification, a receptance-based reanalysis method for a 
general damped system has been developed [4]. In this paper, several reanalysis 
approaches based on the classical Bubnov-Galerkin approach will be presented. 

Substituting Eqs. (11) and (12) into (10) the following equation is obtained after we 
split the operator: 

(V Bj - Ai) u/ = -Xj'ABj Uj' + AA u; / 

Let 

Xj =X, + AXj 

Equation (15) can be written as 

Xj (Bj - Aj) u[ = fj 

where 

fi = - Xj AB} Uj + AAj Uj - AXj Bj Uj 

It should be noted that Eq. (17) is the exact eigenvalue problem of the modified system 
written in a different form. For approximate solution, let us substitute AXj = AX^, 

Xj = Xi = Xj + AXi, Uj = Ui into f. to yield 


(15) 

(16) 

(17) 

(18) 


(Xj Bj - Aj) ^ = fj 


(19) 


where 

fj = - Xj ABj Uj + AAj Uj - AXj B t Uj 

It should be noted that AXj can be estimated from 
AXj = u J (AAj - Xj ABj) Uj 
and the eigenvectors are normalized so that 


( 20 ) 


( 21 ) 


Uj T B : Uj = 1 


( 22 ) 


The general solution of Eq. (19) is then 
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Uj = Uj + AUj 


( 23 ) 


where Auj is the particular solution of the system of equations (19). It should be noted Auj 
can be interpreted as a derivative of the eigenvector and can be solved by several 

techniques, such as Nelson's method [5]. 

/ 

Equation (23) is the explicit approximate reanalysis for the ith eigenvector. Once u. is 
available, the corresponding eigenvalue can be computed from 


, u' T AiV 

Xj =—-- 

Ui' T Bi'uj' 


Another approach of solving the reanalysis problem is to assume 
uj * T T|i 

The modified eigenvalue problem then becomes 


fci B! Tli = Ai Tli 


where 


(24) 


(25) 


(26) 


Bi =T T Bn T 


(27) 


An =T X An T 


(28) 


The accuracy of the above approach depends on the choice of basis vectors in the transfor¬ 
mation matrix T. The simplest choice of T would be a set of truncated eigenvectors, that is 

T = [Ul U2 — ul] 

In view of Eq. (23), one may incorporate Au* and form T as 

T = [ui ••• u m , Aui ••• AulI ^) 

Since the computation of Au* by Nelson's method is quite involved, the following scheme 
may be used to find an approximate uj for Auj. Let us add ctXiBiUi to both sides of Eq. (17) 
and then evaluate the right side as before to get the following equations for Aui 


((1 + a)X i B 1 -A 1 )Au i = f i -aX i B 1 u i 


(31) 


where a is a small positive number. In the numerical example, a value of 0.01 is used for 
a. Note that Aui is an approximation to the eigenvector derivative. For numerical 
stability, the contribution of lower modes to Auj should be filtered out. The resulting 
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vector Auj can be considered as a "residual mode" of the system. The transformation 
matrix T can then be constructed as 

T = [ui...ul/ Auj—AuJ (32) 


In summary, the following eigensolution reanalysis methods are available. 

I. Explicit Method 

f r 

Use Eq. (23) to compute approximate u t and then use Eq. (24) to compute ^. 

II. Implicit Methods 

* 

The implicit methods involve the solution of Eq. (26) for \ and and then use Eq. 

(25) to compute u[. Three variations are available. 

(1) Assumed mode: Use Eq. (29) for the transformation matrix. This method is 
designated as Ai in Table 3, where i is the number of pairs of modes used. 

(2) Improved assumed method using Eigenvector Derivatives: Use Eq. (30) for the 
transformation matrix. This method is designated as Ali in Table 3, where i is 
the number of pairs of modes used. 

(3) Improved assumed mode method using Approximate Eigenvector Derivatives: 
Use Eq. (32) as the transformation matrix. This method is designated as AAi in 
Table 3, where i is the number of pairs of modes used. 

The above methods are applied to a numerical example in the next section. 


NUMERICAL EXAMPLE 

The ten degree of freedom mass-spring-damper system shown in Figure 1 is used to 
test the reanalysis methods proposed in this paper. Five cases are studied. They are 
defined in Table 2. These cases range from uniform change in stiffness and damping 
properties (Case A) to more severe modifications that include the removal of one of the 
support springs (Case D) and the removal of all dampers (Cases E). 

The first two eigenvalues of the modified systems are summarized in Table 3. These 
include the exact solution and reanalysis results by several methods. 

For Case A and C, all reanalysis methods perform well. For cases B and E, the 
assumed mode method requires the use of two pairs of modes to yield reasonable 
estimates of the fundamental eigenvalue. For case D, which involves the removal of 
spring No. 11 in the model, the assumed mode method performs poorly, even with four 
pairs of modes. On the other hand, the improved methods yield good results for all test 
cases when using one pair of modes plus the associated residual modes. 
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Figure 1. Ten Degree of Freedom Mass-Spring-Damper System 



















Table 1. Data for Numerical Example 



1 

1 

1000 

5 

2 

2 

2000 

10 

3 

3 

3000 

10 

4 

4 

4000 

15 

5 

5 

5000 

15 

6 

2 

6000 

10 

7 

3 

7000 

5 

8 

4 

10000 

20 

9 

2 

30000 

25 

10 

5 

20000 

25 

11 

- 

30000 

0 



Table 2. Definition of Cases 



None Ak, = 0.25 k ( Aq = -0.3 q 

None Aki = 5000 AC 2 = 10 

Ak6 = 10000 


Am 3 - 52 None None 

Amp = 208 


None Ak n = -30000 Aci = -0.3cj 

None Alq = 5000 Aq = -q 

Ak 6 =10000 
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Table 3. Summary of Results for Ten Degree of Freedom Example 


Eigenvalues 

CO 

W 

OJ 

H 

N/A 

N/A 

N/A 

0.3011 
+35.8830 i 

-0.0278 
+29.6216 i 

-0.0349 
+29.8281 i 

-1.0771 
+32.0315 i 

r — 1 
«? 

u 

| 

0.0343 
+16.1286 i 

-0.0094 
+13.1863 i 

-0.0108 
+13.1901 i 

-0.1613 
+14.4693 i 

0.0005 
+13.3303 i 

-0.0008 
+13.3354 i 

-0.2682 
+14.0314 i 

CO 

Case D 

-0.2845 
+19.2199 i 

V/N 

N/A 

V/N 

-0.6795 i 
+25.6470 i 

-0.2988 
+19.1666 i 

-0.2930 
+19.2004 i 

-0.2326 
+26.0879 i 

T - * 
<< 

-0.0304 
+4.5219 i 

-0.0853 
+10.1106 i 

-0.2170 
+4.8847 i 

-0.1429 
+5.0390 i 

-0.1087 
+10.1478 i 

-0.2676 
+4.3441 i 

0.2884 
+4.5939 i 

0.5525 
+10.5834 i 

CO 

<< 

CaseC 

-0.0382 
+8.2588 i 

N/A 

N/A 

N/A 

0.3967 
+12.0897 i 

-0.0613 
+8.4144 i 

-0.0898 
+ 8.4778 i 

0.2223 
+10.0760 i 

y— 1 

c-e 

-0.0319 
+4.6353 i 

-0.0453 
+4.8547 i 

-0.0359 
+4.6323 i 

-0.0367 
+4.6329 i 

-0.0211 
+4.7237 i 

-0.0327 + 
+4.6376 i 

-0.0316 
+4.6383 i 

0.0166 
+4.7997 i 

CO 

PO 

OJ 

-1.2569 
+29.6443 i 

N/A 

V/N 

V/N 

-0.8601 
+35.8799 i 

-1.2638 
+29.6410 i 

-1.2633 
+29.6476 i 

-1.9704 
+32.1478 i 

CO 

<3 

u 

-0.2329 
+13.3156 i 

-0.1301 
+16.1283 i 

-0.2298 
+13.1868 i 

-0.2306 
+13.1906 i 

-0.3388 
+14.4759 i 

-0.0.2328 
+13.3294 i 

-0.2329 
+13.3343 i 

-0.4784 
+14.0547 i 


r? 


CO 

c< 

< 

0) 

rr\ 

-0.8109 
+ 29.8325 i 

V/N 

V/N 

N/A 

-0.8373 
+29.8274 i 

-0.8113 
+29.8326 i 

-0.8110 
+ 29.8330 i 

-0.8093 
+ 29.8357 i 

U 

-0.1120 
+12.1852 i 

-0.1118 
+12.1852 i 

-0.1120 
+12.1860 i 

-0.1119 
+12.1852 i 

-0.1097 
+12.186 i 

-0.1119 
+12.1852 i 

-0.1120 
+12.1852 i 
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I. Abstract 


The cost of implementing new technology in aerospace propulsion systems is becominq 
prohibitively expensive. One of the major contributors to the high cost is the need 
to perform many large scale system tests. Extensive testing is used to capture the 
complex interactions among the multiple disciplines and the multiple components 
inherent in complex systems. The objective of the Numerical Propulsion System 
Simulation (NPSS) is to provide insight into these complex interactions throuqh 
computational simulations. This will allow for comprehensive evaluation of new 
concepts early in the design phase before a commitment to hardware is made. It will 
also allow for rapid assessment of field-related problems, particularly in cases where 
operational problems were encountered during conditions that would be difficult to 
simulate experimentally. The tremendous progress taking place in computational 
engineering and the rapid increase in computing power expected through parallel 
processing make this concept feasible within the near future. However it is critical 
that the framework for such simulations be put in place now to serve as a focal point 
for the continued developments in computational engineering and computinq hardware and 
software. The NPSS concept which is described below will provide that framework. 

II. Introduction 


The traditional design and analysis procedures applied to complex systems decomposes 
the system into isolated disciplines and components to reduce their complexity 
Consequently, the interactions between disciplines and components is limited by the 
amount of interaction between individuals or teams working the problem. When severe 
demands are placed on the size, weight, and performance of the system, then the designs 
by nature become highly integrated with tight coupling between disciplines and 
components. The tight coupling can result in unforseen interactions which would 
produce unsatisfactory system performance. If the coupling is not resolved until the 
system has been built and tested, then the system must undergo redesign and retestinq 
Typically several iterations of the design-build-test cycle are required before desired 
performance is achieved. This is an extremely costly and time consuming process. As 
a result, the introduction of advanced technology takes many years as these systems 
slowly evo ve. Pressure exists to reduce the time and cost associated with introducinq 
new technology. This can be achieved through optimizing existing design practices and 
through introducing a higher level of concurrent engineering into the design process. 

NPSS is a top-down systems approach which would provide designers with a tool to 
incorporate the relevant factors which affect system performance early in the desiqn 
and analysis process when changes or modifications can be made relatively 
inexpensively. In terms of a propulsion system, such as an air-breathing gas turbine 
engine, this means coupling of disciplines and components computationally to determine 
system attributes such as performance, reliability, stability and life. Since these 
system attributes have traditionally been obtained In the test cell, NPSS is referred 

HierfniiLc^? 61 " 1031 ♦***. ce U" \ 5 C0 "?P 1ete s y stem analysis which includes multiple 

Comf>uta ^ °i na Intensive task requiring a high performance computing 
platform including massively parallel processors and a user Interface consisting of 
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expert systems, data base management systems and visualization tools. These essential 
elements of NPSS are depicted in Figure 1. The integrated, interdisciplinary system 
analysis requires advancements in the following technologies: 1. interdisciplinary 
analysis to couple the relevant disciplines such as aerodynamics, structures, heat 
transfer, chemistry, materials, controls; 2. integrated system analysis to couple 
subsystems, components and subcomponents at an appropriate level of detail; 3. a high 
performance computing platform composed of a variety of architectures, including 
massively parallel processors, to provide the required computing speed and memory; and 
4. a simulation environment that provides a user-friendly interface between the analyst 
and the multitude of complex codes and computing systems that will be required to 
perform the simulations. 

The implementation and integration of these technologies is a major challenge. The 
simulation environment and integration capabilities are depicted in Figure 2. The NPSS 
system simulation is represented by the horizontal bar to signify that NPSS integrate 
into a system simulation the advancements that will continue to take place in the 
single discipline, component and computing fields. In this way, NPSS will provide a 
focus for research and development in the disciplines, components and computing fields. 
An additional challenge in NPSS will be the formation of interdisciplinary teams across 
NASA, industry, universities and other government agencies to develop and implement 
the needed technologies. 

This paper describes the approach being developed at the NASA Lewis Research Center 
to address the issues of high-fidelity propulsion system computational simulations. 
The focus is on system simulation, interdisciplinary analysis, simulation environments, 
and parallel computing. 


III. Approach 


A. System Simulation 

The computational system simulations will be based on the view that only phenomenon 
that affects system attributes, such as life, reliability, performance and stability 
of a propulsion system, is of interest to the designer or analyst. In addition, 
detailed analyses of an entire propulsion system will be so complex that even computers 
of teraFLOPS speed will not be sufficient to perform cost effective computations. 
Consequently, a framework is being developed that will allow the physical processes 
resolved from a detailed analysis of a component or subcomponent to be communicated 
to a system analysis performed at a lower level of detail for purposes of evaluating 
system attributes. Conversely, the system analysis will provide the ability to 
evaluate which physical processes occurring on the component and subcomponent level 
are important to system performance. This will allow the engineer or scientist to 
focus or "zoom in" on the relevant processes within components or subcomponents. The 
zooming concept is depicted in Figure 3. In this particular example, a detailed 
analysis of the fan would be performed to study, for example, the effect of a new blade 
design on system performance. The inlet and compressor would be modeled a slightly 
lower levels of fidelity to resolve phenomenon such a inlet distortion or upstream 
influences of the compressor blading. The combustor, turbine and nozzle would be 
modeled at less detail, perhaps to determine shaft horsepower and thrust. 

The implementation of the zooming approach requires a hierarchy of codes and models 
to be in place to provide a wide range of capabilities from detailed three- 
dimensional, transient analysis of components to time- and space- filtered analysis 
of the subsystems and systems. Modeling approaches will be developed for communicating 
information from a detailed analysis to a filtered analysis. This will require 
additional research in understanding the mechanisms by which phenomenon on different 
length and time scales communicate. Research already underway in computational fluid 
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dynamics and structural mechanics to develop this modeling approach will be extended 
to consider processes and scales appropriate for the entire propulsion system. 

The fluid dynamic simulation model that will serve as the basis for the integrated 
system model will be the Adamczyk [1] average-passage formulation which has been’ 
developed for multistage turbomachinery analysis. The average-passage is based on the 
filtered forms of the Naiver-Stokes and energy equations. This model was designed to 
resolve only the temporal and spatial scales that have a direct impact on the relevant 
physical processes. The effects of the unresolved scales, which appear as body forces 
and energy sources in the equations, are determined through semi-empirical relations 
which are based on results from physical experiments or high-resolution numerical 
simulations. The results from the lower resolution analysis appear as boundary 
conditions for the high-resolution simulations. This model is currently applicable 
to time- and space- averaging of phenomenon on the scale of the blade passing frequency 
and passage size. Further development is required to extend the model for filtering 
in the presence of multiple scales and for other system components. 

The structures modeling will be aimed at developing a comparable computational 
capability that will provide a means to traverse multiple scales of spatial resolution 
with a minimum number of variables at each level. In this way, an analysis can proceed 
from a blade to a rotor to an engine core to the complete engine. The resulting system 
will have a minimum number of degrees of freedom consistent within the objectives of 
the analysis and will minimize the computational requirements. The methodology will 
be applicable to the solution of linear and incremental nonlinear analysis problems. 
This capability will be achieved through the formulation and implementation of a 
progressive substructuring technique [2]. 

B. Interdisciplinary Analysis 

Aerospace propulsion systems are complex assemblies of dynamically interacting 
disciplines. The traditional approach is to handle the interactions by single 
disciplines in a sequential manner where one discipline uses information from the 
preceding calculation of another discipline. This is a lengthy, tedious, and often 
times, inaccurate approach. The alternative to this approach is using 
multidisciplinary coupling on a more fundamental level. A hierarchical approach will 
be employed that will reduce the dimensionality of the system while still retaining 
the essential system behavior. A variety of techniques will be evaluated for coupling 
discipline variables for selected propulsion system subcomponents, components and 
subsystems. These include the traditional sequential iteration, specially-derived 
matrices, and coupling at the fundamental equation level. All three methods will be 
applied to the filtered Naiver-Stokes and progressively substructured formulations with 
space and time scales that are consistent with the physics of the phenomenon being 
simulated. This approach differs from the classical analytical approach which 
minimizes the number of variables retained in the governing equations by using formal 
applied mathematical techniques. The proposed approach retains all of the primitive 
variables in the primitive equations. Sensitivity relations will be used to scope 
the degree of coupling and to decide on a solution strategy. Requisite technology base 
required for the development and definition of sensitivity relations includes: advanced 
methods of matrix operations for integration, differentiation, inversion and eigen 
value extraction, adaptive matrix partitioning, transfer matrices, and symbolic 
operators. 

An essential element of complex system analysis is optimization. Optimization of 
complex systems involving multiple disciplines and components require streamlined 
algorithms for rapid solutions. Five different types of optimization algorithms will 
be developed: 1) hierarchical, 2) multi-scale, 3) multi-region, 4) multi-objective, 
and 5) adaptive. The hierarchical algorithms will provide the capability to select 
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dominant variables/disciplines/components during the optimization process. These 
variables/disciplines/components will continually change as the optimization 
progresses. The multiscale algorithms will provide the formalism for opitimizing at 
different scales as the optimization progresses. These algorithms will allow local 
optimization simultaneously with global but at different rates and with different 
accuracy. The multi-region algorithm will be similar to that for multi-scale but 
structured for regions and components. That is, different regions/components can be 
optimized at different rates while the rates can change as the system optimum becomes 
more sensitive to critical regions/components. The multi-objective algorithm will 
handle the simultaneous optimization of multidisciplinary, multicomponent problems. 
Formalisms will be included for coupled objectives and/or weighted objectives as well 
as discriminatory selection for a critical discipline/component. The adaptive 
algorithms will have the logic to progressively monitor dominant conditions and to 
provide the hierarchical algorithm with information for selecting the appropriate 
variables/disciplines/components during the optimization process. The technology base 
to support development of these optimization algorithms include mathematical 
optimization techniques: linear, nonlinear, continuous, discrete, constrained, 
unconstrained,substructuring, variable linking as well as a variety of direct nonlinear 
mathematical and optimality criteria search methods that have evolved over the years 
[ 2 ]. 

C. Simulation Environment 

The capability for users to simulate propulsion systems which include complex 
analyses on high performance, massively parallel computers will require extensive 
development of a user interface with a parallel/distributed computer implementation. 
The user interface will shield the user from the details of the system while providing 
sufficient guidance and assistance to perform the simulation at hand. The vision is 
that of totally "seamless" environment. The environment consists of the integration 
of physical sciences, computer sciences, computer systems software and computer systems 
hardware under the control of a global simulation executive. The computational 
simulation of multidiscipline, multicomponent problems consists of a large number of 
variables that require simultaneous solutions of multiscale, multiregion problems in 
local/global database environments. These types of problems can only be effectively 
solved in (massively) parallel processor computers and networks where distributed 
parallel programming concepts can be readily implemented. Logic and software will be 
developed to adaptively allocate solution strategies and processors for a single 
discipline and for interdisciplinary analysis of both the local and global levels. 
Construction of simulations is aided by a visual simulation editor coupled to an expert 
system "trained" in the use of the simulation codes. Artificial intelligence 
approaches, including expert systems and neural nets, will be investigated for 
assisting the user in making appropriate decisions in constructing a simulation. 
Advanced computer graphics, visualization and animation complete this environment. 

An important feature of the simulation environment is that it provides modularity 
and flexibility. Modularity is important to facilitate the coupling of disciplines 
and components at various levels of detail and to facilitate insertion of new or 
proprietary codes. Flexibility is essential to efficiently expand the simulator with 
increasing software and hardware capabilities. This will be accomplished through the 
application of object oriented programming techniques. Consequently, a series of 
objects appropriate for and completely describing propulsion systems will be defined 
as will the inter-relationships between these objects. From this, a series of 
standardized interfaces will be developed consisting of both object data extraction 
and manipulation routines. 
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D. Parallel Computing 


It is expected that advances in parallel computing will make the integrated,* 
interdisciplinary analysis of complex systems practical in design and analysis 
environments. At the same time, it is expected that approaches to problem formulation 
and algorithm design will have to change to be able to exploit the new parallel 
architectures. Therefore, NPSS will establish a testbed environment so application 
and computer scientists can work closely together with state-of-the-art hardware and 
software tools to develop algorithms and to identify the appropriate computing 
architectures for the propulsion system applications. 

The long-range goal of NPSS is to implement the shared memory model, in either 
hardware or software, on massively parallel platforms. In the shared memory model, 
the programmer sees a uniform programming platform even though the hardware platform 
may consist of a variety of architectures such as cubes, rings, etc. This not only 
simplifies the requirements for developing new code, but provides the easiest, most 
flexible platform for the conversion of serial FORTRAN code which proliferates the 
computational engineering community today. Much of this code is now and will continue 
to be useful in NPSS applications. While the shared memory model is a long range 
objective, other technologies will need to be evaluated in the near term. 

The near-term goal for the testbed development is to acquire a relatively small 
parallel processor system of approximately 5 gigaFLOPS peak performance and 20 
gigabytes of disk storage. The initial testbed, planned for 1992, will provide a 
dedicated platform to begin the parallelization of single discipline codes; develop 
coupling algorithms and interfaces, and to develop the zooming concept. These 
activities will culminate in the demonstration of a simulation of the High Speed Civil 
Transport propulsion system. The testbed is expected to be upgraded in 1994 to 15 
gigaFLOPS peak performance with 30 gigabytes of disk storage. The upgraded testbed 
will be utilized to perform a high-fidelity demonstration of the High Speed Civil 
Transport with zooming capability on multiple components. 

Parallel processing activities currently at the Lewis Research Center involve 
investigating architecture and algorithm compatibility issues on the Center's 
Hypercluster Testbed, porting of structural mechanics and fluid dynamics codes to 
shared memory machines such as the Alliant-FX/80 and the Cray YMP-8/464 and configuring 
transputer systems for use with structural dynamics codes. The Lewis Research Center 
is also supporting the development of a 2-dimensional grid parallel computing 
architecture at Mississippi State University. Activities are underway for the purchase 
of two Intel iPSC/860 8 processor machines in 1990. Additional hardware will be 
identified and procured in 1991 through the newly formed Advanced Computing Concepts 
Laboratory within the Computer Services Division at Lewis. 


IV. Summary 

The Numerical Propulsion System Simulation is a long range program with the ultimate 
goal of developing the capability of reducing the cost and time of developing advanced 
technology propulsion systems. This will be achieved through a cooperative effort of 
NASA, industry, universities and other Government agencies to develop the necessary 
technologies to integrate disciplines, components, and high performance computing into 
a user-friendly simulation environment. The technologies associated with the physical 
sciences must include model development that reflects an understanding of the relevant 
physical processes rather than brute-force computational analysis. The computational 
algorithms must be developed in concert with the computing architectures to ensure 
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efficient performance, particularly with highly and massively parallel processors. In 
addition, a strong and effective management team is required to form the 
interdisciplinary teams from all organizations that will be required to define, 
advocate, and implement these technologies. 
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Figure 1. The Numerical Propulsion System Simulation is the concept of a 
"numerical test cell". 
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NUMERICAL PROPULSION SYSTEM 
SIMULATION INTEGRATION 





' ■ SYSTEM SIMULATION CAPABILITY 

Figure 2. System simulation through NPSS will involve integration of 
disciplines, components and computing hardware and software. 


NUMERICAL PROPULSION SYSTEM SIMULATION 

"ZOOMING IN" ON FAN EFFECTS 



Figure 3. Cost-effective computations of complex propulsion systems will 
require the ability to vary the detail of analysis or "zoom". 


121 





















N94-71432 




J?c*> fdfr 


INTEGRATED USE OF COMPUTER PROGRAMS FOR ANALYSIS AND OPTIMIZATION OF 

AIRCRAFT STRUCTURES 



YOUNG IN MOON 

WRDC/FIBRA/ASIAC, WRIGHT-PATTERSON AFB, DAYTON, OHIO 45433 


1.0 ABSTRACT 

The objective of this paper is to present results from investigating the 
integrated use of five computer programs: ANALYZE, ASTROS, NASTRAN, OPTSTAT and 
VAASEL for analysis and optimization of a given structure. The structure 
designated for study purposes was the F-15E vertical tail. The concept of 
integrated use is limited to the capability of using a NASTRAN structural model 
to run each of the other specified programs. This was actually accomplished in 
practice by converting a NASTRAN model of the designated structure into an 
appropriate analysis model. For optimization purposes,the torque-box of the 
F-15E vertical tail was used. 


2.0 DESCRIPTION OF FINITE ELEMENT PROGRAMS 

2.1 NASTRAN 

Although NASTRAN (NASa STRuctural ANalysis) is not a multidisciplinary 
analysis program, it is the largest general-purpose finite element structural 
system in use today and provides effective solutions for a wide variety of 
applications. In this paper, NASTRAN was used to obtain nodal deflections and 
element stresses for specified static loads and to compute natural frequencies 
and corresponding mode shapes of the F-15E vertical tail. 

2.2 ASTROS 

ASTROS (Automated STRuctural Optimization System) is a finite element code 
written primarily for preliminary design of aerospace structures. The basic 
objective for developing ASTROS was "to provide a state-of-the-art design tool 
that integrates existing methodologies into a unified multidisciplinary package" 
(Ref.l). For example, it adapts NASTRAN input format for structural analysis. 
Many potential analysis capabilities are available in ASTROS. Those selected 
for this investigation include: (1) Static and modal analysis of the F-15E 
vertical tail using the NASTRAN finite element model, and (2) User-selected 
optimization of boron/epoxy skin elements for one surface of the tail model. 

2.3 ANALYZE 

ANALYZE was developed to analyze aerospace structures using only membrane 
elements (Ref.2). Thus, only translational degrees-of-freedom are allowed. 
Since rotational motions are not permitted, element representations of the 
structure are expected to be stiffer. Elements used in this code include 
axial-force bar elements, triangular and quadrilateral constant strain elements, 
and a shear-panel element to reduce the possibility of overestimating stiffness 
resulting from the use of only membrane elements for webs. The User’s Manual 
(Ref.2) documents a comprehensive theoretical background for the program, and 
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provides necessary information for both preparation of input data and interpre¬ 
tation of results. 

2.4 OPTSTAT 

This computer code was written by the same authors who wrote ANALYZE (Ref.2). 
It was developed primarily for in-house research to optimize structural designs 
subjected to static loads. As OPSTAT uses the same types of element as ANALYZE, 
rotational degrees-of-freedom are not allowed. Reference 3 provides the theore¬ 
tical background underlying the program. OPTSTAT optimizes structures by 
resizing every element in the structural model using allowable stresses as 
design constraints; thus, it does not permit user-selected optimization. 

2.5 VAASEL 

VAASEL (Vulnerability Analysisof Aerospace Structures Exposed to Lasers), as 
the name suggests, has been designed primarily for laser vulnerability analysis 
of structures and has multidisciplinary analysis capability (Ref. 4). This code 
was designed to maintain maximum compatibility with both NASTRAN and ASTROS, and 
utilizes the same framework as ASTROS. This means that a given problem input 
data deck should run on each program with identical output results expected. 


3.0 MODEL FOR ANALYSIS 

The NASTRAN structural model shown in Figure 1 consists of 39 BAR elements, 
1,529 ROD elements, and 1,160 SHEAR elements, with 673 nodes. 

The vertical tail is made of three materials; boron/epoxy for skins,aluminum 
for the honeycomb core,and titanium for the fore and aft spars and the root rib. 
A structural model was first constructed and converted into a NASTRAN model, and 
verified with the McAir model (Ref.5) by comparing its geometry,material proper¬ 
ties, and deflections at points of interest under the given loading conditions. 
This NASTRAN model has served as a basis for developing models for other comp¬ 
uter programs. After verification of the model, the torque-box section of the 
F-15E vertical tail was isolated and used for analysis and optimization instead 
of working on the full model. Integrated use of other computer programs was 

achieved by generating an input data deck by transformation of the NASTRAN bulk 
data. Fortran programs were written for this purpose. 


3.1 LOADING CONDITIONS AND TYPES OF COMPARISONS 

Static analysis was performed for the complete vertical tail using NASTRAN, 
ASTROS and ANALYZE for calculations of deflections and stresses. First, 
a 400-pound load was applied at the tip of the model, followed by application 
of the maximum panel load and the maximum inboard load (Ref.5). Next, the 
torquebox was isolated from the complete tail model and run under three loading 
conditions: a 400-pound tip load, the maximum panel and inboard loads. 

For dynamic analysis, NASTRAN and ASTROS were used to obtain natural freque¬ 
ncies and mode shapes. 

For optimization studies, ASTROS was used for user-selected elements optimi¬ 
zation while overall optimization was achieved by OPTSTAT. The number of plies 
in each layer of the skin elements was computed for both user selected and over¬ 
all optimizations and compared to the original structure. 
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4.0 RESULTS AND COMPARISONS 
4.1 STATIC ANALYSIS COMPARISONS 

When static models were run, NASTRAN and ASTROS predict identical deflec¬ 
tions under all loading conditions mentioned for both the complete and torque- 
box models. Differences occurring in shear stresses computed by each program 
were noted, but were negligible. Comparison of results from ANALYZE with the 
other two programs show that ANALYZE predicts smaller, but very close, deflec¬ 
tions than either NASTRAN or ASTROS. A typical deflection curve along 50 % chord 
line is shown in Figure 2, where ANALYZE is shown to predict about 3 % less 
deflection at the tip. This small difference is caused by the type of element 
used in the ANALYZE program. The model is cantilevered with nodes points 
fixed along the root, and therefore elements around the root exhibit stress 
concentrations. Design engineers should pay close attentioin to these highly- 
stressed elements. 

4.3 DYNAMIC ANALYSIS COMPARISONS 

For dynamic analysis of the torque-box, both the inverse method of eigen¬ 
value extraction (INV) and the tridiagonal reduction method (FEER) were applied 
in running the NASTRAN model. In ASTROS, the Given’s method of tridiagona- 
lization (GIV) was used. The ASTROS predictions of the first five frequences 
and corresponding mode shapes are almost identical to NASTRAN results, and dif¬ 
ferences are negligible. 

4.4 OPTIMIZATION RESULTS 

The finite element model for optimization has 137 elements for the skin, 
resulting in 548 global design variables, since there are four layers in each 
element. The skin thicknesses were selected as design variables when the 
torquebox was optimized for each of the two design loads (Ref. 5). 

Optimization was carried out in two ways: user-selected elements optimization 
performed by ASTROS, and overall optimization using OPTSTAT. Representative 
results are presented in Figures 3 and 4, and Table 1. Element 39 shown in 
both figures was selected as a typical example to pictorially illustrate the 
optimization results for the torque-box skin. Figure 3 shows that the original 
element weight of 0.1352 lbs was reduced to 0.0728 lbs after optimization for 
the maximum panel load and to 0.0364 lbs for the maximum inboard load. 

The original number of plies in 0, 90, +45, -45 degree directions is (10, 2, 7, 
7), respectively. Differences are expected to exist between user-selected and 
complete structural optimizations for a given design loading condition. 

For example in Figure 4, the number of plies in each direction for complete 
optimization is (12, 1, 1, 1) for the net panel load and (10, 1, 2, 2) for the 
inboard load. This set of results differs significantly from results given in 
Figure 3 for user-selected optimization, where the number of resulting plies 
are (5, 1, 4, 4) for the net panel load and (2, 1, 2, 2) for the inboard load. 

A complete set of results for every element in the torque-box is given in Refe¬ 
rence 6. Table 1 provides a sample of these results for elements 1 through 24. 
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5.0 CONCLUDING REMARKS 


The F-15E vertical tail was either analyzed or optimized using five finite 
element computer programs. As ASTROS and VAASEL follow the same algorithm for 
static structural analysis, identical results for nodal deflections and element 
stresses were computed (Ref. 6). ASTROS and NASTRAN predicted almost identical 
results in both static and dynamic analysis. Static predictions from ANALYZE 
models were also very close to those from NASTRAN and ASTROS. From optimization 
studies of the torque-box model, differences exist between types of structural 
optimization method for a specified loading condition, and between design 
loading conditions. Therefore, from the results of optimization, one can 
observe the potential danger of arbitrarily selecting one or more of several 
design load conditions and, independently, a type of optimization to arrive at 
an "optimized" redesign configuration. Unless all critical design loading 
conditions are considered, such an assumption could result in a totally 
inadequate design. 
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Figure 1 — Structural Model of F—15E Vertical Tail 



Figure 2 - Typical Deflection Curve Along 50 % Chord Line 
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Figure 3 - User-selected Optimization : Outside Skin Elements Only 



Figure 4 - Overall Optimization Skin Elements 
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Table 1 - Overall Optimization ( OPTSTAT ) 


Elem. 

No. 

Load 

Ply counts in 

0 90 +45 -45 

Elem. 

No. 

Load 

Ply counts in 

0 90 +45 -45 


INITIAL 

10 

2 

8 

8 


INITIAL 

E9 

2 

8 

8 

1 

PANEL 

13 

1 

1 

1 

2 

PANEL 


1 

1 

1 


INBOARD 

5 

1 

2 

2 


INBOARD 

H 

1 

1 

1 


INITIAL 

10 

2 

8 

8 


INITIAL 

10 

2 

8 

8 

3 

PANEL 

8 

1 

1 

1 

4 

PANEL 

7 

1 

1 

1 


iTfn*y!n?i 

4 

1 

1 

1 


INBOARD 

4 

1 

1 

1 


INITIAL 

10 

2 

8 

8 


INITIAL 

10 

2 

8 

8 

5 

PANEL 

5 

1 

1 

1 

6 

PANEL 

5 

1 

1 

1 



4 

1 

1 

1 


INBOARD 

2 

1 

2 

2 


INITIAL 

10 

2 

8 

8 


INITIAL 

10 

2 

8 

8 

7 

PANEL 

3 

1 

2 

2 

8 

PANEL 

3 

1 

2 

2 



2 

1 

3 

3 


INBOARD 

2 

1 

3 

3 


INITIAL 

19 

2 

8 

8 


INITIAL 

10 

2 

7 

7 

9 

PANEL 

m 

1 

1 

1 

10 

PANEL 

9 

1 

1 

1 


INBOARD 

D 

1 

1 

1 


INBOARD 

5 

1 

1 

1 


INITIAL 

10 

2 

8 

8 


INITIAL 

10 

2 

8 

8 

11 

PANEL 

7 

1 

1 

1 

12 

PANEL 

7 

1 

1 

1 


INBOARD 

5 

1 

1 

1 


INBOARD 

5 

1 

1 

1 


INITIAL 

10 

2 

8 

8 


INITIAL 

10 

2 

8 

8 

13 

PANEL 

6 

1 

1 

1 

14 

PANEL 

5 

1 

1 

1 



5 

1 

1 

1 


INBOARD 

3 

1 

2 

2 


INITIAL 

10 

2 

8 

8 


INITIAL 

10 

2 

8 

8 

15 

PANEL 

13 

1 

1 

1 

16 

PANEL 

10 

1 

1 

1 


INBOARD 

7 

1 

1 

1 


gjgjjgj 

6 

1 

1 

1 


INITIAL 

19 

2 

8 

8 


INITIAL 

10 

2 

7 

7 

17 

PANEL 


1 

1 

1 

18 

PANEL 

9 

1 

1 

1 


INBOARD 

la 

1 

1 

1 


INBOARD 

6 

1 

1 

1 


INITIAL 

10 

2 

7 

7 


INITIAL 

10 

2 

7 

7 

19 

PANEL 

7 

1 

1 

1 

20 

PANEL 

7 

1 

1 

1 



5 

1 

1 

1 



5 

1 

1 

1 


INITIAL 

10 

2 

7 

7 


INITIAL 


2 

8 

8 

21 

PANEL 

19 

1 

7 

7 

22 

PANEL 

11 

1 

6 

6 



8 

1 

6 

6 


INBOARD 

6 

1 

5 

5 


INITIAL 

10 

2 

8 

8 


INITIAL 

19 

2 

8 

8 

23 

PANEL 

7 

1 

4 

4 

24 

PANEL 


1 

6 

6 


H 

6 

1 

4 

4 



H 

2 

6 

6 
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Structural Optimization With Constraints From Dynamics in 

LAGRANGE NQ4-71433 

F.Pfeiffer, G.Kneppe, C.Ross 1 


Nomenclature 


a 

amplitude 

maximum value for amplitude 

Q 

X 

vector of transformed coordinates / 
vector of design variables * 

c 

matrix of expansion coefficients 


element of x 

D 

damping matrix 

Y 

transformation matrix 

F 

tranformed matrix in frequ.resp. 

y 

complex displacemcent vector 

f 

vector of external forces 

VLo 

Lanczos starting vector 

f 

assemblage of external forces 

y 

eigenvector 

f 

eigenfrequency 


criterion vector for pursuing mode 
shapes 

fi,max 

upper bound for frequency 


Kronecker symbol 

fi f min 

lower bound for frequency 

i 

modal damping coefficient 

9 

constraint 

A 

eigenvalue 

K 

stiffness matrix 

n 

excitation frequency 

ku 

normalization coefficient 

n, 

lower bound for excitation frequency 

L 

Choiesky decomposition of a matrix 


upper bound for excitation frequency 

M 

mass matrix 

w 

angular frequency 

m 

number of tranformation vectors 

i» Ji k ^ 

indices 

mu 

normalization coefficient 

n 

number of degrees of freedom 

() T 

transpose of vector or matrix 

nb 

number of frequency bounds 

()* 

value in k— th iteration step 

P 

number of feasible frequency intervals 

i 

v^r 


6 


1 Introduction 

Structural optimization problems are mostly solved under constraints from statics, such as stresses, strains or dis- 
placements under static loads. But in the design process dynamic quantities like eigenfrequencies or accelerations 
under dynamic loads become more and more important. Therefore, it is obvious that constraints from dynamics must 
be considered in structural optimization packages. This paper addresses the dynamics branch in MBB-LAGRANGE. 
It will concentrate on two topics, namely on the different formulations for eigenfrequency constraints and on frequency 
response constraints. For the latter the necessity of a system reduction is emphasized. The methods implemented in 
LAGRANGE are presented and examples are given. 


2 Eigenfrequency Constraints 

The main reason for formulating an eigenfrequency constraint in structural optimization problems is to avoid ranges 
in the frequency spectrum where excitation frequencies are known to occur under the working conditions ot the 
structure. 

To be able to formulate an eigenfrequency constraint the eigenfrequencies have to first be computed. Thus, the 
eigenvalue problem of the undamped structure 


(K — \M)y = o 


is considered. The eigenfrequencies / can be computed from the eigenvalues A of (1) by 





Now eigenfrequency constraints can be formulated. 


2.1 Upper and lower bounds for the t —th eigenfrequency 

The most common case for an eigenfrequency constraint is given in figure l t where a lower bound and an upper 

bound f % ,max are given for the i—th eigenfrequency. These constraints can be written in a normalized form as 
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Figure 1: Common eigenfrequency constraint 


Si,min 


1 


fi 


> o 


9i,max 


1 


_A_> o. 

ft,max 


(3) 

(4) 


The optimization algorithms which are most commonly used in structural optimization (e g. SQP, SLP) require 
gradient information. By differentiating (3) or (4) with regard to a design variable * € * one has 


dgi dgi 5/» d\j 
dz dfi dXi dx 


Thus, for computing the constraint derivative the eigenvalue derivative ^ must be computed which is given by 


dz 





EXAMPLE 1 A propulsion stage of the Ariane launcher was discretized by a FE model with ca. 2500 degree of 
freedom. A lower bound was given for the lowest eigenfrequency. The weight and was 

figure 2. The initial violation of the frequency constraint of ca. 3.8 % was completely eliminated. Th g 




Figure 2: Weight and constraint history for Ariane propulsion stage 


reduced by ca. 10 %. ■ 


2.2 Formulation of a constraint for an eigenfrequency which corresponds to a given 
mode shape 

In some applications, however, the formulations (3) and (4) for a fixed eigenfrequency index u ? are not sufficient. 
This shall be expounded by the following example. 

EXAMPLE 2/1 A satellite structure according to figure 3a) is regarded. In the initial analysis it was found that a 
characteristic axial mode shape exists for the inner structure (figure 3b)). An excitation of this initially 9th mode shape 
should be avoided, however, because the inner structure contains measurement equipment. Therefore, it was required 
that the eigenfrequency of this axial mode shape should be greater than a given lower bound. Some initial variations 
of the structure indicated that the corresponding mode shape changed between the 7th and the 10th eigenvector due 
to structural changes. Thus, putting a constraint on the 9th eigenvalue would have resulted in a completely wrong 
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Figure 3: a)Satellite structure b) 9th mode shape (initial design) 


design because the mode shape that was to be kept under control had changed its position in the eigenfrequency 
spectrum several times. ■ 

Therefore, a strategy to pursue the given mode shape in consecutive iteration steps was developed. The strategy is 
based upon the M - or K - orthogonality of the eigenvectors ^ 

yf Myj = muSij yjKyj = (7) 

To identify the »-th eigenvector of the k -th iteration step in the (k + l)-th step, the following vectors are defined: 


z 


k rk T —k 

z x =•& v? 

,* + ‘ = L^ r yf + ' 


( 8 ) 

(9) 


where L is the Cholesky decomposition of either K or M . The required index u f of the eigenvector in the (i+l)-th 
iteration step which corresponds to the *—th eigenvector of the k —th step is determined by 



( 10 ) 


Graphically spoken, equation (10) states that the angle between the vector x* and has a minimum value (i.e. 

a maximum value for the scalar product in (10)) compared to the angles between x* and any of the vectors x,*^”* 
(/ # j) of the (k + lj-th step. ' 1 

EXAMPLE S/JI Using this algorithm the constraint for the satellite (figure 3a)) was formulated. Purs uin g the given 
mode shape with the described strategy turned out to be very robust and gave correct results for other structures as 
well. The required frequency for the axial mode shape was obtained accurately while simultaneously minimiz ing the 
heat flux between the outer and the inner structure ([Kneppe89]). ■ 


2.3 Multiple constraints for the x—th eigenfrequency 

Another formulation, namely prescribing several bounds for the t—th eigenfrequency, may occur in some applications. 
For the case of two bounds the two possible variations are given in figure 4. Case a) (inclusion) can be handled with 


Inclusion 


nb = 2 
P = 1 




t^mn 


/ 


Exclusion 
ni = 2 

p = 2 


fi 



f 


Figure 4: Two .constraints for the t—th eigenfrequency 
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two constraints of type (3) and (4). Case b) (exclusion) cannot be described by the formulations given so far, however. 

rfo~e. theTigenfrequency A liesb the right interval (fig««4b j),^S^sV^h^llw formulftS 
severely violated. Simultaneously satisfying boch constraints is impossible m this case, ittus, a new rormui 

required which is given by 

( 11 ) 




j=i 




..r 


where g u denote the constraints of the type (3) or (4), p the number of feasible frequency intervals and ni^the number 
If bouncb, respectively. For the exclusion case in figure 4b) the constraint can be written explicitly as (p _ 2, n6 - 2) 

( 12 ) 


which gives constraint values greater than zero for the two feasible frequency intervals. 
Differentiation of (11) with regard to a design variable z yields 


dgt 

dx 


nb 

(-d p+1 E 

;=i 


3gi.j 

dx 



(13) 


which is a differentiable function in x (just as the constraint (11) itself).- ... , 


n6 = 3 



OD 


Figure 5: a) 





Multiple constraint for lowest eigenfrequency b) Weight history c) Constraint history 


optimization gives an optimal design (OD) at the lower interval bound which is physically reasonable. Weight and 
constraint histories are shown in figure 5 as well. ■ 


3 Frequency Response Constraints 

A more advanced type of constraints from dynamics is given by frequency response constraints. may occur 

when a structure is harmonically loaded and it is required that the displacement, velocity or acceleration at c * 
points of the structure must not exceed prescribed values. 

For simplicity, only displacement amplitudes <n are considered in the following sections. Velocities and accelerations 

can be treated analogously. , 

In this c ase the constraint for the displacement amplitude in the i—th degree of freedom is given y 


9i = i - n.snia,, 

Ot.max 


(14) 


where the excitation frequency Cl varies in a frequency interval given by its lower bound Cl, and its upper bound Q„. 
The displacement vector y of a harmonically loaded structure (excitation frequency Cl) is computed y 


(-Cl a M + iflJD + K) y = f{Cl). 


(15) 


/(Q) denote, the vector of external force.. Tie nmplitude m in computed from the complex displneement in the i-th 

c = ^SFTiS?. < 16 > 
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Equation (15) is a system of complex linear equations which is quite expensive to solve. To make a solution far less 
time-consuming one generally introduces a transformation 

V = Yq. (17) 

The transformation matrix Y is an x m—Matrix (m n) which reduces the original system to 

Y t {-Q 3 M + iClD + K) Yq = Y T f(Q) (18) 

Fq = Y T /(fi). (19) 

F is a diagonal matrix if Y contains eigenvectors of the structure. In this case (17) is a usual transformation to modal 
coordinates. In recent years, other transformation have been proposed in structural dynamics (e.g. [Wilson et al.82], 
[Nour-OmidClough84j or [Coutinho et al.87]). A transformation to Lanczos coordinates was shown to be especially 
promising because it is a load-dependent transformation that is tailored to the respective load case and approximates 
the influence of higher modes as well. The starting vector y^ 0 that is required for the Lanczos iteration (see e.g. 
[Coutinho et al.87]) is chosen from 

Kyi* - 7 , ( 20 ) 

7 i = max \ZRe(fi(Q)) 2 + Im (/,(fi)) 2 i = l(l)n. (21) 

/ contains an assemblage of the frequency-dependent load /(fi) which ensures that every required degree of freedom 
is excited. If the Lanczos tranformation is performed, for example according to [Coutinho et al.87], a reduced set of 
equations is attained, which is again diagonal. Thus, both modal and Lanczos transformation yield a reduced diagonal 
set 

diag(-Q 2 + ifi2£iw,- + u})q = Y r /(fi). (22) 

For optimization purposes the derivatives of (14) are needed. Combining the derivatives of (14) and (16) one has 


dpi 

dx 


^IVil Re ( y .) + ^illmfy,) 


2Z 


CLi 


t.max 


ai 


(23) 


To compute the derivatives of the 
are differentiated: 


complex displacement vector y which are needed in (23), equations (15) and (17) 


dy dq dY 

dx dx dx ^ 


(24) 


diag(-& + itt :2&w, ^ /(«) - diag^ + ifi2^il)g. 


dx dx 


(25) 


Thus, computing the gradients of (14) in a reduced system requires the derivative of the transformation matrix Y . If 
Y contains a set of eigenvectors of the structure, the eigenvector derivatives have to be computed. This can be done by 
the method originally proposed by [Nelson76] or by some approximation method (see, for example, [Haftka et al.89] ) 
which is usually based on a modal expansion of the eigenvector derivatives. 

Numerical experience indicates that the influence of transformation matrix derivatives on the gradients of the fre¬ 
quency response is often negligible. Differentiating (18) and neglecting the derivatives of the damping matrix and of 
the transformation matrix Y , (24) and (25) are approximated as 


dy _ y d<[ 

dx “ dx 


(26) 


diag{-(l 2 + ifi 2 &u/, + w, 2 )££ _ _yT f-n 3 ^—■ + ^) Yq. (27) 

dx \ dx dx J 

Equations (26) and (27) can be evaluated with Y containing either eigenvectors or some other transformation vectors 
which, for example, can be obtained by a Lanczos reduction. 

EXAMPLE 4 For a cantilever beam a constraint is formulated for the acceleration at the tip of the beam. Differ¬ 
ent methods for computing the frequency response derivatives are compared. An approximation of the eigenvector 
derivatives by the method proposed bv [Lim et al.87] gives identical results compared to the numerical gradient and 
the gradient obtained by Nelson’s method. An expansion of the eigenvector derivatives in the eigenvectors themselves 


- = YC- (28) 

with C as the matrix of the expansion coefficients, yields very good results for the response gradient, too (figure 
6a)). Neglecting the eigenvectors derivatives totally (i.e. using equations (26) and (27)) also gives acceptable results 

as shown in figure 6b). A difference between the exact and the approximated gradient can be found in the higher 
frequency range only. ■ 

EXAMPLE 5 Using the approximation method for the gradient, a cantilever plate (fig. 7a)) is optimized. Fig. 7b) 
shows the amplitude response spectra in the initial and final design. The weight history is given in fig. 7c). ■ 
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Figure 6: Comparison of exact and approximated frequency response gradients 



Figure 7: a) cantilever plate b) amplitude response spectra c) weight history 


4 Conclusions 

Several formulations for eigenfrequency constraints were presented and implemented in the structural optimization 
package MBB-LAGRANGE. Examples show that the given formulations are very useful in practical applications. 

The second topic of the paper addresses frequency response constraints. To save computational tune it is necessary 
to perform a system reduction both in analysis and gradient calculations. The system equations are transformed to 
either modal or Lanczos coordinates. Neglecting the derivative of the transformation results in equations that are 
easy and inexpensive to handle. The user may, nowever, consider exact or approximated eigenvector derivatives in 
the response gradients as well. 

Work on transient response and random response is in progress. Together with the formulations given above LA¬ 
GRANGE can be used as a tool for solving a variety of structural optimization problems with constraints from 
dynamics. 
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DYNAMIC OPTIMIZATION THEORY WITH 
MULTIPLE OBJECTIVES 


JOHN JONES, JR. 

Air Force Institute of Technology 

ABSTRACT. Let V(t) be a vector-valued function for tc[a,b) a 
real interval. The main purpose of this paper is to establish 
the existence of an interval [a,B] C [a,b] for which there 
exists a t Q e[a, 6]C [a,b] such that V(t Q ) = 0, the zero vector. 

Use of such information in the dynamic optimization theory with 
multiple objectives present is needed. Examples of such sys¬ 
tems will be given. 



INTRODUCTION 


Let V(t) be a vector-valued function for te[a,b] and denoted by: 


V(t) = 


/ v i (t) \ 


V,(t) 


\ v (t) 

\ n 


C1.1) 


where each (v i (t),i=l,2,...,n} are twice continuously differentiable real-valued 

functions of t for te[a,b]. Associated with V(t) is the following non-self-adioint 
matrix vector differential equation: 


[[PCt)]v'(t)J + Q(t)v’ct) + R(t)V(t) = 0 (1.2) 

where [P(t)J, [Qft)j, [R(t)] are n by n matrices of continuous functions of te[a,b] 
and [P(t)] is an n by n matrix of continuously differentiable functions of te[a,b]. 

The main objective of this paper is to establish a sufficient condition for 
the existence of a for V(t) a solution of Cl-2) such that V(t 0 ) = 0, a 

zero vector of V(t) for which t o e[a,8]9 [a,b]. Also associated with (1*2) is the 

following matrix vector differential equation: 


u (*) + [A(t)]u (t) + fD(t)]u(t) = 0 (1.3) 

where the matrices [A(t)], [D(t)] are continuous functions of a real variable 
te[a,b] such that u(a) = u(b) = 0. Such solutions of (1.3) will be called trial 
functions where u(t) ^ 0, for a < t < b. Such vector-valued functions u(t) will be 
utilized in a computational decision process for the existence of a t eTa BlC 
[a,b] such that V(t Q ) =0. ° 
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In section II an example which illustrates the basic theory which is developed 
in III will be given. 

EXAMPLES 
Example 1 . Let 


V(t) 



V(o) = 0 


(1.4) 


be a given vector-valued function of t for te[a,b] and is a solution of the follow¬ 
ing matrix vector differential equation 


0 

0 


+ 





(1.5) 


The basic problem of determining a t-interval [a,8] C [a,b] for which V(t D ) = 0 
where t e[a, B]C [a,b] and V(t 0 ) = 0 will be considered. 

Next, let a trial function be given by 


u(t) 



( 1 . 6 ) 


which obviously has 
for which u(t Q ) = 0 
(1.6) be a solution 


t-zeros at t = 0, t = 1 and u(t) f 0 for 0 < t < 1. Thus t 
= u(0) and u(t Q ) = 0 for which u(l) * 0. Let u(t) given by 
of the following matrix vector differential equation 



2\ /2-4t 0\ /2t-l\ /8 0\ /t -t 

+i il i + 


0 0 


0 1 



and u(t) has t -zeros at t = 0, t = 1. 

0 0 0 


Let 


2-4t 0\ / 8 0 

[A(t)] = ( ; [D(t)) = 

00 / \0 1 


for equation (1.7) above. 


Then by making use of the following decision-function: 


(1.7) 


( 1 . 8 ) 
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and therefore V(t) has a te[0,l] = [a,8] C [u,b] such that V(t ) = V(o) * 0 since 


/ 


E[u,v; 0,l]dt < 0 


Cl.10) 


holds. 


Example 2. Given the matrix vector differential equation for which the given 


t 2 -t 


vector v(t) = 


is a solution: (which has t = 0) 
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2-4t 0\ / 8 0 

where B(t) = ( ) ; C(t) = ( 

0 -t/ \0 1 

Let the trial vector 

t 2 -t\ 

u(t) s( 2 ) which has a t o *zero at {t Q = 0,1}, u(o) * 0; u(l) 
and satisfies the matrix differential equation: 



where 


t t 


u (t) + A(t}u (t) + D(t)u(t) = 0 


and 


2-4t 0 \ / 8 0 

A(t) = ( ) ; D(t) = ( 

0 2-4t / \0 8 


(Decision Criteria) 


n2 


E[u,v; a,b] = j |<Au,u> 


[<Au,u >' 
< v,v > 


I I I 

<Bv ,v> - <v ,v > + 



2-4t 

0 



t 2 -t 


t-f 






o, u(t) 


<Cv,v > 
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which guarantees the existence of a t-zero of v(t) for te[0,l]. 

BASIC MATHEMATICAL FORMULATION OF MULTIPLE OBJECTIVE DECISION ANALYSIS MODELS 

Multiple-criteria decision making (MCDM) has increased the need to identify 
and consider simultaneously several objectives, particularly those derived from the 
study of large-scale dynamical systems. The type of systems considered in this 
work depend continuously upon time t with respect to the time-varying dynamical 
system. Mathematical programming is a very useful and flexible framework for 
multi-objective analysis when the objective and physical constraints of a problem 
may be expressed as functions of decision variables. 

The general problem of single-objective programming is the search for the 
optimum, i.e., a minimum or maximum of a function of variables constrained by equa¬ 
tions or inequalities called constraints. The inequalities may also be differentia 
inequalities or integral inequalities. A single-objective constrained optimization 
problem can be defined and expressed as below: 

max (z(x)) 
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subject sets of inequalities: 


g i Cx) £ 0 

x. > 0 
1 ” 


(i=l,2,...,m) 


where the objective function z(x) and the constraints g^(x) are defined on an 
n-dimensional Euclidean vector space of decision variables 


x 



»x 2 > x j > 


. .x )eR n 
n 


with values in the set of real numbers R. The functions z(x) and g^(x) can be 
either linear or nonlinear functions of the decision variables, xj, where 

(j = l, 2,3, .. ., n) . The feasible region is denoted by X = {x : xeR n , g^(x) _< 0, 

Xj 0, V i,j}. The optimization problem is to find an element x*eX of the feasible 

region X which will give a minimum value for z(x), i.e., max z(x) = z(x*}. If the 
functions z(x) and g^(x) are both linear, then the optimization problem is called a 
linear programming problem. If either z(x) and g^(x) are nonlinear, then such a 
problem is called a nonlinear programming problem. 

A single-objective programming problem consists of optimizing one objective 
function subject to a constraint set. A multi-objective programming problem is 
characterized by a p-dimensional vector z(x) of objective functions: 


z(x) = Cz 1 (x),z 2 (x),...,z (x)) 1 , t = transpose 


and a feasible region X = {x : xcR n , g^(x) _< 0, x- ^ 0, V i,j}, but instead of 

seeking a single-optimal solution, a set of nondominated solutions is desired to be 
found. This set of nondominated solutions is a subject of the feasible region 

X = {x : xeR n , (x) 0, x^. ^ 0, V i,j}* For the nondominated set of solutions, 

each solution outside the set, but within the feasible region X, there is a non¬ 
dominated solution for which all objective functions are unchanged or improved where 
also at least one is strictly improved. In general, one can f t optimize a priori a 
vector of objective functions. One first attempts to identify the set of nondomi¬ 
nated solutions within the feasible region X in the consideration of multi-objective 
problems. 


One may formulate the problem as follows: 


max-dominate z(x) 


[Zj (x), Z 2 (x),.. ., z p (x)] 


subject to xeX the feasible region, where the object is to search and identify the 
set of nondominated solutions, i.e., the set of solutions that dominate the other 
solutions in X. Decision functions are used in this area for time-varying problems 
developed by J. Jones, Jr. and the detailed mathematical proofs will appear else¬ 
where due to page limitation of this manuscript. Parallel processing and large 
computers are used to carry out the mathematical modelling and computer simulation 
of large dynamical time-varying systems (both linear and nonlinear). 
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FUZZY COMPROMISE: AN EFFECTIVE WAY TO 
SOLVE HIERARCHICAL DESIGN PROBLEMS 

J.K. ALLEN 1 , R.S. KRISHNAMACHARI 2 , J. MASETTA 3 , D. PEARCE 3 , D. RIGBY 3 

AND 

F. MISTREE 4 

In this paper, we present a method for modeling design problems using a compromise Decision Support 
Problem (DSP) incorporating the principles embodied in fuzzy set theory. Specifically, the fuzzy 
compromise Decision Support Problem is used to study hierarchical design problems. This approach has 
the advantage that although the system modelled has an element of uncertainty associated with it, the 
solution obtained is crisp and precise. The efficacy of incorporating fuzzy sets into the solution process is 
discussed in the context of results obtained for a portal frame. 

1 MODELING HIERARCHICAL PROBLEMS AS COMPROMISE DSPs 

Many real-world engineering systems are too complex to be designed as single systems. In the early 
stages of design it is essential to have a method for partitioning and/or decomposing design jwoblems into 
subsystems which then may be designed concurrently. The nature of the problem itself and the method 
chosen for analyzing the subsystems have dramatic effects on the efficiency and effectiveness of the design 
process as a whole, and by extension, on its cost. Design through repeated iteration is costly, time 
consuming, and may require endless iterations to adjust previously "designed subsystems to take into 
account new information. On the other hand, completely simultaneous design (except in the case of 
variant design) is also impossible. The general formulation of a hierarchically decomposed problem is 
shown in Figure 1. Methods for hierarchical decomposition have been proposed and tested successfully in 
limited situations; Sobieski [1-3], Kuppuraju et al.[4], Shupc et al.[5], Wrenn and Dovi [6], and Padula et 
al. [71. There is, however, a major limitation to these methods, they require precisely defined information 
and relationships between subsystems, and therefore they are impractical for use in the early stages of 
project initiation. We assert that a procedure that incorporates fuzzy set theory would overcome this 

limitation. 

An abstract system made up of a parent system and three subsystems is illustrated in Figure la. The 
subsystems interact with each other through lateral interactions and with the parent system through vertical 
interactions. A physical representation of the abstract system (shown in Figure la) is a portal frame. 
Figure lb. It represents a simple hierarchical system; the frame being the parent system and the I-beams 
three subsystems. The objective is to minimize the overall mass of the frame while it is subjected to static 
loads P and M. The system is subject to certain constraints covering normal stress, bending stress, shear 
stress and buckling in each member. There are two types of design variables; one type for the parent 
system and another type for the subsystems. The parent system design variables (A and I) are each 
member's cross sectional area and moment of inertia. Each subsystem (I-beam) has six design variables, 
namely, bi, bo, h, t>, t 2 , t 3 . The vertical interactions, Vi, that occur between the parent system and each 
of its subsystems, as well as the interactions that occur between each subsystem, Ljj, are shown m Figure 
lb The lateral interactions necessitate the inclusion of constraints that match the subsystem variables to 
their counterparts in the other subsystems. The vertical interactions necessitate the inclusion of constraints 
that match the parent system design variables (A and I) and the subsystem variables (b, t, h). This 
"matching" is modeled mathematically by system goals in the compromise DSP. An interaction system 
goal constrains one subsystem variable to be equal to its counterpart in the other subsystem. For example, 
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2 Graduate Research Assistant, Department of Mechanical Engineering. University of Houston, Houston, Texas 77204. 

3 Graduate Student, Department of Mechanical Engineering, University of Houston, Houston, Texas 77204. 

4 Professor, Department of Mechanical Engineering, University of Houston, Houston, Texas 77204. 
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FIG. la • A GENERAL HIERARCHICAL FIG. lb - PORTAL FRAME AS A HIERARCHICAL 

MODEL OF A SYSTEM MODEL 


GIVEN 

Geometry, material properties, loads, etc. 

X°- the starting solution 
i * 1,23 * member number 

j = 1 and 2 - left and right end of member, respectively 

FIND 

X * (A|, Ij t b|| ,bi 2 , tij, t|2 . ^ } 

SATISFY 

System Constraints: Frame 

- combined stress constraints 
S(Ai,Ii) £ $max 

System Constraints: For each member 

- combined stress in the top flange 
0 (b,t,h)ij £ 0 a 

• combined stress in the bottom flange 
0 (b»t,h)jj £ 0 a 

* shear stress constraint 

t(b,t,h)jj ^ T a 


- flange buckling constraint (top <fc bottom) 

I 0 (b,t,h)i I £ cJ a b(bii*t|i) 

I t(b,t,h)j 1 ^ t a b(l>ii4ii) 

Overall System Goal 

- Mass Goal: minimize mass of system 
Other System Goals 

- Vertical Interaction Goals: V| (six goals) 

Aj + d j+i - d + i+ l = A( b, t, h )j 

Ij + d*i +4 * d+ i +4 = I( b, t, h )j 
• Lateral Interaction Goals: L 12 and L 23 
(twelve goals) 

Li (b, t, h) + d*„ - d + n = L 2 (b, t, h) 

L 2 (b, t, h) + d' n - d + „ = L 3 (b, t, h) 

Bounds on system and deviation variables 
MINIMIZE 


The mass of the system 
The deviation between the system variable 
in one member and its counterpart in the other. 


FIG. lc • MATHEMATICAL MODEL OF THE HIERCHICAL DSP FOR 

THE PORTAL FRAME [5] 


FIGURE 1 - THE HIERARCHICAL PROBLEM AND THE COMPROMISE DSP 
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in Figure lb, the individual dimensions of the center beam (subsystem 2) of the portal frame should match 
those of the beams (subsystems 1 and 3) on either side. Thus, lateral interaction equality constraints are 
created to handle this, for example, 

(b 1 ) 1 +d'-d + = (b 2 ), 

where (bj)j and (t> 2 )i are the width of the bottom flanges of subsystems 1 and 2, respectively. The 

deviation from this equality is measured by the system goal’s deviation variables (underachievement, d' 

and overachievement, d + ) ! . Similarly, the interaction between the parent system and subsystem 1 is 
written as 

Aj +d- -d+ = A(b,t,h), 

where Aj is the cross sectional area of member 1 (parent system) and A(b,t,h)i is the cross sectional area 
of member 1 as a function of the subsystem variables. The interaction system goal provides an effective 
and efficient approach for maintaining the interactions between the parent system and its subsystems and 
between individual subsystems. Further details are provided in [5]. 

The crisp formulation, in succinct notation, of the compromise DSP for the portal frame is presented in 
Figure lc. The compromise DSP has been discussed in detail elsewhere (for example, see ref [10]) and 
will not be repeated here). Given the geometry, loads, material properties and starting values for the 
variables X° our intention is to find that set of variables X that minimizes the mass (modeled as volume in 
the formulation [5]) and satisfies system constraints and goals, and bounds on the variables. The system 
constraints include stress constraints on the parent system and stress and buckling constraints on the 
subsystems. The system goals include vertical and 
lateral interactions. Bounds are placed on both the 
system and deviation variables. The objective, 
unlike traditional optimization formulations, is in 
terms of the deviation variables associated with the 
goals. The stresses are calculated using SAP IV and 
the compromise DSP is solved using DSEDES [10]. 

Shupe and coworkers showed the efficacy of using 
compromise DSPs in modeling and solving 
hierarchical design problems [5]. 



2 FUZZY SETS IN DESIGN 


FIGURE 2 - A ONE DIMENSIONAL 
LINEAR MEMBERSHIP FUNCTION 


What is a fuzzy number? Using fuzzy set theory, 

uncertainty in any variable is modeled by assuming that it is represented by a main value, m, surrounded 
by a cloud of fuzziness (uncertainty) [8, 9] whose shape is specified by a membership function, p. The 
exact shape of the membership function must conform to some conventions and numerical considerations: 
(a) its only minima are at the end points of the interval and these must have a zero membership, and (b) its 
only maximum should have membership one at the most likely value within the fuzzy set. A simple 
function that satisfies these guidelines is the linear membership function which is illustrated in Figure 2. 
In this case, the most likely value of the set is the main value, m, and the distribution of membership 
decreases linearly and symmetrically until it equals zero at (m+c) and (m-c). Hence, linear membership 
functions are completely specified by the value of m and the bandwidth of fuzziness, c. 


What is the difference between fuzzy set theory and statistics? The analysis of Gaussian distributions in 
probability and statistics is based on the rigorous mathematical foundation of measure theory. It is 
inappropriate to apply identical manipulations to fuzzy sets • even the very basic definitions of addition and 
multiplication of sets are different in the two cases. 


The general formulation of a fuzzy compromise DSP is given below. 

* The system and deviation variables in a compromise DSP are always non-negative. To effect solution, 
one of the following three conditions must hold, namely; [(dk' = 0) and (dk + = 0)] or [(dk* = 0) and 
(dk + > 0)] or [(dk* > 0) and (dk + = 0)]. This requirement is modeled by: [(dk' • dk + ) = 0]. 
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GIVEN 

• An alternative (a starting design): X° = {Xj° I i = 1 ,, M} . 

• Estimated fuzzifiers for constraints, £ const* = {cj}, and performance goals, £ goals = ( c p) • 

j = 1.J and p = 1,..., P. 

• Upper and lower bounds on the system variables. 


FIND 

• The values of system variables : X = {Xj I i = 1,..., M) . 

• Deviation variables d k + and d k + are a measure of the deviation of the system being designed 
from the goals, k =1,..., K where K is the number of goals. In the fuzzy formulation, there are F 
goals associated with the grade(s) of system compatibility, G goals associated with goal 
satisfaction, and P performance goals (F + G + P = K) 

SATISFY 

• Fuzzy system constraints (capability, C/, meets demand, D[) 

Constraints are a function of the system variables, X. and constants, Aj. The fuzzy form of these 
constants is represented as Aj(l-CjHj). 

[Cj(Aj( 1 -CjHj), X)] / [Dj(Aj(l- Cj Hj), X)] * 1 . j = 1,..., J. 


• Fuzzy system goals 

• Performance goals (performance meets target). Performance goals are a function of the system 
variables, X* and constants, A p . The fuzzy form of these constants is represented as A p (l- 
CpHp). 

[P p (Ap(l-c p Hp),X)] / [Tp(Ap(l-c p Hp), X) ] + d p * - d p + = 1 . p = 1.....P. 

• Maximize the grade of system compatibility. (Maximize the possibility of satisfying the fuzzy 
constraints.) 

Hj + dj' * dj + * 1. j = l.J. 

• Maximize the degree of goal satisfaction. (Maximize the possibility of satisfying the fuzzy 
goals.) 

Hp + d p - d p + = 1. p = 1,..., P. 


Bounds 

• On system variables. 


Xj m,n £ Xi £ X 


.max 


i = 1,..., M. 


On the possibility distribution variables associated with the constraints and goals, 

(0 £ Hj, Hp, Hg, Hf £ 1). j = 1,..., J; p = 1,..., P; g = 1,..., G; f = 1 , ..., F. 


MINIMIZE 

* Preemptive deviation function through lexicographic ordering 
Z = [(df + di + ).(d k * + d k + )...., (d K * + d K + ) ]. 

Although fuzziness is introduced into the formulation of the compromise DSP, the design parameters 

constituting the solution are crisp, i.e., not fuzzy. As the extent of the fuzziness is decreased, (c -4 0), the 

solution, (X)fuzzy» of the fuzzy compromise DSP approaches the crisp (non-fuzzy) solution, (X) crisp, in 
the limit. 
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^SeThe—Tn trutte accuracy modeled by fuzzy 

• Afu °ay £Sion y KSta- it can be used over a relatively large portion of.be • 
desien^ timSeAs design proceeds, information about the object being designed becomes more 
,nd mom cerSn (less and less uncertain). As the certainty increases a designer is required to merely 
decrease the value of the fuzzifier, c (the fuzzy formulation reduces to the cnsp formulation when 

. Notions such as - "as much as possible" or "approximately 10,000" can be modeled. These are 
. an added fiexibi.ity to ,he problem, 

J£ta!Eri“ t when subsystems am Sing designed by different groups and must be tn.egrated into a 

system: point on the time-line, the degree of certainty associated with different 

subsystems’will vary. A fuzzy formulation allows a designer to account for these variations 

. Kfu"ly a —ion r StapSle ,0 permit some constraints to be "somewhat violated" and 

then to "instruct" other subsystems to compensate appropriately. 

. We believe S*e fuzzy compromise DSP provides an ideal way for modehng hieramh.cal 
problems. Shupe et al. [5] and Krishnamachari e. al. [121 have demonstrated the efficacy of solvtng 
these problems using crisp and fuzzy formulations, respectively. 

3.0 IMPLEMENTATION, VALIDATION, INSIGHT AND FUTURE WORK 

To SSI!*? DSP template is correct for both die crisp and fuzzy formulations and to gain an insight 

‘"^Regit/ar^imntives mirtintizing'thes^sKm'mass^nljMwhiir^lowing the geomeoy of die portal frame 

to take on any satisficing values. , , , r 

I /iteml - above dIus the goal that forces the equivalence of the beam geometries. . . 

iS a^ve’ pteThe'^oal that fomes the equivalence of the beam areas and moment of menus 

cJSSSJS XZ formulation, the lateral fomtulation and die 

Mass i s T 2SSZ1S2 ^=|efficiency whereas theinitious t 

solutions is shown in Figure 4. 

Rmh d th t e i0 criso and fuzzy formulations have been exercised with different initial starting solutions to 
establish the global nature of die solution and to ascertain the effect of infeasible suiting solutions on the 

fi arSLg the crisp formulation: The crisp formulation of the DSP proposed by Shape etal. [51 
forms the basis of this study. The volume obtained by Knshnamachan et al. [12] for the lateral and 

S^rehen^ caS wifhin 5 % of the results obtained by Shupe mi ^ ft.«-£ 
for the regular and vertical interaction cases are within 10 %. The difference is attnouteo loinc 
pseudo^preemptive approach used by Shupe in 1985 and the true preemptive approach used by 

Eifea^^ferera^tc^ting solutions: The starting solution did not have much effect on the convergence. 
ft All the runs took almost the same number of cycles for convergence for both the cnsp and uzzy 

formulations. This has been verified for fuzziness varying from 5 to 30 %. 

Does the fuzzy model behave as expected? Both formulations have been extensively exercised and the 

answer is yes. 
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ANALYSIS/SYNTHESIS CYCLE 


DSP TEMPLATE 



FIGURE 3 - SOLUTION SCHEME FIGURE 4 - THREE STARTING SOLUTIONS 


Observations 

Using the fuzzy DSP increases the swiftness with which a solution is obtained: The convergence of the 
fuzzy DSP of the portal frame problem is considerably faster than the corresponding crisp 
formulation. This rate increases as the fuzziness value is increases. The time for convergence 
decreased from approximately 12 minutes for the crisp model to 7 minutes for the comprehensive 
case with a fuzziness of 30 % on the stress limit. 

The efficacy of using the fuzzy DSP in the early stages of project initiation: Increasing the fuzziness 
decreases the effect of an initial infeasible design on the number of iterations needed for 
convergence. This observation is of particular importance in the early stages of project initiation 
when little is known of the system and the uncertainties associated with the information are high. 
Increasing fuzziness increases the speed of convergence and is useful for negating the deleterious 
effect of an infeasible starting solution on the solution process. The fuzzy model is particularly 
appropriate when a designer is interested in obtaining a satisficing, approximate design rather than 
obtaining a design that is accurate and opdmal. 

The efficacy of using the fuzzy DSP over a range of the design time-line: In practice, uncertainties 
should decrease as one proceeds along a design time-line. The solution of the fuzzy DSP with c=0 
(i.e., no fuzziness) is within 1% of the solution obtained using the crisp formulation. This is 
indicative that the same model can be used over a wide range of the design time-line. 

The utility of the fuzzy DSP to a designer: Post-solution analysis of the uncertainty value ‘H’ for the 
constraints that are fuzzified can be used by a designer to determine which factors are of importance 
in improving the quality of the solution and thence directing his/her efforts accordingly. Fuzziness 
can be used in two ways, namely, model uncertainties and to study the effect of certain parameters 
on the solution. The latter allows a designer to pin-point a part (within a subsystem) for which it is 
important to get further information, i.e., to reduce the uncertainty. This insight should make it 
possible to direct resources towards activities that provide the "biggest bang for the bucks". 

The efficacy of using the fuzzy DSP to model hierarchical problems: Shupe et al. [5] have shown the 
efficacy of solving hierarchical problems via the compromise DSP. This observation is further 
reinforced by Krishnamachari et al. [12]. The use of the fuzzy DSP does not result in a better design 
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per se but provides a means for recombining the subsystems into a system when design is in 
progress. Further, there are strong indications that the use of the fuzzy DSP could resuhVn ^ 
increase of the efficiency of the design process. 

Future 

The portal frame test case represents much more than a structural optimization problem The same 
philosophy' can be used to model other types of projects in which different departments or groups intetS 
|? ac „ h ;' v ' ‘ h “ S 03 }- The fuzzy compromise DSP can be used to model interactions betweeSe™e?e„ 
Plough the nature of these interactions may be unclear or fuzzy. This is the case in concurrent engineering 

co^u^lr^nJEng is ** mV ' S,ig * tins the efflc * c !' of usin * lhc f ““y compromise DSP in 
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AIRFRAME STRUCTURAL OPTIMIZATION FOR MAXIMUM FATIGUE LIFE 

By 


Dr. D.P. Schrage and A.K. Sareen 
Georgia Institute of Technology 


ABSTRACT 

A methodology is outlined for optimization of airframe structures under 
dynamic constraints to maximize service life of specified fatigue-critical 
components. For practical airframe structures, this methodology describes the 
development of sensitivity analysis and computational procedures for 
constraints on the steady-state dynamic response displacements and stresses 
Strain energy consideration is used for selection of structural members for 
modification. Development of a design model and its relation to an analysis 
model, as well as ways to reduce the dimensionality of the problem via 
approximation concepts is described. This methodology is demonstrated using 
an elastic stick model for the MH-53J helicopter to show service life 
improvements of the hinge fold region. 


INTRODUCTION 

Excessive vibrations degrade the service life as well as the ride qualities 
of helicopters. Studies on vibration reduction by optimization of rotorcraft 
structures are underway at NASA Langley as a part of an ongoing 
NASA/Industry rotorcraft structural dynamics program. The objective of 
these studies is to develop practical computational procedures for structural 
optimization of airframes subject to steady-state vibration response 
constraints (Reference 1). Efforts are also underway at developing an 
integrated, multidisciplinary, optimization-based approach for rotorcraft 
design (Reference 2). One of the objectives of this NASA/Army Aerostructures 
Directorate research program is to establish a procedure to include airframe 
dynamic effects in rotorcraft system dynamic optimization. 

While analysis capability for vibratory response has been pursued for 
quite some time, the vibration reduction in existing helicopters has, for the 
most part, been achieved through add-on vibration control devices Such 
after-the-fact structural alterations imply additional weight penalty and are 
often not effective. These problems can be alleviated if the helicopter 
designers rely on analysis during design in their efforts to limit vibrations. 
This will require the development of advanced design analysis methodologies 
and attendent computational procedures which adequately take vibration 
requirements into account (Reference 3). This paper outlines an airframe 
structural design methodology aimed at airframe dynamic structural 
modification to reduce vibratory response, thereby increasing the service life 
of fatigue-critical components and producing a better vibration environment 
for crew, passengers, and equipment. 
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|) large number of design variables 

||) large number of inequality constraints 

iii) many inequality constraints are computationally 

burdensome implicit functions of the design variables. 

• u T ° ovcr ? oinc thc efficiency barrier in structural optimization problems 
with mathematical programming approaches, approximation concepts can be 
used. The basic idea is to transform the problem statement involving a large 
number of implicit functions to a sequence of a relatively small number of 
approximate problems that incorporate only the explicit functions which are 
easy to evaluate (Reference 4). The size of the problem is dictated by number 
of design variables or the number, of constraints. The number of design 
variables is reduced by linear transformation called design variable linking. 
The number of constraints is reduced by temporarily deleting constraints 
which were sufficiently feasible and not likely to become binding for 
moderate changes of the design variables. Graphically, the approximation 
concepts methodology is depicted in Figure 3. 



Figure 3. Approximation Concepts Methodology 
(Source: Reference 5) 

For the approximate model, the analysis computes the various structural 
responses, such as stresses, displacements, natural frequencies, etc. together 
with their sensitivities with respect to a specified set of design model 
parameters. These response data are fed into the optimization program to 
propose an improved design. Based on the new design, the analysis model is 
modified and a new iteration cycle starts. 

The use of the design optimization capability for practical airframe 
structures is relatively simple and the key concept in applying the 
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optimization capability is to make a “design" model in addition to the available 
"analysis” model. A design model is a representation of a design optimization 
problem statement in terms of design variables and structural responses. It is 
closely related to the corresponding analysis model. To make the best use of 
optimization capability, the user needs to have a good knowledge of the 
hardware requirements and design criteria, and then create a design model 
based either on the proposed structure or the preliminary drawings. The MH- 

53J design model for optimization is built based on the finite element analysis 
model of Figure 2. 



Figure 4. Basic Design Model Conceptual Structure 

(Source: Reference 5) 


In general, the description of a design model must contain the following 

four components in addition to the associated analysis model description 
(Reference 5): r 

i) Definition of design variables which are allowed to be modified. 

11 ) Description of relations between the analysis model variables and 
the design variables. 

iii) Description of a measure of design based on the responses 
calculated by the analyses. 

iv) Description of the design criteria based on the responses 
calculated by the analysis, in the form of inequality constraints. 

MSf/NASTo!?^* 11 *’ a thC * t”'** “ odeI description implemented in 
MSC/NASTRAN may be visualized as shown in Figure 4. The elements in the 

analysis box represent the conventional MSC/NASTRAN analysis capabilities. 

The design variables are defined as separate entities from any of the 

parameters which describe the analysis model. These variables could be 

normalized area or moment of inertias of the sections. Subsequently their 

relationships to the analysis model data is defined directly and or through the 

user supplied equations. In the Figure 4, Type-1 (or direct) responses are 

those analysis results computed directly by finite element analyses. These are 

available for printing or for being read by other modules. The objective and 

constraint functions are formed either directly from the Type-1 responses or 
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from the Type-2 responses which are defined as user-supplied equations in 
terms of the design variables and the Type-1 responses. 

The selection of appropriate design variables is one of the most 
improtant decisions in creating a design model. It is highly desirable that the 
design variables selected have an appreciable influence on the objective 
and/or the constraint functions. Another factor to keep in mind is that each 
design variable should be directly related to physical significant quantity 
such as dimension of a part, so that the designer can modify the drawing or 
the hardware based on the proposed design. The total number of design 
variables is limited only by the computational resources (i.e. memory size, 
secondary storage size, etc.). The optimization process is efficient for a 
reduced number of the design variables. The design model is under 

development at the writing of this paper, and therefore, not presented here. 


MODIFIED METHODOLOGY 

The above mentioned generalized methodology, depicted in Figure 1, was 
modified taking into account the specific efforts undertaken at NASA Langley 
Research Center in developing the DYNOPT program for tuning frequencies of 
helicopter airframe structures under dynamic displacement constraints. 
Ongoing research on helicopter optimization for vibration reduction at 
Langley Research Center has resulted in the development of computational 
procedures for optimization of practical airframe structures under dynamic 
constraints (Reference 6). As a part of these studies, sensitivity analysis 
procedures for constraints on the steady-state dynamic response displacement 
of the Bell AH-1G helicopter airframe were developed, under rotor-induced 
loads. Research work in this regard involved development of a solution 
sequence based on direct matrix abstraction program (DMAP) of 
MSC/NASTRAN to compute the sensitivity coefficients for the dynamic 
response constraints. The sensitivity results from the application of the 
solution seequence to an elastic line model of a helicopter airframe structure 
are discussed in Reference 1. 

In the research study of Reference 6, a computational procedure based 
on the nonlinear programming approach of optimization was developed which 
incorporates the dynamic response sensitivity solution sequence. The 

procedure has the capability to solve optimization problems with frequency 
and static constraints in addition to forced response (displacement only) 
constraints. Implementation of the procedure resulted in a computer code, 
designated DYNOPT, for optimization of airframe structures under dynamic 
constraints. 

The analysis block of the general methodology of Figure 1, on utilizing 
the DYNOPT program can subsequently be modified as shown in Figure 5. As 
can be noted, DYNOPT program can be modified by writing DMAP alter for 
dynamic stress constraints as well as a DMAP alter for associated sensitivity 
analysis. Furthermore, to bring in fatigue life into picture, a synthetic 
response needs to be constructed. Fatigue life will be computed for the MH-53J 
airframe components based on S-N curve methodology. Alternate fatigue life 
computation methods exist but woutd not be used for this work. 
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Figure 5 . Modified Analysis Methodology 


The selection of the regions considered for service life improvements 
are shown in Figure 6. These regions were determined from the 98 failure 
analysis reports for H-53 components and structure at Warner Robins Air 
Logistics Center (WRALC) to take advantage of the H-53 service history. The 



Figure 6. Documented failures due to low stress, high cycle fatigue, 

airframe structure (Group 200). 
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percent of breakdown by fatigue phenomenon accounted for 40% of all the 
failures (Reference 7). The structure failures noted in the failure analysis 
reports were mapped onto the H-53 structure to determine the frequency and 
location of failure as an aid to locate potential "hot-spots" (Figure 6). 


ANTICIPATED RESULTS 

Modification of DYNOPT program is underway to develop DMAP alters for 
dynamic stress constraints and associated sensitivity analysis. Once the 

fatigue life synthetic response is formuated, the sensitivities of dynamic 
stresses at prescribed "hot-spots” can be computed with respect to the design 

variables of the design model. This sensitivity data will be used by the 

optimization algorithm along with the response information for dynamic 

structural modification of the MH-53J airframe. The final results will show the 

reduction in dynamic stresses with a corresponding increase in service life at 

the "hot-spots" after a certain number of iterations. 
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INTRODUCTION 


Passenger comfort is of great Importance in most transport vehicles. For instance. In the new generation of 
regional turboprop aircraft, a low noise level Is vital to be competitive on the market. The possibilities to predict 

notee levels analytically has Improved rapidly in recent years. This will make It possible to take acoustic deskin 
criteria into account In early project stages. ^ 


The development of the ASKA FE-system to include also acoustic analysis has been carried out at Saab Aircraft 
Division and the Aeronautical Research Institute of Sweden In a Joint project New finite elements have been 
developed to model the free fluid, porous damping materials and the interaction between the fluid and structural 
degrees of freedom. The FE approach to the acoustic analysis Is best suited for lower frequencies up to a few 
hundred Hz. For accurate analysis of Interior cabin noise, large 3-D FE-models are built but also 2-D models are 

considered to be useful for parametric studies and optimization. 

, Tf, ed °° Wl8 introductlon of an acoustic design criteria In the general structural optimization 
system OPTSYS available at the Saab Aircraft DMsion.The first implementation addresses a somewhat limited 
ctess of problems. The problems solved are formulated; Minimize the structural weight by modlfylno the 

spedflWIhnte 1 ^ SlmCtUre ’ WhBe keepin ° the no<3e leve< in the cavity and other structural design criteria within 


THE OPTSYS SYSTEM 

tO0<rther ** Aeronau t , cal Research Institute, is a modular system with well defined 
n rTir: E r^ W ABAQUS ) and 00699,0f aeroelasticity. A mathematical programming 

222? C0 ° VeX approximations of the initial problem is solved, using the MMA 

method . Gradients are calculated semi-analytlcally. Design variables associated to the shape of the structure 

^element cross section properties or the material direction In the case of composite materials, can be treated 
This approach makes K possible to take several different design criteria into account simultaneously. Constraints 
!f*?*® 00 disp ^acement stress, eigenfrequency, buckling, flutter and aileron efficiency. Other 

,m P°^ ln fl r ® dten, » are; the Integration of a preprocessor to define shape variables, the treatment of discrete 

t0dealwtth substructured FE ""dels. OPTSYS has been applied to both aerospace 
" invest HJ atton °»f«t«^al weight savings in a composite wing of a fighter 
aircraft Involving more than 700 design variables, simultaneous shape and thickness optimization of a Saab 9000 

car suspens ion ar m, detailed shape optimization of the cross section of a separation system for satellites to avoid 
stress concentration. OPTSYS originates from an earty version of the OASIS system developed by Esping 4 . 
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SENSrTIVITY OF THE ACOUSTIC RESPONSE 


The FE formulation leads to a symmetric matrix equation describing the coupled fluid-structure problem . o 
avoid complex arithmetic In current prototype Implementation, the excitation Is restricted to the harmonic caseand 
no porous elements are allowed m the model. If the damping effects are neglected the dynamic response problem 

_- ^ »»»-S 


can be written as ; 


( K - oo 2 M ) u 


« F 


where oa Is the excitation frequency, F Is the load vector andu is the response vector. Vector uconteira both the 
structural response and the acoustic pressure degrees of freedom. The equation can be solved directly m the 
primary degrees of freedom or by modal synthesis. 


The derivative of the acoustic pressure p In a certain node with respect to a design variable x Is calculated, using 
the adjoint method, according to; 


i£ „ - 

3 X 




- CD 


2 9m 
3 x 




- 


where k. is the element stiffness matrix, m. Is the element mass matrix and v. is the response vector 
corresponding to a unit load applied to the degree of freedom In which the acoustic constraint is defined. The 
summation is made over an elements associated to the design variable x. 


The sound pressure level, SPL, is defined as; 


Ipl 

SPL - 20 log-=r— 

^P 0 

where p is the peak value of the acoustic pressure In a specific location in the acoustic cavity and p. Is the acoustic 

reference pressure provided by the user. The derivative of the sound pressure level Is then given by; 


3 (SPL) 
3 x 


20 log e 3 p 


3 x 


The acoustic constraint, which is a special case of dynamic response, proved to be fairly easy to l"**™^*" 
OPTSYS. The treatment Is similar to the case of displacement constraints. The character of the acoustic contra™ 
is however not as attractive to deal with as the displacement constraint. The acoustic response isnota 
^j^ous function of structural size variables, as a maximum will occur when ael^^ 
the excitation frequency. This wll lead to unconnected feasible regions In the design space which Is a major 

difficulty for an optimization algorithm. 


CAVITY WITH FLEXIBLE WALL 

The cavity FE model shown In figure 1. Is surrounded by rigid walls on five sides. The rightmost wall where the 

po!rt loads, F- 0.25N,onthsllsi(Wswslcoffs*pcndtogtoins]rt««nidund^P*d*0“j'** l |'f*''*^''^' 
•needof sound 340 nVs*. Structural properties :E -7.2 10 ”N An*, density -2700 kg/m». The noise level inside 
thecavlty was examined as a function of the thickness distribution In the flexible wan. The resulting maximum L 
In the cavity Is Btustrated In figures 2 and 4. Note the asymptotic behavior of the dynamic response when the 
elgenfrequency gets dose to the excitation frequency. 
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In the first optimization problem, see figure 2, one design variable was associated to the uniform thickness of the 
whole wall. Note that different solutions are found, depending on the starting point, due to the unconnected 
feasible regions. 

As Indicated In figure 3, a second design variable was associated to the center element. The iteration history in 
this two dimensional case Is Illustrated In figure 4. It can be noted that the constraint boundary corresponding to 
SPL -110 dB seems to be very dose to a straight fine and that there Is a small feasible region unconnected to the 
large one,which Is not reached from the starting point The final design Is In this case bounded by the a co ustic 
design criteria and the lower limit of the first design variable. 



158 







CROSS SECTION OF THE SAAB 340 AIRCRAFT 

The 2—0 FE-model, representing a cross section of the Saab 340 fuselage dose to the plane of the propeller, 
consists of one substructure for the structural part and another substructure for the cavity, see figures 5 and 7. The 
cavity substructure contains 2-0 acoustic elements and interface elements connecting the cavity model to the 
outer ftange.The excitation force was simplified to be harmonic, i.e. the phase difference around the fuselage was 
neglected. The objective function is here the weight of the Inner flange, he. the weight of the elements associated 
to design variables. The acoustic constraint Is applied to three points In the cabin corresponding to measurement 
points in flight tests. The location of the design variables (1 - 37) and the constraint points are indicated in figure 6. 
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Two sequential optimization problems were solved. Figure 8 shows the Iteration history for the objective and 
constraint functions. In phase I only Increased flange areas were allowed. After six Iterations the process 
converged without having reached the desired noise level as all variables giving a favorable contribution to the 
SPL have reached their upper IlmltThe additional 0.076 kg reduced however the noise level from 122.3 dB to 
120.5 dB. In phase II the flange areas were also allowed to decrease. The desired noise level of 119 dB was 
reached after 4 Iterations with a reduction In weight of 0.135 kg.The ASKA FE-model in figure 7 shows the final 
SPL distribution and the corresponding structural deformation for the final design. The picture looks very much the 
same tor the Initial design, the difference being that the noise level Is lower for the final design. In the final design, 
material has been added in the region controlled by design variables 2-8 and removed elsewhere, making the 
structure less symmetric. The noise level In this test example Is much higher than in the real aircraft and In a more 
realistic application of course other design criteria have to be considered as well. 
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COMMENTS ON CURRENT AND FUTURE DEVELOPMENT 

The current development Includes complex e ^^ < V ^|boitedto hw^gewSielastlc damping elements, 
to be able to deal with tuned dampers, heavy pieces °f .. ^ ^ design variables can than 

during optimization. A new finite of th^damper and to decide where to attach 

r„« 

distribution of damping material. 
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ABSTRACT 

This paper presents the fuzzy dynamical reliability and failure probability, as 
well as the basic principles and the analytical method of loss assessment for 
nonlinear seismic steel structures. Also presented is the optimization formulation 
and a numerical example for double objectives (initial construction cost and 
expected failure loss) and dynamical reliability constraints. The earthquake ground 
motion is based on a stationary filtered non-white noise and the fuzzy damage grade 
is described by damage index. 


INTRODUCTION 

A reasonable structural design should achieve both serviceability and economic 
objectives; optimum structural design is one of the means to achieve the 
objectives. Traditionally, structural optimum design is to minimize the initial 
construction cost under the constraints of structural safety. But, the optimum 
design of aseismic structures is not only to minimize the initial construction cost 
but also the failure loss of the structure damaged by earthquakes. For this purpose 
an optimization formulation of aseismic structures was presented in Ref. 3, based on 
the double objectives (initial construction cost and expected failure loss) and 
reliability constraints. 

Since a structure under strong earthquakes will undergo inelastic deformation 
and dissipates hysteretic energy, earthquake ground motion is a random process, and 
the safety criterion of structure has some fuzziness, all these properties should be 
considered in the optimum design of aseismic structures and are therefore discussed 

in this paper. 


STRUCTURAL MODEL AND MOTION EQUATION 

For a SDOF steel structure shown in Fig. 1, the motion equation can be expressed 
as 


mX + c X + f (X,X) = -mA(t) 
o s 


u) 


in which the earthquake ground motion is simulated as a Gauss stationary filtered 
non-white noise with zero mean and power spectrum 


s »<“> 
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Wh ?r i g respectivel Y the damping ratio and predominant frequency of site 

soil, u> h 8 it fad/s is a parameter of bedrock spectrum, and S is the spectral 

factor corresponding to seismic intensity degree, f (X,X) is the restoring force 
of a structure and can be expressed by a bilinear model shown in Fig. 2, in^hich k 
is the primary elastic stiffness, o is the second stiffness coefficient and f is 

the yielding shear force. They are respectively obtained by the elastic and plastic 
analysis of structure as piastic 


k = 

* H 3 


f = 
y 


for the section shown in Fig. 3, 


k y* ,j 'hfi 


—) —— 
<P ' ip z 
s s y 


in which E - elastic modulus; I = moment of inertia of the cross section; and u> = 

M /M is the shape factor, M (o Z ) and M (o Z ) are respectively €he Y yieldin| and 
plastic moments; o is the £iel8iXg stresl; $ P and Z are respectively the elastic 
and plastic section moduli. The symbols H, h aXd 6 are given in Figs. 1 and 3. 

RANDOM DEFORMATION AND HYSTERETIC ENERGY DISSIPATION 

By means of the stochastic linearization technique, Eq. (1) can be written as 
following equivalent linear equation. 


mX + c e X + k e X = -mA(t) (5) 

in which c g and k g are respectively equivalent linear damping and stiffness, and c 

C o C ef ‘ Y the ener 9Y balance technique of equivalent linearization and® 

by assuming the displacement response X<t) with random amplitude r, c , and k can 
be respectively obtained by (6) ef e 

C ef = S Z =ef (r)p(r)dr ' k e = ~ 0 V r)p(r)dr 


in which 


4-(l-a)(r-x )x 


C ef (r) 1 ^V 2 


(r > x ) 
Y 

(r < x ) 

- y' 


kI^cos _1 (l- -X) + a - 211^*1 {r -2 X )£77- 


y>A {r - X Y )] 


k e (r) = 


p (r) = -f- exp (- Ijt) 


(r > x ) 
Y 


(r < x ) 
- Y 


where x is the yielding displacement of structure, u> = o./o , o J and o? are the 
stationary variances of the displacement and velocity e responses. *By introducing the 

state vector Z = [X, u, X, u, u>], the covariance matrix T = [Z(t)Z T (t)l can be 
obtained by the following algebraic matrix equation 
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at + rA T = B 


in which 
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where 0 and 6 are respectively 4th order matrix and vector. 
4 4 

The correlation function matrix R(t) can be obtained by 
R(t) = r$ T (T) 


(ID 


ip ITlciLJ? 

in which V(r) is the transfer matrix of state vector Z(t). Let = 0<t<T XU) be 

the structure’s maximum displacement, in which T is the duration of earthquake, the 

mean and variance of X can be respectively obtained by 

m 


E * x m ] ~ ( y^V V o T) + /2i (v T) )0 X 

/ n o 


IT 


a) 

7 e 

0 , V = —. 


X 1251 (v T) x' o IT 
m n o 

Let e(t) be the hysteretic energy dissipated of a structure during the 
earthquake, its mean and variance can be respectively obtained by 

E[e(T)J = c ef o* T 

V(e(T)] = 4c’ f /J(T-x)R?(T)dT 

in which R?(t) is the correlation function of the velocity response X(t). 
x 

DYNAMICAL RELIABILITY BASED ON FUZZY GRADED DAMAGES 


( 12 ) 


(13) 


(14) 

(15) 


Damage Index - Taking the influence of both the deformation and the hysteretic 
energy dissipated on the damage of a structure, a damage index of the hysteretic 
steel structure can be defined as 


D 

c 


X 


(3)1* . ,£111,IS 

x e 

u u 


(16) 


in which X and e(T) are respectively the maximum displacement and hysteretic energy 
dissipated m of a structure during the earthquake, x and e are respectively the 
ultimate displacement and ultimate hysteretic energy dissipated of a structure, 3>1, 
a factor determined by experiments. 
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Using plastic analysis and considering the buckling of column, we can obtain the 
ultimate displacement as follows: 


/ V k 

*“ " \ \ * - f y )/ak 


(f < f ) 
u - y 

(f > f ) 
u y 


(17) 


in which f = 4M /H, M is the ultimate moment which is given in Eq. 18 with the 
axial force effect, 

f M (0 < N < 0.15N ) 

/ D ~ I 


M u V 1.18(1 - *}-)M 

Y 


(0.1SN < N < N ) 

y - y 


(18) 


where N .is the axial load, N - o^A, A is the cross-sectional area. 

By using the low cycle fatigue experimental results of steel structures (5), the 
ultimate hysteretic energy dissipation can be expressed as 


e u = 2(l-a)Ely]f x y (2N f ) 


(19) 


in which E[y] is the plastic ductility and is the number of full cycles, they are 
respectively obtained by 


Ely] = 


E|X ] - X, 


2B . 1/"-* 
f y 


( 20 ) 


( 21 ) 


i. P 

where u is tHe ultimate plastic ductility, i.e. 


P u = 


x - x 
u 


( 22 ) 


Fuzzy Damage Grades - The damage of a structure under earthquake is often 
divided into the following five fuzzy grades: 

[B x , B 2 , Bj, B„, B s ] = [Slight, Minor, Moderate, Severe, Collapsed] 


(23) 


Obviously, all these grades possess strong fuzziness in their definition. If the 
damage index D is taken to express above grades, then (i = 1, 2, ..., 5) should 

be a fuzzy subset on the value region of D c and has the membership function as shown 
in Fig. 4. 

Let B? represent the fuzzy state region in which B^ or more severe damage will 

not occur for the structure, its membership curve should have the form as shown in 
Fig. 5 and may be expressed by 

V (d) -{ 5 11 - sin '3Pv7 ‘ i” 1 <d i- 1<d - di> U4) 


(24) 


(d > d.) 

J. 


in which d. (i = 1, 2, ..., 5) are the parameters of fuzzy damage grades and their 
values are shown in Table 1.(2) 
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Dynamical Reliability and Failure Probability - Based on the fuzzy graded damage 
and fuzzy safe region shown in Table 1, the dynamical reliability that the structure 
will not suffer B. or more severe damage can be obtained by 

d. 

P (BV) = / 1 f n (d)y (d)dd ( 25 > 

s - 1 O U D 7 


in which f (d) is the probability density function of the damage index D c and 
assumed as the extreme value distribution I, i.e. 


f_ (d) = -exp[- —^ 
D a 

c 


] exp [-exp( 


. 


)] 


(26) 


in which 


a = o /I.2826, P = <D > - 0.5772a 
D c 

C 


(27) 


where <D > and are respectively the mean and variance of and approximately 
c D 

obtained as 

EIX_] 

■> p + 

£ 


<D > = (— 
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+ ( E[e(T)] ) P 
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Obviously, the failure probability that the structure will suffer B^ or more severe 
damage is 


P f (B*) = i - P s (Br) 


(30) 


Then, the failure probability the structure will suffer only B^ graded damage is 
P f (B7) = P f (f*> - (B* +1 ) 

in which i= 1, 2, ..., 5, and P^(B») = 0 


LOSS ASSESSMENT 

Basic Principles of Loss Assessment ~ According to the definition of damage 
grades, we can put forward some basic principles to the loss assessment of 
structures. 

The loss to the slight or minor damage includes only structural repair cost. 

The loss to the moderate damage includes structural repair and replacement cost. 

The loss to the severe damage includes additional replacement cost; the loss 
also includes property damage but excludes the loss of expensive equipments. 

However, the liability less due to minor or serious injuries of the people and loss 
due to business interruption are included. 
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The loss to the collapsed damage includes additional replacement cost, the loss 
of all equipment, liabilities due to death or serious injuries of the people and 
loss due to business interruption. 


According to the economic condition in China, all losses mentioned above are 
estimated based on the following assumption i The losses of structural repair 
corresponding to the slight and minor damage are respectively assumed to be 15% and 
35% of the initial construction cost. The loss of structural repair and replacement 
corresponding to the moderate damage is assumed as 85% of the initial construction 
cost. The additional replacement cost is about twice the initial construction cost. 
The loss due to property damage, excluding the loss of expensive equipment, is taken 
as 25% of all equipment cost. Loss due to death is calculated based on an average 
death age of 30 and is the sum of the person's salary until he reaches the 
retirement age of 60 years. Thus, this loss is 30 times the average annual net 
income (approximately 2,000 Chinese Yuns). The loss due to serious injury is 
assumed to be 30,000 Yuns per person. The loss due to minor injury is 2,000 Yuns 
per person. Business interruption is estimated as the net income of structural 
service during a reconstruction period. The loss due to legal service may be 
assumed to be 15% of the total failure loss. 


Based on the principles mentioned above, let L^(B^) be the loss corresponding to 


the damage 

L f(B!) 

T- f (B 4 ) 

L f (B 5 ) 


grade B^ (i = 1 , 2 , ..., 5 ), we have 
= 0.15 C , L f (B 2 ) = 0.35 C I , L f (B 3 ) = 0.85 ^ 

= 1.15 (2C * °-25C e + 2000N m + 30000 N g4 + R p C g ) 
= 1.15 (2C + C e + 30000 N s5 + 60000N d + R p C g ) 



(32) 


in which C is the initial construction cost, C is the cost of all equipment, C g is 
the net income of structural service per year, R is the reconstruction period 
(years) of the structure, N and N, are respectively the number of minor injury and 
death of people, N and N ™ are the number of serious injury people respectively 
corresponding to tfie damage grades B 4 and B$. According to the statistical results 

of the injury and death of people due to earthquake in China, we approximately take 


N = 0.05 N , N, = 0.15 

m p d 

N A - 0.02 N , N c = 0.35 
s4 p s5 

in which N is the mean number 

P 



of the people in the building. 


(33) 


Expected failure loss - By using the results of failure probability p f (? i ) and 
estimated loss L f (B.) (i = 1, 2, .... 5), we can obtain the expected failure loss of 


the structure 



5 

l L f (B i )P f (B i ) 
i=l 


OPTIMIZATION FORMULATION 


(34) 


By taking the sum of initial construction cost and expected failure loss as the 
objective function of structural design and considering the reliability constraints 
of structure, the optimum design of structure can be formulated as (3) 


167 


(35) 

in which I is the cross sectional moment of inertia, is the initial construction 

cost, is the expected failure loss, P (B*) is the reliability that the structure 
r s — 1 

will not suffer B. or more severe damage, P*. is the lowest allowable reliability, 

-l si 

and the index i in the constraint equation that signifies the relationship with the 
allowable damage extent of the structure under earthquake. 

NUMERICAL EXAMPLE 


Find 


Min 

S.t. 


C = C + C- 
T I f 


P (B*) > P* 
s -l - s 


si J 


The SDOF steel structure shown in Fig. 1 is designed based on the following 
seismic input: earthquake with intensity degree of 8 , S q = 63.98 cm 2 /s 3 , T = 7.0 s, 
C =0.72, and u =20.94 rad/s. Using structural properties given in Table 2, and 
tSe column's crols-section shown in Fig. 3, the cross sectional area, elastic and 
plastic section moduli have the following relationships: 


= 0.8I 0 ' 5 , 


Z = 0.78 I 0 ' 75 , 

y 


z 

p 


0.75 


For the structural losses assumed in Table 3, and the initial construction cost 
is taken as 


C T = 1000 C 

i g 

in which C is the cost of structural steel, then, based on the optimization 
formulatiori in Eq. 35 and by taking p = 1.0, i = 4, P* 4 = 0.9950, we can obtain the 
relationship curve between the objective function and the cross sectional moment 
of inertia I, which is shown in Fig. 6. The numerical results are given in Table 4. 
The optimum design results are I* = 8400 cm 4 and C* = 428300 Yuns. 

CONCLUSION 


This paper presents the fuzzy damage grades described by the damage index. It 
also presents the basic principles for the structural loss assessment corresponding 
to the grades based on the economical condition in China, for which the loss 
functions to the damage grades are given. An optimization formulation and a 
numerical example of the nonlinear aseismic steel structure are shown on the basis 
of double objectives (initial construction cost and expected failure loss) and 
dynamical reliability constraints. 
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TABLE 1. PARAMETERS OF FUZZY DAMAGE GRADES 


d l 

d 2 

d 3 

d 4 

d 5 

0.10 

0.25 

0.45 

0.65 

0.90 


TABLE 2. PARAMETERS OF STRUCTURE 


HI 

KSH 

wm'wam 
1 R 

■EM 

mi 

65 

100 

400 

2 x10* 

2400 


TABLE 3. PARAMETERS OF LOSS ASSESSMENT 


C 

0 

(million Yun) 

C 

(million Yun) 


RHBISSm 




0.10 

0.20 

i 

50 

20 

350 

150 


TABLE 4. RELATIONSHIP BETWEEN THE SECTION AND THE COST 


-1 

Section I 

8000 

8200 

8400 

8600 

8800 

9000 

Cost 

(cm 4 ) 

(cm 4 ) 

(cm 4 ) 

(cm 4 ) 

(cm 4 )_ 

(cm 4 )_ 


0.2824 

0.2859 

0.2894 

0.2928 

0.2962 

0.2995 

(million Yun) 







(million Yun) 

0.1465 

0.1426 

0.1389 

0.1358 

0.1328 

0.1302 


0.4289 

0.4285 

0.4283 

0.4286 

0.4290 

0.4297 

(million Yun) 
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Fig. 1. Structural model Fig. 2. Restoring force model Fig. 3. Cross section 
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ABSTRACT’ 

This paper first presents a brief review on the application of optimization 
and active control of seismic structures along with some of the author's recent 
work. It then assesses the practicality and future development of seismic 
structural op timi zation, and some practical problems associated with active 
control. 


REVIEW OF SOME APPLICATIONS 

Since the author has reviewed the subject in 1983 (6) and 1985 (12), this 

article is intended to highlight some recent results and includes only pertinent 
publications after the year 1980. Generally, the literature review can be 
divided into the following categories: 1) nature of structures, such as 
frameworks, buildings, and bridges; 2) construction materials, such as steel, 
reinforced concrete, and mixed steel and concrete; 3) objective functions of 
minimum weight or cost; 4) optimization methods; 5) deterministic or 

nondeterministic in response and resistance; and 6) optimum control. 
Apparently, the above categories are quite nebulous and they overlap, and 
optimum control could be in an independent category. 

Most structures that are optimized are frameworks (1, 2, 4, 5, 11, 13), only 
a few are building systems (8, 10, 38), and bridges (42). Major research work 
is for steel structures, a few are for reinforced concrete (1, 2, 21, 26), and 

very few are for mixed steel and reinforced concrete construction (3, 45). 
References 9, 15, 25 are based on minimum cost; the others are based on minimum 
weight or other types of objective functions. Most of the results were obtained 
by using conventional mathematical programming. A few were based on analytical 
procedures and iteration schemes. However, References 4, 7, 14, 16, 22, 40 were 
based on the modern optimization techniques currently in vogue. Other notable 

works related to optimization are: based-isolation (28, 30, 31), friction-joint 
(36), mode- and active-control (19, 20, 34, 35, 41, 43, 44), and fuzzy 

applications. (27, 29) 

This presentation is summarized in the following classifications as 1) 
deterministic structures, 2) nondeterministic structures, 3) active control, and 
4) structural optimization with active control. 

Deterministic structures - A number of publications are dealing with deter¬ 
ministic systems for mathematical models or parameter investigations, or both. 
Refs. 9, 13, 38 are not only the mathematical developments, but also have 

associated computer programs for both parameter studies and practical structural 
design of 2-D and 3-D structural systems. The 2-D structures are formulated on 
the basis of the displacement method and the consistent mass model with the 
second-order P-A effect. The structural systems are trusses, and unbraced and 
braced frames of single-, double-, k-, and eccentric-bracings. The dynamic 
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forces may be 1) seismic excitations at the base with either one horizontal or 
one horizontal and one vertical earthquake motion, and 2) dynamic forces or wind 
forces at the structural nodes. The earthquake motions include 1) the actual 
earthquake records, 2) various response spectra, 3) building code provisions in 
the U.S. and abroad with and without soil-structure interaction. The structural 
members are either built-up sections or hot-rolled wide flange sections. The 
objective functions can be the minimum weight or minimum cost of a structural 
system. For 3-D structures, the structural elements are steel and reinforced 
concrete members. Seismic input includes response spectra and code provisions. 
The response spectra are developed for multicomponent excitations. The 
provisions include the equivalent lateral force technique and the modal analysis 
procedure. For both 2-D and 3-D structural optimization, various static loading 
conditions are included. 

Nondeterministic structures - Several references (7, 15, 18, 26, 33, 41, 42) 
are related to nondeterministic structures. UMR's work was emphasized on the 
optimality criteria developments, formulation of structural response and 
resistance, and parameter studies (7, 15, 24). Three types of seismic loading 
models were employed in the study: UBC codified forces, Newmark's 

nondeterministic seismic response spectra for both horizontal and vertical 
ground motions, and Gaussian random process with a constant or varied seismic 
spectra. Four live loading models were also used in the study: ANSI (American 
National Standard Institute), NBS (National Bureau of Standards), UK (United 
Kingdom), and UNREDUCED (actual) models. 

The cost objective function has initial construction cost (C ,), future 
failure cost (iL), and system probability of failure (Pom). The total cost is 
expressed as 


Cp = Cj + (1) 

for which the reliability is based on normal and lognormal distribution with two 
different 1st and 2nd variance approaches. 

Active control - Notable review on active control has been reported by Soong 
(39) from which one may find various theoretical and experimental studies of the 
control system. UMR's work has dealt with the issue of whether the placement of 
actuators at certain location of a structure more advantageous than for those at 
other location (37). The term optimal actuators placement reflects upon the 
reduction of the structure’s response while using the minimum control effort. 
The UMR studies include the minimization of a control energy performance index; 
minimization of response performance index; and maximizing a controllability 
performance index. The three methods are compared and simulation studies are 
carried out using various earthquake records. The results are useful and 

practical. 

UMR's studies also dealt with another issue; that is in application of 
structural control, it may be necessary to limit not only the magnitude of the 
control force, but also the control force time-rate at which we demand the 
control force to be supplied (20, 25). This is especially important when large 
magnitudes of control forces are required. Two optimal control algorithms were 
developed. The first algorithm is an extension of the traditional quadratic 
performance index to include a control derivative term. The second algorithm, 
in addition to introducing a control derivative term in the quadratic 
performance index, imposes a constraint on the upper bound of the control rate. 
The results show that the control rate can be prespecified and practically 
necessary. 
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Structural op timi za tion with active control - Structural optimization allows 
one to design and construct a structure to satisfy an economical and serviceable 
objective. The application of active control is used as additional redundancy 
to minimize the deformation of structure for safety and serviceability; the 


structure itself, however, is designed based on conventional trial and error 
procedures but not the optimum. It is therefore UMR's work has combined 
structural optimization with control (20, 23). The advantages of the combination 
approach are that it can have all the strong points of both structural 
optimization and optimal control. The studies dealt with the optimal design of 
building structures equipped with active control systems of mass damper, tendon, 
and a combination of both. The structural optimization is formulated as a 
constrained minimization problem for which the design variables are the floor 
stiffnesses of the building and certain control parameters. The constraints 
include floor drifts, floor displacements, control forces, and natural 
frequencies. A control energy performance index is also minimized to find 
optimal weighting matrices that yield the least op timal control forces 


satisfying the constraints. 


♦ 


CONCLUDING REMARKS ON ASSESSMENT OF PRACTICALITY AND PROBLEMS 


Structural optimization is a scientific approach which is remarkably 
different from the conventional design that is based on trial and error 
procedures. Structural optimization has been in practical use in many 
engineering disciplines. For seismic structures, a great deal of research 
results and a few large capacity computer programs are available for practical 
use in engineering practice. However, much more research work is still needed 
in developing more efficient algorithms for multiple objective functions and 
multiple damage levels associated with low-, median-, and severe earthquakes for 
both deterministic and nondeterministic systems. 


Although the application of active control in civil engineering has been 
investigated in the past two decades and the recent research results show that 
the system is very promising in preventing structural damages, the practical use 
of the control in real engineering construction has some problems which are 
worthwhile to be noted. They are 1) back-up energy supplies to ensure the 

control system remains to be operational during the earthquakes; 2) discrepancy 
between the mathematical structural model and the actual structures such as how 
to include structural members' inelastic behavior or failure into the feedback 
system; 3) the effect of multicomponent seismic input on structural response 
because the earthquake motion has six components of three linear, one torsional, 
and two rocking motions; and 4) the effect of soil-structure interaction. Some 
of the aforementioned problems are currently being studied by various 
researchers, including the author. A great deal of research efforts must be 
carried through national and international cooperation in algorithm 

developments, laboratory tests, and full scale verifications before the system 
can be practically implemented in engineering practice. 
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Abstract 

The JPL Control/Structure Interaction Program is developing new analytical methods for designing micro-precision 
spacecraft with controlled structures. One of these, the Conceptual Design Tool, will illustrate innovative new 
approaches to the integration of multi-disciplinary analysis and design methods. The Tool will be used to demonstrate 
homogeneity of presentation, uniform data representation across analytical methods and integrated systems modeling. 
The Tool differs from current "integrated systems" that support design teams most notably in its support for the new CSI 
multi-disciplinary engineer. 

The Design Tool will utilize a 3-dimensional solid model of the spacecraft-under-design as the central data organi¬ 
zation metaphor. Various analytical methods, such as finite element structural analysis, control system analysis and 
mechanical configuration layout, will store and retrieve data from a hierarchical, object oriented data structure that sup¬ 
ports assemblies of components with associated data and algorithms. In addition to managing numerical model data, the 
Tool will assist the designer in organizing, stating and tracking system requirements. 

The Design Team 

A team oriented model underlies the CSI design process and a brief description will be presented by way of intro¬ 
duction to provide a working model of the Tool's "user community." The principal objective of the design team is to 
find a design that solves a given problem in some optimal sense. Before candidate designs can be generated, the prob¬ 
lem to be solved must be determined and all appropriate constraints identified. The design space, or those solutions that 
might be considered, must be searched and the performance of feasible designs evaluated. The team may find it has 
been given several problems to solve or that certain aspects are vague and ill-defined. 

Project leadership is frequently split between a program manager and a technical manager, where the technical 
manager leadsg the design team with the help of a systems engineer. The team works on behalf of stakeholders such as 
sponsors and benefactors. The problem statement comes, in some form or other, from the stakeholders. The team ana¬ 
lyses possibilities, presents alternatives with descriptive data to a "decision maker", and returns to work with the decision 
and additional data to refine the solution. 

The life cycle of a system spans stages such as design, production, operations/maintenance, modification and retire¬ 
ment While the analytical elements of the design environment could well be used in the investigation of anomolies dur¬ 
ing the operations phase and certain design features could be used in the modification of a mature system, the present 
discussion is aimed at the initial design phase. Here, the clean-slate nature of the early design efforts probably requires 
significandy different designer support functions than the modification and maintenance phases where the system 
configuration is tightly constrained and the history of the system provides considerable inertia to change. 

Even within the design phase, various requirements can be identified. During conceptual design, the team will 
have only a few members and possibly be just a single system designer. The objective is to capture the intentions of the 
end user, turn these into requirements and generate one or more candidate designs. Use of analytical methods is minimal 
since the configuration and component parameters may be poorly known and the design process support might be mosdy 
visual presentation of the configurations. Simple representative models and compilations of broad design rules might be 
used to quantify performance. At the end of this phase of design, reasonable candidates have been identified and major 
advantages and shortcomings of each described. User requirements have been negotiated with anticipation of "what is 
possible" having been traded against "what is necessary." 

In the next stage which culminates in a review of the preliminary design, the configuration of the leading candi¬ 
dates are optimized and the uncertainties associated with critical elements are evaluated in some depth. More analysis is 
possible as full featured system level models can be built and quantitative preformance measures can be evaluated. By 
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the end of this phase a single candidate system has been identified and analyzed with little nsk remaining in most 
requirement versus performance areas. The system design team has grown significantly to as many as ten members and 
representatives of the major subsystem elements have received their initial requirements. 

In the remaining period prior to full scale production, detailed analyses of subsystems and components are per- 
fon«i » e.S” remaining risk etaem. and to peep*, fabrication and trembly deads. Snai d* 
configuration is quite stable, high fidelity modeling can be employed to evaluate the eaact consequences of subsystem 
interactions and to prepare guidelines for system level testing. 

Advances in the development of design environments for the prelimary design phase will come primarily in the 
integration of individual technology analyses to support system level analysis and allow efficient Bade studies at the sys- 
temkvel State of the art discipline methods are generally not required and model interfacing, data passing, andtnfw- 

, t,pv i«ues SuDDort for the multi-disciplinary design team members requires formulation of 

ZSyTpirS^ in a ^,7n.bology. oLSgy and analytical pnsanofion.,is no. unfil 

STS2S3 anX* and verification stages that in-depth analysis by technical specials ut.ll be tequued. 

On the other hand, considerable development of new technologies is required to support the design t«am during 
concept L°gn R^pid preparation of realistic depictions of the system are required to support co^guraoon layout 
and evaluation knowledgebases containing as yet unidentified design rules must be integrated and made available as a 
consultation service on request or an oversight function with notification on exception. Surrogate subsystem models must 
be catalogued and available for trial and evaluation. The data manager must maintain several candidate system concepts 
comoletekith models, analysis results, and notes. History and audit trails will eventually be required Finally, a smooth 
transition to the preliminary design phase must be supported by translation and extrapolation of models, selection of can¬ 
didates to be carried forward, and selective improvement in model fidelity and system detail. 

Additional development is required in the area of requirements capturing, quantification and tracking. The design 
team must interpret user needs and generate a data base of system requirements and derived requirements. These must 
be available later for comparison to analytically predicted system performance and for reconciliation of discrepancies. 
Traceability is very important and some capability beyond simple text documents must be provided. 

The Nature of Problem Solving and Synthesis 

The construction and application of models can serve two different purposes and the design tool should support 
both [1] The traditional use of models is to analyze the performance of a system, typically for the purpose of making a 
decision about its adequacy or acceptibility. The design tool must at least accomplish this, but with a new capability to 

S, a team coamat Tha ua.ft.lnms of a given model or analytical .noteI depend on 

its accuracy versus its cost. More to the point, in a system design context, the merit of a tool lies in tire ability of th 
team to control the accuracy versus cost trade in order to invest in increased accuracy when required and to avoid 
unnecessary charges when more approximate results are appropriate. 

The second purpose of modeling is to achieve an improved understanding of complex systems as might be required 
early in the design process when subsystems are being synthesized into system concepts. The tool must provide a more 
exploratoty and Investigative style «hm interaction and quick response are impmrnt. In. dm 

might beknown about the system and the designer may be working more to establish a well posed problem. The Pur¬ 
pose of the model lies in the act of its construction^ and exploration and in the resultant, improved intuition about the 

system’s behavior, essential aspects, and sensitivities."[1] 

A general tool must support various world views and approaches to problem solving. No single model of syn¬ 
thesis methods employed by ^signers exists and several different approaches can be discerned with little trouble While 
a completely general enviomment might be desirable, it is probably unpractical. Consider the fundamental differences 
between declarative languages such as Prolog and procedural languages such as Fortran Therefore, an undottnding o 
the major elements in approaches to design can indicate which functions should be implemented and made available for 

trial and proof testing. 

An Analysis of Design Tasks 

The activities accomplished by a designer span a broad range in terms of level of abstraction and technical 
knowledge By understanding the tasks, attitudes and activities of the designer, the feature set of the design tool might 
be chosen to include a rich set of supporting functions. It remains to be seen how automation will change the way 
designers work and what changes this will bring to the evolution of such design tools. 
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Tasks can be described by the level of abstraction required to comprehend the breadth of the task and the under¬ 
standing of the actions involved. [2] For example, the first three levels represent work that involves relatively concrete 
types of thinking. "Perceptual-motor concrete" is a mode of work that involves direct perceptual contact with the physical 
output. The second level, imaginal concrete," requires the use of imagination in constructing a project, but deals with 
projects for which the final output can be visualized in concrete terms. The third level is "imaginal scanning" which 
involves tasks where it is impossible to comprehend an entire area of responsibility at once, although the whole can still 
be mentally scanned, one piece at a time. 

There is a significant change in the level of abstraction between levels three and four since there is a change from 
die concrete to the abstract mode of thought and work. "At level four, neither the output nor the project can be foreseen 
in concrete terms, even by imaginal scanning. The project cannot be completely constructed. It remains a combination 
of a conscience subjective picture, incomplete in itself, whose specific total form and content are unconsciously intui¬ 
tively sensed but cannot quite be consciously grasped." [2] The fifth level is based upon the intuitive theories the indivi¬ 
dual has developed from his experience. It seems that the art supplied by senior spacecraft designers involves operations 
at these higher levels. 

Six activities can be identified within die design task that might be impacted by the design tool. Many of these 
tasks are currendy accomplished mentally, particularly in the earlier design phases, and cannot be easily shared or 

transferred. A goal of this tool development is to facilitate both the shared construction of the design and the depiction 
of the design so that it might be transferred. F 

Table 1. Complexity of Design Activities 


Activity _ 

Requirements Analysis 

Configuration Synthesis 

Model Building 

Analysis 

Decision Making 
Reporting 


Level of Abstraction 
low 

imaginal concrete 
intuitive 

imaginal scanning 

concrete 

imaginal 

imaginal scanning 
concrete 
highest intuitive 

moderate 

high 


Task Examples 

data gathering and fact finding 
synthesis of requirements 
choosing among alternatives 
assembly of system configuration 
preparation of model data 
planning analyses 
assimilating system performance 
executing analysis programs 
choosing "best" alternatives 
preparing advocacy strategies 
building documentation 
responding to cridcism 


An alternative view considers the preferences people have for assimilating data and making decisions. For exam¬ 
ple, approximately 75% of the general population prefer to study data in quantity before identifying structure and draw- 
mg conclusions or making predicdotis.[3] Such people collect data and view the problem from many sides before finding 

structu^ s j ructure “ d na ^ re ° f the underlying phenomina. Others generalize more readily, hypothesizing 
structure and looking for large scale trends. Further data is then collected to see if they support the generalizations. 8 

.■ *“*“*!) large amo “ nts °f data exists to describe these and other psychological preferences in the general popula- 

JJJJl, has been . collected on the special subset made of spacecraft designers and design team members. To the 
contrary, it is easy to find examples of the diverse qualities and habits exhibited in the aerospace design community. 

... £ few ,. general requirements might be proposed based upon these considerations. Beyond support for interactive 
S«' d,SC If ^ analys,s ’ va ™ us forms of ^ handling, analysis and viewing will be needed. For example, data col- 

JSnlL Sy *‘ ems W ‘ U be needed t0 s«PP<« those who find structure in data. Testing of ideas and possibilities 

wiU be required for those who generalize and then verify against the data. Various levels of data aggregation will be 

spacecraft^success °" S m ° VC ff ° m ^ COnCrcte of element md component analysis to the general questions of overall 
The Design Tool 

rnnic A ™ ew C j entral ! heme3 r embedded in the implementation of the Design Tool that differentiate it from existing 
tools. These he in the unified formulation of the analytical methods and the structure of the computer program itself 
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The following sections describe the visual presentation of the tool, management of internal data, information analysis 
features, and the modeling methods for structural dynamics, controls, optics, and thermal analysis. 

Visual Presentation 

The multi-faceted nature of system design and the "fire fighting" character of system level trade studies suggest the 
design team can best be supported by environments that provide multiple, parallel access paths to the design tool ele 
meni. For example, model building and analysis should be supported with simultaneous access to a documentation and 
note taking facility. Workstation computer systems with windowed presentation managers provide this capa • > y y 
allowing the user to activate any tool method in a window and directing his attention or focus to the needed window. 
Th e manipulation of the data base by the underlying tools must be coordinated in a consistent, non-disniptive manner. 

A principal tenet of the present effort is that a realistic depiction of the system be available at all times. A J-D 
solids model of the system is to be shown in a window which has controls for rotating and otherwise manipulating the 
nrec^ntation Results of analysis, trades and configuration changes are to be fed back visually through interactive altera¬ 
tion of the solid model. Selection of components, element groups, and system features should be available by pointing 
into the 3-D display and the selections made available as inputs to other tools in the environment. 

Analytical Methods 

Traditional discipline methods for modeling and analysis can readily be employed in system designi if care ms; taken 
to cast them into a common framework so that efficient integration can be accomplished. In general, system level ana- 
£ses dd not require in-depth analysis or non-linear methods and models are frequently large collections of simple ele- 
ments. This necessitates efficient data storage and careful attention to implementation of numerical algorithms but such 
developments have largely been made within each discipline. 

Spacecraft design requires several analytical methods, most notably structural dynamics and controls, prtarn 
spacecraft require other methods in addition, such as optics for space interferometers or large space telescopes. A com¬ 
mon formulation and notation is required to simplify usage by the multi-disciplinaty design team and is readily achiev¬ 
able for most constituent methods. The following briefly summarizes several examples. 

Structural dynamics are well captured by finite element methods and most spacecraft systems require only simple 
3-D truss and frame analysis. The geometry is defined by nodes which are points in 3-space that might have U P 
imsbtion md Aree rotational degrees of freedom. The structural members are described by connectivity lists of node 
and a property list containing parameters such as thickness and material properties. The structural dynamics equations 
can be stated simply in terms of the system matrices and nodal degrees of freedom as follows. 

[M]* {d} + [£>]*{<*} + [ K]*{d} = {F} 

The vector of forces, {F}, might include external forces acting on the system such as disturbances, vibrations of on- 
board equipment, gravity, and forces caused by a control system. 

Most methods for the modeling of controlled structures are based upon a description of the system to be controlled 
(known as the plant) which utilizes first order ordinary differential equations. The degrees of freedom of the plant are 
collected in a state vector, {x}, and the forces provided by the controller are in (u} so that 

{x} = [A )* (x} + [«]*{«} 

In certain situations, the states themselves may be directly measured, but as is common in controlled structures, the 
sensed variables {y} are not the states but are related to the states by 

The control law will be implemented in a controller that coexists with the structure, taking measurements {y } and 
computing commands {u}. Typical linear control laws compute controller commands based upon constant gains via 

= {y} 

When the plant is modeled by finite elements, the structural dynamic equations can be cast into the first order form 
used in control analysis by identifying the structural displacements and velocities as the states of the plant ' 

modal model reduction has been applied, the states are the modal amplitudes and velocities. Let {x} - [d d] . Then 

the structural dynamics equations become 
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With the application of the Linear control law, the closed loop equations become 
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Other observations that describe the system performance might be constructed from the states by 

{*} = 

TTiese might include optical beam positions, motions of minor attachment points, or even the spacecraft line of sight 
Optical elements can be used to describe the transfer of light paths through the spacecraft and the image perturbations 
that result from spacecraft dynamic excitation. ** 

Optical elements are described by the coordinates of the intersection point of die nominal ray and a list of optical 

parameters such as principal axis direction, focal length and eccentricity. The input ray describes the deviations in terms 

of an input offset d„ an input orientation «\ and a path length differential dL,. The departing ray is described by the 

offset d direction r, and path length differential dL„. With these degrees of freedom, the element transformation 
matrix [t € ] is 


r ’ 

do 


di 

r 

dL, 

* d 

•= frj* ‘ 

i 

dLi 

t 4 


[*,] = 


dd 9 

dd 9 

ddi 

di 

dr 

dr_ 

ddi 

di 

ddL 

ddL 

ddi 

di 


0 
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The components of this transformation matrix are based upon the physics of beam reflection from a general reflective 

surface. [4] In general, all degrees of freedom between element 0 which might be an input and element n which might be 
an output, can eliminated by the compaction ® 

r ,o 

= [<]"* ••• *[<] 2 * [r] 1 * d ‘ 


r 


* 

> - 


•o 

r 


The resulting matrix [r] provides the desired observation matrix [C] that describes the perturbed state of the beam.[5] 

«n„h,~ Ct ^ r discipline that can readily be included in the common formulation is thermal analysis of the spacecraft 

J? descn ^f dist0 ^ tl0ns “d misalignments caused by temperature changes in structural elements, thermally 
induced scums can be considered to cause additional loads {F} which deform the structure. To retain a simple, lineal 
analysis, dynamics properties and heat transfer properties must be considered to be independent of temperature an 

assumption that is reasonably valid for small temperature excursions. In this case, the degrees of freedom are nodal tem¬ 
peratures T and the heat conduction equations are 

[CJ* {T} + fAT] * {r} = {g} 

"5? t [C1 m heat “Prides, [AT] are conductivity coefficients and [Q] are the externally imposed heat loads. With the 
nodal temperatures, the thermal structural loads can be computed from 

{F} = [a4£]{T} 

where a is the coefficient of thermal expansion, A is the element area, and £ is the element modulus.[6] 

m , c* , Ex “ ns, ° ns radiative transport mechanisms, as is required for the direct calculation of the heat load {0} 

must be developed m light of the non-linear nature of the radiation effects.[7] When this problem is combined with the 
structure heat conduction problem, the coupled problem is non-linear since the energies are proportional to T* Since 

!T?i VeS absoIute tem P eratur «> one possible approximation is to factor r 3 into the heat transfer coefficient and 
r«tnct the relative temperature variations to ranges that produce error comparable to other sources. Furthermore, the 
calculation of the required view factors involves extensive calculations in 3-D geometry and may not be cost effective in 
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trades involving radical changes in system configuration. These linearizations and approximations are appropriate for 
preliminary design analyses and have been used in the past 


Data Analysis and Synthesis 


The ability to collect, organize and evaluate data efficiently is critical to the synthesis of ideas and their evaluation. 
For example, the structural performance of the candidate spacecraft must be catalogued and evaluations summarized suc¬ 
cinctly in order to comprehend trends versus design variables, to capture phenomina related to resource allocation and 
expenditure trades between subsystems and to create audit trails supporting choices and decisions. Analysis of meaning¬ 
ful models in the necessary miriad of cases can generate data in several forms and large volumes. Not only must tradi¬ 
tional data management techniques be integrated into the analytical environment but implementations of new juxtaposi¬ 
tions of technologies must be evaluated. 

Analysis of data bases formed from regular tables of case data can be supported with structured query language 
(SQL) investigations of relational data bases.[8] A typical area might be to collect in a table the maximum stress in 


structural members for various cases and geometric data such as element locations in another table. Requests such as 


select 

member#, maxstress 


from 

stresstable, locations 


where 

maxstress > somelimit 


and 

is_in_rt_boom (location) « TRUE 

will generate the requested lists. 




Use of such data bases requires that analysis data be cast into* relational tables of "tuples”, eg. {member#, case#, 
maxstress). Constructing such tables can be difficult in system trades when differing configurations lead to different 
types of structural elements or non-equivalent cases. A more generalized data structure and inquiry process is required to 
support the investigation and exploratory evaluations that accompany system synthesis. 

Hierarchical and object oriented data bases allow a general knowledge data base to be constructed by tagging 
objects with properties and relationships. For example, truss elements might have a structure such as 


name 
id number 
mad id 
conneclionA 
connectionB 
maxstress 


truss element 
1012 
3 

22 

103 

1324.5 


Then structural assemblies can be viewed as objects with properties, one of which is a list of elements. 


name left boom 

element list 1012, ...} 

instrument list (...) 

Inquiries similar to the SQL example can be answered by searching the object data base for objects with property values 
that satisfy the conditions in the clause. 


The data associated with a design problem can be stored in a base and viewed as required as a relational data base 
and queried via SQL or as an object data base and queried based upon descriptive properties.[8] This data can also be 
viewed in other forms, such as logic or production rules and queried in Prolog-like languages. The implementation of 
such a versatile data manipulation and analysis facility would probably store data in an efficient internal representation 
but provide each of the several (SQL, object, rules, ...) views at the user’s discretion. 


Data Storage 

While the most common data type in traditional spacecraft analysis is the numeric array, a more general structure 
can facilitate tagging, tracking, documenting and auditing of analyses. For example, a mixed type record could store 
case results: 


casejiame "vertical pitch maneuver* 

configuration " pre-deployment" 

pitch_rate 32.5 

casejd 13 

maxstressjist {..., .... ...} 

A generalization of this is contained in the object oriented approach to data representation. While current object 
oriented programming practice includes many features such as encapsulation, object specific methods, it may suffice to 
simply support user defined mixed type records and methods to associate such records into hierarchical sets. 

For spacecraft design, considerable attention to efficient handling of numeric data will be required. For the most 
part, internal representations of arrays can be hidden from the user as can the type casting issues associated with mixed 
mode arithmetic. Implementation of sparse arrays, possibly in several formats, is a necessity. Structural dynamics, heat 
conduction, and certain control algorithms utilize sparsely populated arrays and prior experience in structural dynamics 
suggest a large payoff here. Certain linear algebra routines and standard analysis practices destroy the sparse matrix pro¬ 
perty but some work arounds are possible. For example, in control system design, eigen analysis typically results in the 
calculation of all system eigenvectors. If standard practices of structural dynamics can be adapted, only a few eigenvec¬ 
tors in the band of interest could be calculated, saving calculation time and storage. 

Thus, the data manager must support efficient storage for named objects with a general structure. Functions for 
creation, deletion and copying must be provided, as well as merging, partitioning and structured assembly. Arithmetic 
operations must be supplied for the base numeric types and a facility for user defined operations on general types will be 
required. Advanced systems must address archiving, backup, persistence across interrupted sessions and auditing. 

Summary 

The Design Tool will support spacecraft design teams with an integrated set of analytical tools, a versatile data 
manager, full-time 3-D solid model views, and a multiple thread presentation manager. Tasks with a range of complex¬ 
ity from data input to analysis to system synthesis are supported through a general data manager and query system. The 
requirements for the Design Tool have been developed and an initial implementation begun although the completion of 
the first prototype has been delayed due to funding limitations. 

Acknowledgement 

The research described in this paper was performed by the Jet Propulsion Laboratory, California Institute of Tech¬ 
nology, under contract with the National Aeronautics and Space Administration. 

References 

1. Kreutzer, W„ "System Simulation Programming Styles and Languages," Addison Wesley, 1986. 

2. Rockart, J.F., and DeLong, D.W., "Executive Support Systems", Dow Jones-Irwin, 1988. 

3. Kiersey, D., and Bates, M., "Please Understand Me, Character and Temperament Types," 4 Ed., Prometheus Nemesis 
Book Co., 1984. 

4. Redding, D.C., and Breckinridge, W., "Optical Modeling for Dynamics and Control Analysis," to be presented at 
AIAA 1990 Guidance and Control Conference, Paper 90-3383, Portland, OR, 20-22 Aug 1990. 

5. Briggs, H.C., Redding, D.C., and Ih, C.C., "Integrated Control/Structure/Optics Dynamic Performance Modeling of a 
Segmented Reflector Telescope", Proceedings of the Twenty First Annual Pittsburgh Conference on Modeling and Simu¬ 
lation, 3-4 May, 1990. 

6. Cook, RD., "Concepts and Applications of Finite Element Analysis," 2 Ed., John Wiley and Sons, 1981. 

7. Holman, J.P., "Heat Transfer", 2 Ed., McGraw-Hill, 1968. 

8. Parsaye, K„ Chignell, M., Khoshafian, S., and Wang, H., "Intelligent Data Bases," John Wiley and Sons, 1989. 


184 







N94- 71441 



GENERAL PURPOSE OPTIMIZATION SOFTWARE 
FOR ENGINEERING DESIGN 


by 

G. N. Vanderplaats, President 
VMA Engineering 
5960 Mandarin Ave., Suite F 
Goleta, CA 93117 


INTRODUCTION 

The author has developed several general purpose optimization programs over the past twenty years. The 
earlier programs were developed as research codes and served that purpose reasonably well. However, in 
taking the formal step from research to industrial application programs, several important lessons have been 
learned. Among these are the importance of clear documentation, immediate user support, and consistent 
maintenance. Most important, has been the issue of providing software that gives a good, or at least 
acceptable, design at minimum computational cost. Here, the basic issues developing opdmizadon 
software for industrial applications are outlined and issues of convergence rate, reliability and relative 
minim a are discussed. Considerable feedback has been received from users, and new software is being 
developed to respond to identified needs. The basic capabilities of this software are outlined. A major 
motivation for the development of commercial grade software is ease of use and flexibility, and these issues 
arc discussed with reference to general multidisciplinary applications. It is concluded that design produc¬ 
tivity can be significandy enhanced by the more widespread use of optimization as an everyday design tool. 

The CONMIN program (1) was written in 1972 as a general purpose optimization code, and it is still widely 
used. This code is based on the Method of Feasible Directions and was documented via a NAS A Technical 
Memorandum. It was developed as a research program at NASA Ames Research Center. While numerous 
enhancements were made over the years, there was no formal maintenance or upgrade mechanism. 
Consequendy, the user does not even know what version of the program he may be using. In 1984, the 
ADS program (2) was released. This code was also developed in a research environment under the 
sponsorship of NASA Langley Research Center. ADS contains numerous Strategy, Optimizer and One¬ 
dimensional Search options for a total of about 100 different overall algorithms possible. A private User’s 
Group was created to maintain and enhance the program, and this existed until 1988. ADS proved to be a 
very useful academic aid since students could experiment with a wide variety of methods. However, this 
generality, as well as the fact that many of the algorithms contained in ADS are inefficient or otherwise 
obsolete, made the program less attractive to the industrial user who wishes to have a simple and reliable 
interface. Thus, the wide range of capabilities of ADS were, in many ways, a detriment to efficient use of 
the pmgr am Also, it was supported only on a part time consulting basis. 


Recognizing the need for a simple interface with optimization, in 1976 the COPES/CONMIN driver 
program was created. This main program made it much simpler to interface the user’s analysis program 
with CONMIN, since he no longer had to provide a main program to create the optimization tack- i n sta ndard 
form. The design variables, objective and constraint functions were identified via input data. Also, COPES 
provided additional features for parametric studies and optimization using approximations. This last 
feature allows the user to perform optimization based on experimental data. This code was developed as 
a research program and was not formally documented until it was converted to work with ADS in 1984 (3). 

In 1986, the DOT optimization program was released as a commercially supported general purpose code 
(4). Development of this program was heavily influenced by experience gained with CONMIN and ADS. 
Version 1 contained only one optimization algorithm, the Modified Method of Feasible Directions (5), and 
was small enough to be used on a personal computer (this version was called Micro-DOT). DOT is written 
in FORTRAN 77, and is more formally documented and supported. COPES was modified to become 
COPES/DOT. Version 2 of DOT contains a second optimization algorithm, Sequential Linear Program¬ 
ming. It is noteworthy that the algorithms contained in DOT are not considered to be "robust" by the 
theoreticians in optimization, who today prefer the Sequential Quadratic Programming algorithm. How¬ 
ever, these algorithms are used because they retain an acceptable level of efficiency and reliability over a 
wide spectrum of applications. This is a key issue in development of software for widespread commercial 
use, where we must choose between what is best in theory and what is best in practice. 

USER ISSUES 

Today, most optimization applications in industry are still in the research departments, where the users are 
reasonably expert in the underlying theory. However, there has been a consistent (long overdue) trend to 
move this technology from the research to the production environment This is more pronounced in Asia, 
where the distinction between research and applications engineers is not usually clear and there is a greater 
interest in new technology which will improve product quality, even when that technology cannot be shown 
in advance to generate a short term profit 

Based on experience with this growing group of users, several key issues can be identified which are 
important to the industry user. These issues (this is not a conclusive list, but is representative) can generally 
be ranked as follows: 

1. Immediate and competent response to technical problems must be provided. This includes com¬ 
petence in general engineering design, since a critical issue is often problem formulation techniques. 

2. Ease of use by practitioners who have little or no background in optimization theory is essential. 

3. The software must reliably achieve a reasonable design improvement. A precise optimum is recog¬ 
nized as being of little value since the design will change anyway. 

4. The software must be efficient in terms of the number of analyses needed to reach the optimum. 
Gradient information will almost never be provided analytically, but will instead be calculated by finite 
difference (this must be available as part of the optimization software). 

5. Clear and concise documentation must be available. 
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6. Continual maintenance and enhancements must be assured. 


7. Source code must be available (even though nobody reads or changes it) 

8. The software must be available at reasonable cost on a large variety of computers. 

These issues are much as would be expected, although their order may be subject to debate. Most 
importantly, few users of optimization who are applying it to real design tasks have much interest in what 
algorithm is contained in the program. They only care that it works! Also, while researchers worry about 
relative mi nima , practitioners usually recognize this as a fact of life which exists whether or not optimiza¬ 
tion is used. While they would like to have software that finds the absolute minimum, they quickly 
understand the futility of this and are willing to run the optimization from several reasonable starting points 
in search of the best solution. Finally, engineering design is a study in exceptions, rather than rules. 
Optimization software must be flexible enough to accommodate this fact. 

THE DQC PROGRAM 

In response to input from the user community, as well as the fact that the COPES program was developed 
as a research tool without a consistent format, a new interface program called DOC (Design Optimization 
Control program) is being developed in order to enhance the usefulness of optimization. While DOC uses 
the same philosophy as COPES, where the problem is defined via user input, the form of the input has 
changed from a formatted type to a more readable mnemonics interface. DOC includes the capabilities of 
general optimization, parametric studies and optimization using approximations, but is formally docu¬ 
mented and supported. Also, new capabilities are included and others can more easily be added in the 
future. Three key capabilities that have repeatedly been identified by the users as desirable are multiobjec¬ 
tive optimization, synthetic functions, and optimization with discrete variables. Because these topics are 
still active research areas, there is little consensus as to which approach is best. Therefore, this decision is 
based on experience with various methods and the necessary reliability of the final code. 

Multiobiective Optimization 

The usual comment made when first considering the use of optimization is that most design tasks are 
represented by multiple objective functions. This may include weight and cost minimization, range and 
performance maximization and a host of others. While it may be argued that this is a naive approach to 
optimization, since such a problem statement will have no unique solution, it is nonetheless a real concern 
which must be addressed. 

Numerous methods have been proposed for multiobjective optimization, but the most acceptable appears 
to be compromise programming (6), where the single objective presented to the optimizer is defined as; 


f , 
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where Rj is the jth objective function, Rj is the jth "target" objective value and Rj* 0 ” 1 is the worst known 
value of the jth objective function. The parameter, wj, is a weighting factor defining the relative importance 
of this objective. It is common to perform a single objective optimization to determine the target value. 
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Rj. This provides a good baseline design which identifies the best that can be achieved for this objective 

without regard for the others. The value 0 f Rj WOrst is usually chosen as the best known value of this objective 
prior to optimization. 

Synthetic Functions 

It is common that the user wishes to optimize or constrain a function which is not directly supplied by the 
analysis program. Or he may wish to use parameters as design variables that are not normally input to the 
analysis. For example, he may require that the sum of two responses be less than the value of a third 
response, or he may wish to treat physical dimensions of a frame structure as design variables, although 
the input to the analysis is section properties, which are functions of these variables. In many cases, he can 
simply modify the analysis program to provide this information in the appropriate format, but often he is 
not able to change the analysis program or wishes to experiment with new ideas before making changes. 
The solution then is to provide the capability to use "synthetic" functions for optimization (7). Typically, 
the user might input (as data) an equation in a form similar to a FORTRAN FUNCTION statement. 

For example, if it is desired to treat the width, B, and height, H, of a rectangular beam as design variables, 
but the analysis program input is the section properties, this can be accomodated using synthetic definitions 
of the properties. Thus, the area moment of inertia would be defined as 

l(B,H) - B*H**3/12.0 

A stress recovery location at the comer of the section may be defined as 
R(B,H) « 0.5*SQRT(B**2+H**2) 

Similarly, the allowable buckling stress in a rod may be defined as 

“40*A*E 

Ob =- 5 - 

L 2 

Since this must be less than the actual stress, the synthetic equation would be 
G(A,E,L,SIG) - (-40.0*A*E/L - SIG)/10000.0 

where 10000.0 is a normalization factor and SIG is the calculated stress. Now this equation is identified 
as a constraint to be non-positive in the optimization process. 

By providing this capability, the user has a great deal of flexibility in defining the optimization task and 
experimenting with various concepts, without making them a permanent part of his analysis program. 

Discrete Variables 

Discrete variable optimization is still an active research area, particularly as it applies to nonlinear 
optimization in engineering. However, it is an important issue in such applications as composite structure 
design and where parts must be selected from a set of available components (such as steel structure 
sections). 
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Perhaps the most common approach to discrete variable optimization is the branch and bound method (8). 
Here, a single variable is held at a discrete value and optimization is performed as a continuous problem 
with respect to all other variables. This variable is then increased to it’s next discrete value and the 
optimization is repeated with respect to the other variables. If the optimum is greater than before, this 
"branch" is cut off and the variable is set to it’s next lower value and the process is repeated. If an 
improvement is found, the search is continued in this direction until no improvement can be found. Then 
this variable is held fixed and the process is repeated for the next discrete variable, until all discrete variables 
have been examined. One disadvantage to this approach is that a multitude of nonlinear optimization tasks 
must be performed, which is a very expensive process. More importantly, this method was developed for 
linear problems, but has been applied to nonlinear problems. However, a basic assumption of the method 
has been ignored in making this step. This is that the problem must be separable, a condition that is seldom 
true for nonlinear engineering design. The result is that the true discrete optimum can seldom be achieved, 
even for the most simple cases. 

An alternative approach is to first create a separable approximation to the real problem and then solve this 
as a discrete variable problem using duality theory (9). This has the advantage that is quite efficient, but 
retains the disadvantage of ignoring coupling among the design variables. Again, a true optimum cannot 
be guaranteed. However, this method appears to be reasonable for applications such as structural design, 
where a high quality separable approximation can be created. 

The best compromise for general applications is to first solve the problem as a continuous variable task. 
This provides a lower bound on the discrete solution. Now the problem is linearized and solved as a 
discrete variable problem. One approach to this is to solve the linearized problem using discrete variable 
linear programming with branch and bound methods (10). This has been found to be efficient, but to 
oscillate about the optimum, due to coupling among the variables. An alternative is to use "convex" 
(combined direct and reciprocal) approximations (9) and duality theory to obtain the final discrete solution. 
This can also create oscillations about the optimum that must be detected, but it provides the necessary 
efficiency and provides a near optimum design, especially if the discrete values are closely spaced. The 
net effect is that a discrete variable optimization capability can be provided in a general purpose 
optimization code, but that the user must be aware of it’s limitations. 

SUMMARY, 

As anyone who has worked in optimization theory and applications will attest, it is desirable to have a 
fundamental understanding of the process in order to achieve reliable results. In special cases, such as 
structural optimization, we have sufficient knowledge and experience to create highly efficient design 
programs. However, the vast majority of potential applications are in areas where we know little about the 
mathematical structure of the problem, but recognize that optimization has a great deal to offer. In these 
cases, the key issue is our ability to provide software that efficiently gives some design improvement 

The step from research and academic use of optimization to industrial use as a design tool is a major one. 
The practitioner has little interest in the actual algorithm used, but is very knowledgeable about the 
practicalities of design. In the quest to make optimization an everyday design tool, the concerns of the user 
cannot be ignored. Many of these concerns are related to ease of use, documentation and support. 
However, a more fundamental issue is that of providing methods and software that are responsive to the 
real and perceived needs of the design engineer. This is the fundamental challenge in moving optimization 
from the research environment to the design engineer’s desk. 
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timization problem and trajectory simulation. Only the 
driver is modified and recompiled; the optimizer and sim¬ 
ulator are maintained in object libraries and linked with 
the driver to create an executable program. 

User-modified input files can be used to initialize spe¬ 
cific problems once a new application has been designed 
and compiled. For example, a basic multi-stage vehicle 
may be defined within the system level driver, with ac¬ 
tual weights and propulsion characteristics being read in 
from an input file at run time. In addition, definition of 
the optimization problem can be set up in such a way as 
to allow an input file to be used to choose the variables, 
constraints, and objective function for a given problem. 
Thus, if a new application is designed with care, an en¬ 
tire range of problems may be solved without the need to 
recompile any code. 

The bulk of the code for TROJID is written in standard 
FORTRAN 77. In addition to the FORTRAN, a few 
routines used for the DOS run-time screen interface are 
written in C. Since all but the screen driver routines are 
written in FORTRAN, TROJID can be hosted readily on 
any machine with a FORTRAN compiler, although this 
would imply either running in a purely batch mode with 
no user feedback during execution, or writing a screen 
interface for the new environment. In either case, the 
main elements of TROJID would carry over directly. 

The Optimization Algorithm 

The optimization algorithm utilized in TROJID is 
NLP2, a projected gradient algorithm developed at The 
Aerospace Corporation. The purpose of the algorithm is 
to find the vector x which minimizes the objective func¬ 
tion 

/(*> 

subject to the equality constraints 

d(x) = 0 

for i = I,..., m e and the inequality constraints 

c ; (x) > 0 

for j = (m e + 1(m e 4* m*) where the total number 
of constraints is m = m e + mj. The program has options 
to use a quasi-Newton method with recursive Hessian up¬ 
dates or a Newton method with finite difference Hessians. 

The algorithm begins with a constraint satisfaction 
phase to find an initial feasible point. Once a feasible 
point is found, the algorithm switches to solving a se¬ 
ries of equality-constrained optimization problems. The 
optimization problems are solved by using an orthogonal 
decomposition of the variable space, followed by a sepa¬ 
ration of the variables into two sets, one of which is used 
for eliminating the active constraints, the other of which 


is used to minimize the objective function restricted to 
the active constraint surface. If a previously satisfied in¬ 
equality constraint is reached, the minimization process is 
terminated and restarted with the new constraint added 
to the active set. When the minimum is readied for an 
equality constrained subproblem, the Lagrange multipli¬ 
ers are examined to determine whether any of the cur¬ 
rently active inequality constraints can be released from 
the basis. Once a subproblem is solved and no inequality 
constraints are added to or deleted from the basis, the 
algorithm terminates at a local solution. 

After a solution has been reached, a postoptimality 
analysis operator is called 5 * 6 . This operator serves several 
purposes. First, projected gradient, Hessian, and eigen¬ 
value data can be calculated in both scaled and unsealed 
quantities in order to help determine how well NLP2 has 
converged. Second, Jacobian and Hessian conditioning 
can be calculated in both scaled and unsealed quantities 
in order to assist in choosing good scale factors for the 
problem. These scale factors can be used to improve al¬ 
gorithm performance on other similar problems. Third, 
sensitivity data can be calculated in order to provide in¬ 
formation on partial derivatives at the solution. This 
information includes partial derivatives of the objective 
function with respect to changes in constraint values, par¬ 
tial derivatives of the variables with respect to changes in 
the constraints to maintain feasibility, and second par¬ 
tial derivatives of the objective function with respect to 
changes in the variables while maintaining feasibility. 

The Trajectory Simulator 

The trajectory simulator in TROJID is designed to 
propagate a multi-burn exoatmospheric trajectory begin¬ 
ning with an initial state vector and utilizing a set of 
coasts and instantaneous velocity impulses (delta-v’s), as 
shown in Figure 2. The simulator is used as the function 
generator, and any real parameter defining the trajectory 
can be used as an independent variable in the optimiza¬ 
tion problem. Typically, parameters such as coast du¬ 
rations, delta-v magnitudes, and delta-v pointing angles 
are used as variables. Other variables could include vehi¬ 
cle initialization time, initial orbital elements, and vehicle 
mass and propulsion characteristics. 

The initial state vector can be input either as position 
and velocity relative to the earth or via orbital elements in 
inertial space. In either case, the first step in the simula¬ 
tor is to translate the state vector into cartesian position 
and velocity vectors, R and 1?, within an earth-centered 
inertial (ECI) reference frame. If desired, a time initial¬ 
ization model may be called in order to align the Green¬ 
wich meridian for an input time epoch. The initial ECI 
state vector is saved before proceeding with the trajectory 
propagation. 
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After state initialization, the simulator begins execut¬ 
ing n coast-burn pairs, where n is the number of burns 
being utilized in the simulation. ECI state vectors are 
saved twice for each burn, once after the coast but before 
the bum, and once after the burn. In this way, when the 
trajectory simulation is completed, 2n -f 1 state vectors 
have been saved, containing all the relevant information 
about the trajectory. 



Figure 2 Trajectory Simulation Flow 

After completion of the trajectory propagation, the 
state vector arrays are passed back to the driver inter¬ 
face, where the objective function and constraints are 
evaluated. If orbital elements are needed for any point 
in the trajectory, whether at an intermediate point or 
at the final point, a call to the orbital state calculation 
routine will translate the ECI state vector into orbital 
elements corresponding to the desired point in the tra¬ 
jectory. Thus, orbital elements are calculated only when 
the values are needed by the optimization routines. Typ¬ 
ically, constraints are specified to define the final orbit, 
so orbital elements are calculated for the final state vec¬ 
tor. The constraints and objective function may be any 
smooth, continuous functions dependent upon the inde¬ 
pendent variables. Constraints may be specified as equal¬ 
ities, inequalities, or a combination of the two, and the 
objective function may be maximized or minimized. 

Use of an analytic state vector propagation routine 7 al¬ 
lows the function generator to simulate a trajectory with¬ 
out the expense of integrating the equations of motion. 
The analytic propagation routine assumes gravitational 
acceleration including the J 2 zonal harmonic (i.e,, oblate 
earth), and is capable of propagating a coast in an ellip¬ 


tical or hyperbolic earth orbit. The length of the coast 
phase typically is input in degrees (argument of the vehi¬ 
cle), although coast duration in seconds also may be used. 
The J 2 propagation routine is based upon a perturbation 
expansion of the oblate earth coast, accounting for both 
short period and secular variations in the orbit. This rou¬ 
tine has been in use within GTS for the past several years 
and has proven to be quite accurate for coasts in earth 
orbit of up to a few days. 

The Driver 

The system level driver defines the optimization prob¬ 
lem, defines the trajectory to be simulated, and oversees 
communication among the optimizer, the simulator, and 
the user. Initialization of the optimization problem in¬ 
cludes defining the algorithm control parameters; objec¬ 
tive function, independent variable, and constraint scale 
weights; independent variable upper and lower bounds; 
and initial values for the independent variables. Initial¬ 
ization of the trajectory simulator includes defining the 
number of coast-burn pairs, the magnitudes of the delta-v 
impulses, the initial state vector for the vehicle, and the 
burn attitudes for the impulsive delta-v’s. Burn attitudes 
may be defined within either an inertial velocity reference 
frame (VIECI) or an inertial velocity local horizontal ref¬ 
erence frame (VIH), and attitudes may be specified using 
either spherical or cartesian coordinates within the ref¬ 
erence frame. When the trajectory to be simulated is 
defined, any parameters to be used as independent vari¬ 
ables for the optimization problem are assigned values 
from the independent variable array; therefore, it is pos¬ 
sible to choose any input parameter as a design variable 
for optimization. 

If an actual upper-stage vehicle is being simulated, sub¬ 
routines required to define the trajectory sequence for 
the vehicle are included in the driver portion of the pro¬ 
gram, tailoring the driver for a specific application. For 
example, user subroutines can be included to calculate 
the delta-v magnitude for a given vehicle weight, propel¬ 
lant load, and propellant I S p. This deita-v then can be 
used by the trajectory simulator in its definition of the 
trajectory. 

During execution, after initializing the optimization 
and simulation portions of the program, the driver begins 
by calling the NLP algorithm. A reverse communication 
technique is used, whereby the NLP algorithm never calls 
the function evaluator directly. As execution continues, 
whenever the NLP algorithm requires either a function 
or gradient computation, control is returned to the driver 
and the current values for the independent variables are 
passed in the argument list. The driver then oversees 
calling of the function generator (i.e., trajectory simula¬ 
tor) or the gradient evaluation routines, and returns the 
requested data to the NLP algorithm. 
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The gradient routine* used in TROJID calculates two- 
sided partial derivatives of the constraints and objective 
function with respect to the independent variables. The 
routine begins by using user-supplied perturbation sizes 
for computing the finite-difference derivatives. Error con¬ 
trol techniques then are applied to vary the perturbation 
sizes in order to achieve accurate derivatives. The user 
has the option to turn off error control, holding pertur¬ 
bation sizes constant throughout execution. 

Along with controlling the function generator and gra¬ 
dient routines, the driver also determines what informar 
tion should be written to the user screen and calls the 
video screen interface routines to fulfill this task. The 
video screen interface manages updates to the user screen, 
providing current data on independent variable, con¬ 
straint, and objective function values. The interface also 
tells the user how many function evaluations have been 
performed, what iteration number is being performed in 
the search or optimization portions of NLP2, when the 
post optimality operator is entered, and when a new Jaco¬ 
bian is being calculated. This information helps the user 
determine how well the problem is running and whether 
it should be interrupted and restarted with some sort of 
modification. 


Sample Problems 

Several sample problems will be presented in order 
to show a few of the capabilities available within TRO¬ 
JID. The first problem deals with a generic, two-burn 
orbit transfer in which the variables are coast durations, 
delta-v magnitudes, and burn attitudes for the two burns. 
The objective function to be minimized is the sum of the 
two delta-v’s. The second problem deals with a generic 
upper-stage vehicle utilizing two solid rocket motors. The 
objective function to be maximized is the weight of the 
payload injected into a near geosynchronous mission or¬ 
bit. 


Generic Two-Burn Transfer 


Problem 1 is a generic two-burn orbit transfer problem. 
The objective is to minimize the sum of the two delta-v’s 
required to complete a transfer from an initial orbit to 
a final orbit. The initial and final orbital elements are 
defined as 


Parameter 
apogee altitude 
perigee altitude 
argument of perigee 
inclination 
ascending node 


Initial Orbit 
160 nm 
160 nm 
undefined 
28.5° 
180° 


Final Orbit 
25000 nm 
300 nm 
90° 

67.5° 

unconstrained 


The vehicle is initialized at the ascending node. All or¬ 
bital elements are osculating quantities. The date is ini¬ 
tialized as 21 March 1989. 


The variables 

for the problem are 

cst 1 

coast to first burn (deg) 

AVi 

first impulsive delta-v (fps) 

0i 

yaw angle for AVi (deg) 

Ox 

pitch angle for AVi (deg) 

CSt2 

coast to second burn (deg) 

av 2 

second impulsive delta-v (fps) 

02 

yaw angle for AVo (deg) 

02 

pitch angle for AVo (deg) 

The constraints 

for the problem are the four orbital pa- 


rameters defining the final orbit. The objective function 
is / = (AVi 4- AV 2 ). The ini tied guess and solution for 
this problem are 


Variable 

Initial Value 

Optimal Value 

csti 

90° 

94.74970° 

AVi 

8000 fps 

6695.006 fps 

01 

0° 

2.870789° 

Ox 

0° 

1.092968° 

CSto 

90° 

128.0318° 

N 

> 

<1 

8000 fps 

10767.17 fps 

02 

0 

0 

90.12544° 

O'i 

0° 

27.69700° 


The optimal objective function value is 17462.17 fps. The 
problem was solved in 400 function evaluations and took 
approximately 48 seconds on a 16 Mhz 80386-based ma¬ 
chine with an 80387 numeric coprocessor. Partial deriva¬ 
tives of the optimal objective function with respect to 
changes in the constraint values are listed in Table 1 along 
with second partials of the optimal objective function 
with respect to changes in the variables while feasibility is 
maintained. A **’ is used to denote the optimal function 
value. All partials are computed by the postoptimality 
operator. 

Table 1 Sensitivity Results 


Parameter <9(AVi 4- AVo)*/d(-) 


Final Apogee Altitude 

0.758616e-2 fps/nm 

Final Perigee Altitude 

-1.37754 fps/nm 

Final Argument of Perigee 

125.466 fps/deg 

Final Inclination 

229.207 fps/deg 


<9 2 (AVi 4- AV 2 )*/3( ) 

csti 

2.05364 fps/deg 

AVi 

0.274743e-l fps/fps 

01 

1.67737 fps/deg 

0i 

1.34328 fps/deg 

cst 2 

2.54722 fps/deg 

A Vo 

0.274743e-l fps/fps 

02 

27.1601 fps/deg 

02 

16.4011 fps/deg 


The most sensitive variable is 0o, and the least sensitive 
variables are AVj and AVV 
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The date 21 March was chosen in order to demonstrate 
the time and sun model capabilities within TROJID. De¬ 
fine the beta angle for an impulsive delta-v to be the angle 
between the impulsive delta-v vector and the vector from 
the vehicle to the sun, as shown in Figure 3. A beta angle 
of 0 ° implies that the vehicle is pointing directly at the 
sun during a burn, and a beta angle of 180° implies that 
the vehicle is pointing directly away from the sun during 
a burn. 

AV 

y 

*sun Vector 



Initial Orbit 



Figure 3 Vehicle-Sun Beta Angle 

In the optimal transfer from the example problem 
above, the beta angles for the first and second burns are 
4.9° and 64.1°, respectively. Consider adding a new con¬ 
straint such that the vehicle is not allowed to point to 
within 20° of the sun. A new inequality constraint must 
be added to the problem, requiring that 

0i - 20 > 0 

The solution to this new problem is 


Variable 

Optimal Value 

csti 

101.1227° 

AVj 

7468.183 fps 

0i 

18.14728° 


4.266036° 

CSt2 

126.7134° 

av 2 

10173.47 fps 


93.88661° 

9 2 

25.81913° 


The optimal objective function for this new problem is 
17641.65 fps, 0\ = 20.0°, and 02 — 69.0°. The increase 
in the value of 0\ was accomplished through delaying the 
first burn by about 6.4° of coast arc and increasing the 
yaw angle for the first burn by about 15.3°. This led to 
an increase in total delta-v of 179.48 fps. The partial 
derivative of the minimum total delta-v with respect to 
changes in the value of 0\ is df*/d0\ = 24.8506 fps/deg 
at the solution to the new problem. 


Generic Upper-Stage Transfer 

Problem 2 is a generic, upper-stage orbit transfer op¬ 
timization problem. The objective is to maximize the 
payload weight injected into the final mission orbit. The 
upper-stage vehicle consists of two solid rocket motors, 
SRM 1 and SRM 2 , and a reaction control system (RCS). 
An RCS trim burn follows each solid rocket motor burn. 
A propellant margin is set aside in the RCS to account 
for dispersions. A four-burn simulation is used for the 
two solid rocket motor and two RCS burns. The first and 
third burns are the solid rocket motors, with burn atti¬ 
tudes defined in spherical coordinates, while the second 
and fourth burns are the RCS trim burns, with burn atti¬ 
tudes defined in cartesian coordinates. Some propulsion 
and weight data are listed in Table 2. 


Table 2 Upper-Stage Vehicle Data 


SRM1 Propellant Weight 20800 lb 
SRM 1 Isp 300 sec 

Stage 1 Inert Weight 2500 lb 

SRM2 Propellant Weight 6300 lb 
SRM2 Isp 300 sec 

Stage 2 Inert Weight 2000 lb 


The initial and final orbital elements are defined as 



apogee altitude 
perigee altitude 
argument of perigee 
inclination 


Initial Orbit 
170 nm 
160 nm 
0 ° 

28.5° 


Ein&LQihii 

19493 nm 
19153 nm 
unconstrained 
0.5° 


The vehicle is 

initialized at the ascending node. 

bital elements 

are osculating quantities. 

The variables for the problem are 

CSti 

coast to first SRM burn (deg) 

01 

yaw angle for AVj (deg) 

&x 

pitch angle for AVj (deg) 

cst 3 

coast to second SRM burn (deg) 

^3 

yaw angle for AV 3 (deg) 

03 

pitch angle for AV 3 (deg) 

AV Sll 

x component of AV 2 (fps) 

AV 2 ,2 

y component of AV 2 (fps) 

AV 4 ,! 

x component of AV 4 (fps) 

av 4 , 2 

y component of AV 4 (fps) 

pi 

payload weight (lb) 


The constraints are the three final orbital elements and 
two constraints that specify the weight of propellant used 
for the two RCS trim burns to be 55 lb and 65 lb, respec* 
tively. The objective function is the payload weight. 
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The initial guess and solution for this problem are 


Variable 

Initial Value 

Optimal Value 

cstl 

0 ° 

-0.3827614° 

01 

2 ° 

3.457852° 

01 

0 ° 

-0.1289974e-l° 

CSt2 

150° 

147.1143° 

03 

-50° 

-51.21512° 

03 

0 ° 

0.1007870° 

av 2i1 

20 fps 

21.61897 fps 

av 2i2 

0 fps 

0.9339027 fps 

AV 4 ,! 

50 fps 

50.60754 fps 

av 4 , 2 

-20 fps 

-22.71261 fps 

pi 

5400 lb 

5456.795 lb 


The optimal objective function value is 5456.795 lb. The 
problem was solved in 735 function evaluations and took 
approximately 121 seconds on a 16 Mhz 80386-based ma¬ 
chine with an 80387 numeric coprocessor. Some charac¬ 
teristics of the optimal trajectory design are 



Figure 4 Hohmann Transfer with Plane Change 

An alternative problem could be to optimally size the 
vehicle solid rocket motors in order to minimize total ve¬ 
hicle weight. This problem was run with a constant pay- 
load weight of 5400 lb. The optimal motor weights are 
20675.84 lb for SRM1 and 6062.297 lb for SRM2. The tra¬ 
jectory produced with these optimal motors is a Hohmann 
transfer with final orbit injection occurring at apogee. 


SRM1 Delta-v Magnitude 
SRM2 Delta-v Magnitude 
Transfer Orbit Apogee Altitude 
Transfer Orbit Perigee Altitude 
Transfer Orbit Argument of Perigee 
True Anomaly at Final Orbit Injection 


7938.230 fps 
5868.143 fps 
19325.42 nm 
160.8560 nm 
359.7322° 
291.9432° 


Sensitivity results for this problem are listed in Table 3, 
Table 3 Sensitivity Results 


Parameter 

SRM1 Propellant Weight 
SRM2 Propellant Weight 
Final Orbit Inclination 
Final Orbit Apogee 
Final Orbit Perigee 
Trim Burn 1 
Trim Burn 2 


Ml 

a{ •) 

0.4682 lb/lb 
-0.1337 lb/lb 
48.5807 lb/deg 
-0.678607 Ib/nm 
-0.686725 Ib/nm 
1.08061 Ib/lb 
0.578696 Ib/lb 


Future Work 

In its current state, TROJID has proven useful for 
solving both generic, multi-burn orbit transfer problems 
and vehicle-specific orbit transfer problems. In the near 
future, the ability to integrate constant thrust and I S p 
burns will be added, allowing a higher degree of fidelity 
when specific vehicles with known motor characteristics 
are simulated. Since the burns currently are being mod¬ 
eled with an instantaneous delta-v impulse, integration of 
the burns will increase the amount of computation time 
required for each function evaluation (trajectory simula¬ 
tion), although this increased computation time should 
not be excessive for burn times of relatively short dura¬ 
tion (on the order of hundreds of seconds). A natural 
use for this added capability will be first to optimize an 
impulsive burn problem; then, using this approximate so¬ 
lution as an initial guess, to reoptimize using integrated 


Note that due to the fixed motor sizes of this vehicle, 
the optimal transfer is not simply a Hohmann transfer 
with plane change in which injection into the final orbit 
occurs at apogee (see Figure 4); thus, this is not a prob¬ 
lem for which a simple analytically derived solution exists. 
As can be seen from the partial derivatives, the first mo¬ 
tor is undersized and the second motor is oversized for 
this orbit transfer. Transfer orbit apogee altitude at in¬ 
jection into the transfer orbit is 19325.42 nm, well short 
of the required final apogee altitude of 19493 nm. If the 
transfer were reoptimized with final orbit injection con¬ 
strained to occur at perigee, the optimal payload value 
would drop to 5452.624 lb, a 4.171 lb loss. If the transfer 
were reoptimized with final orbit injection constrained to 
occur at apogee, the optimal payload value would drop 
to 5420.913 lb, a 35.882 lb loss. 


burns. 

Conclusion 

This paper has described TROJID, a trajectory opti¬ 
mization package capable of producing optimal trajectory 
designs for multi-burn, upper-stage orbit transfers. The 
package utilizes a state-of-the-art nonlinear programming 
algorithm along with a trajectory simulator capable of 
simulating impulsive delta-v trajectories with an analytic 
coast phase propagator incorporating the Jo zonal har¬ 
monic. The package has been demonstrated to solve both 
generic, multi-bum orbit transfer trajectory optimization 
problems and upper-stage trajectory optimization prob¬ 
lems in which a specific upper-stage vehicle is modeled in 
the simulation. 
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ON DOMAINS OF CONVERGENCE 
IN OPTIMIZATION PROBLEMS 


Alejandro R. Dfaz, Steven S. Shaw, and Jian Pan 
Department of Mechanical Engineering 
Michigan State University 
East Lansing, MI 48824-1226 


INTRODUCTION 

Numerical optimization algoriihms require the knowledge of an initial set c 

« % "m« su^r$fui!^onvergenceTs*achIeved »I 
K^i^KLet A "note die iterative procedure that characterizes a typical optimization 
algorithm, applied to the problem: 


Find xeR" that 

maximizes f(x) 

subject toxeO^R" 


We are interested in problems with several local maxima x *, j=l,.... m, in the feasible design space Cl. 

In general, convergence of the algorithm A to a specific solution Xj * is determined by the choice of 

initial design *P. The domain of convergence Dj of A associated with a local maximum x/ is a subset of 
initial designs x° in Cl such that the sequence {x k }, k=0,l,2,... defined by 

x k+1 = A(x k ), k=0,l,... 


converges to x j , that is, 

Dj = {xe Cl : llxj* - x k ll -> 0 as k-> ~ whenever x°=x and x k+1 = A(x k ) } 

The set Dj is also called the basin ofattracnon of Xj . 

Pavlrv fll first orooosed the problem of finding the basin of attraction for Newton's method m 1897. It 
Cayley L 1 J first proposca p for Newton's method exhibits chaotic behavior in problems 

has been shown dial b g‘" 31 °TWtaolies that there may be regions in the feasible design space where 
with polynomial b^Jecpve P. 3]. This implies tnannere y 6 soluli ons. Furthermore, the 

order) algorithms exhibit similar features. 
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STRUCTURE OF DOMAINS OF CONVERGENCE 

4 

TTie following example is used to illustrate the more relevant features of the problem. Consider the beam 
shown in Figure 1 . Translation is constrained by rigid supports at both ends and rotation is restricted 
tlu-ough rotational springs of finite stiffness r. A finite element model is used for the analysis discretizing 
the beam into fourtapered beam elements. The element heights bi, t >2 and b 3 at nodal points are the chosen 
design variables. The optimization problem considers the maximization of the smallest eigenvalue of the 
beam, Xi, under an isoperimetric constraint on the beam volume, i.e., the problem ( 1 ) below: 

Find {b 1 .b 2 .b 3 } that 

maximize Xi 

subject to bi + b 3 + 2 b 2 = C m 

bi£ 0 K } 

For the specific case considered here, we let C=4 and r= 1 . 0 , a relative large value corresponding to 
nearly clamped ends. The objective function has three local maxima and two saddle points. 



Figure 1 . The beam model 

A first-order, gradient based optimization algorithm is used to solve problem ( 1 ). To facilitate the 

graphical representation of the domains of convergence, the equality constraint problem is used to restate 
tne problem as follows: 

Findx={bi,b 3 ) that 

maximize Xi 

subject to bi + b 3 ^ 4 n\ 

bi > 0, b3 > 0 

The feasible set is the two-dimensional region 


ft = {{bi,b 3 )eR 2 : bi + b 3 < 4 , bi> 0 ,b 3 £ 0} 

"Hie algorithm used is a steepest ascent algorithm modified to account for the simple constraints. It can be 
characterized by the mapping 


A(x k ) = x k + a(x k ) s(x k ) 


where 

s(x k ) = Vf(x k ) if x k € Int (f 2 ) 

s(x k ) = Paa[Vf(x k )] if x k € dQ 


(3a) 

(3b) 

(3c) 


dQ. is used to denote the boundary of Q and P 8 £j[Vf(x k )] denotes a projection of Vf(x k ) onto dQ. 

The scalar parameter a is the step size obtained from line search along the direction s. Both exact and 
inaccurate line search based on Armijo's rule are used here. 
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( 4 ) 


For exact line search: 

a(x k ) = max { a>0 : f(x k + a s(x k )) max } 


For inaccurate line search based on Armijo’s rule: 


cc(x k ) = max { a - : 


f(x k + ai s(x k ))-f(x k ) - 5 ai IVf(x k )l > 0, ai=e» a max } 


(5) 


for fixed values of 8 and e (0.02, 0.5, resp). oc max >0 is such that x k + a ma x s(x k ) is on 8Q. The 
difference between these two strategies is illustrated in Figures 2 and 3. 




Figure 3 Inaccurate line search based on 
Armijo's rule 


To study the structure of the domains of convergence, the feasible design space is divided into a two- 
dimensional grid of equally spaced, discrete starting points x°j. The algorithm A is applied starting from 

each grid point until convergence to one of the 3 maxima, labeled x * x*xj. is achieved (Notice that for 

the values of the parameters used eigenvalue crossing, a well known phenomenon that is common in 
eigenvalue maximization problems, does not occur ). A small rectangular region Rj centered around 

x°j is assumed to be in the domain of convergence Dj of xj* if the distance between A(x k ) and x;* is 

smaller than a prescribed tolerance for some K and k^K. Rj is colored according to the following 
scheme: 

dark if A converged to x i from x°j 
gray if A converged to x 2 from x°j 
light if A converged to x 3 from x°i 


The resulting figures are shown in Figure 4 for exact line search and in Figure 5 for inaccurate line 
search. It is clear from the figures that the domains of convergence are structurally different for the two 
line search methods. In the case of inaccurate line search, the domains of convergence have an extremely 
fine layered structure in some regions of Cl that is not present in this problem when exact line search is 
used. The structural difference in the domains of convergence of the two methods is dominated by the 
difference between the function a(x) corresponding to exact and inaccurate line search. These results 
indicate that commonly used optimization algorithms based on first order information have features 
similar to those found in Newton's method: sensitive dependence on initial design and very fine layered 
domains of convergence. The mappings which result from these algorithms cannot be chaotic due to their 
inherent ascent properties, but they can lead to very complicated, possibly fractal, boundaries separating 
domains of convergence. We conjecture that the source of this complexity is the same as that which leads 
to similar boundaries in other dynamical systems, although the connection is not clear due to the 
discontinuous nature of the optimization mappings, particularly those associated with inaccurate line search 
strategies. To describe this we need some concepts and definitions borrowed from the qualitative theory 
of dynamical systems. 
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Figure 4 Domains of convergence for exact line search 

(a) 


[0.0,4.0] X [0.0, 4.0] 

(b) 


[0.196,0.342] X [0.83,1.61] 

(c) 


[0.25732,0.27776] X [1.3292,1.3926] 

(d) 


[0.2618168,0.2642696] X [1.35456,1.359632] 


a 




















































Figure 5 Domains of convergence for inexact line search 


(a) [0.0, 4.0] X [0.0,4.0] 

(b) [0.18,0.20] X [0.95,0.97] 

(c) [0.184,0.190] X [0.950,0.956] 

(d) [0.1852,0.18556] X [0.950,0.95036] 












































First, note that all local maxima, local minima, and saddle points are fixed points of these maps. The se 
of points which are mapped to, or arc asymptotic to, a fixed point is defined as die stable manifold of that 
fixed point ( for example, the stable manifold of a local maximum is its domain of convergence). 
Similarly, the unstable manifold of a fixed point is the set of points which arc mapped to, or are asymptotic 
to the fixed point under inverse iterations of the map (when the map is not stnctly invertible, one can use 
the idea of pre-image points). Note that the stable manifold of a saddle point is the boundary between 
points which branch away from the saddle in different directions (it is often referred to as a separatnx) 
For continuous maps, the source of complexity is the intersection of the stable mamfo d of one saddle 
point with the unstable manifold of another saddle. Such an intersection leads to the stable manifold, and 
therefore the boundary, winding in a very complicated manner which results in the infinitely fine layered 
structure for domains of convergence, and it the most likely cause of the observed behavior. 

We note that in order for such intersections to occur at least two saddle points must exist, which implies 
that at least three local maxima must exist. In a system with only two local maxima the boundary 
separating their domains of convergence cannot, if our conjecture is correct, have this layered quality, 
problem solved here has three local maxima. However, if the stiffness of the rotational springs r is 
reduced to a sufficiently low value, the number of maxima changes. In the case r=0, 
pined-pined beam, the objective function has only one maximum and hence the domain of convergence is 
Q. This observation indicates that the chances of success of the overall solution strategy can be 
affected significantly by possibly small changes in the models used to represent the physical toundary 
conditions. Extensions to problems involving more than two design variables can be^made, but onei must 
be careful since the domain boundaries are formed only by the stable manifolds of saddles for which the 
dimension of the stable manifold is one less than the design space. 
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A SUPERLINEAR INTERIOR POINTS ALGORITHM FOR ENGINEERING 

DESIGN OPTIMIZATION 

J. Herskovits * 

J. Asquier ** 


ABSTRACT: 

We present a quasi-Newton Interior points algorithm for nonlinear constrained 
optimization. It is based on a general approach consisting on the iterative 
solution in the primal and dual spaces of the equalities in 
Karush—Kuhn—Tucker Optimality Conditions. This is done in such a way to have 
primal and dual feasibility at each iteration, which ensures satisfaction of 
those optimality conditions at the limit points. 

This approach is very strong and efficient, since at each iteration it only 
requires the solution of two linear systems with the same matrix, instead of 
Quadratic Programming Subproblems. It is also particularly appropriated for 

Engineering Design Optimization inasmuch at each iteration a feasible design 
is obtained. 

The present algorithm uses a Quasi-Newton approximation of the second 
derivative of the Lagrangian Function in order to have superlinear asymptotic 
convergence. We discuss about theoretical aspects of the algorithm and it’s 
computer implementation. 


1. INTRODUCTION 

In this work we present a quasi-Newton interior points algorithm for 
nonlinear inequality constrained optimization, based on a general approach 
which solves Karush-Kuhn-Tucker optimality criteria by means of fixed point 
iterates in the primal and dual space [4]. Given an Initial point in the 
interior of the feasible region, a sequence of interior points is generated 
in such a way that the objective decreases monotonically and which converges 
to a K-K-T point of the problem. 

This approach is particularly appropriated for Engineering Design 
Optimization since at each iteration a feasible design is obtained and it is 
also very strong and efficient. 

In the next section, we consider the inequality constrained problem and 
discuss the basic ideas of the method. A quasi - Newton algorithm is 
presented in the following section and then a technique for updating the 
approximation matrix. Finally we briefly discuss some aspects about the 
computer implementation of the algorithm. 


COPPE/Federal University of Rio de Janeiro, Mechanical Engineering Dept, 
Caixa Postal 68S03, 2194S Rio de Janeiro, Brazil. 

** AEROSPATIALE - Cannes, 100 BD du Midi, Cannes - La Bocca, 06400 and 
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2. THE INEQUALITY CONSTRAINED PROBLEM 

We consider now the inequality constrained nonlinear programming 
problem : 

minimize f(x) 

X 

submitted to g(x) 5 0, (1) 

where feR and geR* are smooth functions In R n . This problem is normally 
present in Engineering Design, however equality constraints can easily be 
included using this approach [1]. 


Definitions 

Definition 1. d € R n is a descent direction of f at x if d l 7f <0. □ 

Definition 2. d € R n is a feasible direction of the problem at x € 0, 

Q m {x e R n / g(x) s 0>, if for some 0 > 0 we have x + td € 0 for all 
t € (0,0). □ 

Definition 3. A vector field d(x) defined on 0 € R n Is said to be a 
uniformly feasible directions field if there exists t > 0 such that for any 
x € Q x + td(x) € Q for all t € (0,r). □ 

The present algorithm obtains at each iteration a search direction d, 
which is a descent direction of the objective and also a feasible direction 
of the problem. A line search is then performed to ensure that the new point 
is interior and the objective is lower. As a consequence of the requirement 
of feasibility, d must actually constitute an uniformly feasible directions 


field. Otherwise, the step length may go to 
non-stationary points may occur. 

zero and 

convergence 

to 

Karush-Kuhn-Tucker first order optimality 
following system of equalities and inequalities: 

conditions 

consist on 

the 

C + A*X = 0, 



(2) 

G X = 0. 



(3) 

g(x)s 0 and 



(4) 

A a 0, 



(S) 

where A € R* is the dual variables vector, 

G * diag [g(x)J, G € R“ 

C = 7f(x), 

A = Vg(x), 

and 


Our approach consists on solving the system of equations (2),(3) in 
(x,A) by means of a quasi-Newton algorithm. This is done in such a way to 
satisfy inequalities (4) and (5) at each iteration, in order to ensure that 
Karush-Kuhn-Tucker conditions are verified at the limit points. 
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Consider the fixed point iterates for the solution of (2),(3) defined by 
the following linear system of equations: 


B 

A 1 


x - x 


C + A l A 



0 

* ~ 


AA 

G 


A - A 

O 


GA 

m 

■m 


w 


- 


( 6 ) 


where B € R 11 * 11 is symmetric and positive definite, A c R is A * diag(A), 
(x. A) is the actual iterate and (x o ,A q ) is a new estimate. Taking 

B = H(x, A), where H(x,A) = 7 2 f(x) + £ A^g^x), (6) becomes the Newton - 

Raphson’s iterates. In the present paper, we take B equal to a quasi-Newton 
approximation of H(x,A). 

Let be d = x - x. Then, (6) becomes 
o o 

Bd +A l A = - C and (7) 

o o 

AAd + GA = 0. (8) 

o o 


which now gives a direction d in the primal space. It can be proved, in a 

similar way as in [1,3], that d is a descent direction of f. However, d Q is 

not useful as a search direction since it does not always constitute an 
uniformly feasible directions field. This is due to the fact that as any 
constraint goes to zero, (8) forces d to tend to a direction tangent to the 
feasible set. 

This effect is avoided by including a negative vector (-pe) in the right 
side of (8), where the scalar factor p »• positive and e * [1,1, ..,1]*, 
e € R*. Then, solving 

Bd +A t A = - C, (9) 

AAd + GA = - pe (10) 


we have a new direction d which constitutes an uniformly feasible directions 
field [1J. 

Finally, since d can be considered as a perturbation proportional to p 
of the descent direction d , it is possible to establish bounds on p which 

ensure that d is also a descent direction of f. 

The ideas pointed above are a basis for the iterative method that we are 
studying. In the primal space, a line search is done in direction of d while, 
in the dual space, updating of A is defined by 

A := sup[A ;e Bd B 2 ]; l * l,m, e > 0, (11) 

1 o 1 o 

which ensures that A is always feasible. 
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3. THE ALGORITHM 


The algorithm that we present Is stated as follows: 

Parameters, a € (0,1), y € (0,1), c > 0, T^and T^e (0,1), (i^ ), p >0 

and v e (0,1). 

Data. x 6 £1, A > 0 and B e R"*" symmetric and positive 

definite. 


Step 1. Computation of a search direction. 

(i) Compute (d , \ Q ) by solving the linear system 

Bd+ A*A = - C, 

0 0 

A A d + G A = 0. 

o o 

If d * 0, stop. 

0 

(il) Compute (d , A j ) by solving the linear system 
Bd + A t A i * 0, 

AAd + GX ^ =— e. 

(iii) Compute the search direction 

d = d + fi*d , 

0^1 

where p = sup {p; sup [ (a-1 )d*C/d*C; 0]>. 

Step 2. Line search. 

Find t>0 such that: 
f(x + td) S f(x) + t T» i d t C, and 
(x + td) < 0 ; i=l »m, 

are true, and at least one of the following conditions 

is also true: 

* 

d^f (x+td)s n/c, or 

2 

g^(x+td) £ 7 g^x); 1=1,2,. . . ,m. 

Step 3, Updates, 

(i) Set 

x :* x ♦ td, and 

A : * sup[A ;e lid II 2 ]; l * l,m. 
l oi o 

(ii) Compute a new symmetric positive definite approximation 
B to H(x,A). 

(ill) Go back to Step 1. 


( 12 ) 

(13) 


(14) 

(15) 

(16) 
(17) 


□ 


The search direction d given by (16) is the same as the one obtained in 
(10) and condition (17) on p ensures that 

d l C s o d* C 
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p 



Then, since d is a descent direction of f, d also is. 

o 

The line search criteria is very wide and easy to satisfy. We find the 
step length in an iterative way by defining an initial t and, if the criteria 
is not verified, making quadratic interpolations or extrapolations until a 
satisfactory step length is obtained. 


4. THE QUASI - NEWTON APPROXIMATION MATRIX 

In unconstrained optimization problems by quasi - Newton method, an 
approximation matrix B to the second derivative of the function is built up. 
The formula preferred by several authors for updating B is the BFGS rule 


B := B - 


B6S t B + 

5 l B5 6% 


(18) 


where 5 6 R n is the change of the variables and i) e R n is the change of the 
gradient of the function. Since the second derivative of the function is 
positive definite at the minimum, it can be proved that if the initial B is 
positive definite a new approximation matrix with the same property is 
obtained, provided that 


5% > 0. (19) 

In the present algorithm, B Is an approximation to H(x,X) which is not 

necessarily positive definite at the solution. We let y € R n to be the change 

in x of {Vf(x) + A t (x)A> and, in order to satisfy (19), we adopt a procedure 
proposed by Powell (5) for the definition of t). 

Consider 0 € R defined as follows: 

* = 1. if 6 l r i 0.2 S^S, or 

0.8 5*35 otherwise. 

<P = - 

5 B3 - 6*7 
Then, we define tj to be 

V * <t>7 * (1-*)BS 

and B given by the updating rule (18). 


5. NUMERICAL IMPLEMENTATION 

Several items involved in the implementation of the present algorithm 
merit a wider discussion. One question is that of efficiently solving linear 
systems (12,13) and (14,15). It can be proved that the corresponding matrix 
is nonsingular [3]; however it is not symmetric neither positive definite. 
Different technics can be employed which lead to systems involving symmetric 
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and positive definite matrices with smaller dimensions. Another important 
nolnt Is that of the line search procedure, since a good Implementation can 
result in important benefits in the global efficiency of the algorithm. Quasi 
I Newton updating can be done as in (18) but it i. also possible to 
approximate the inverse of H(x,A) or to generate Cholesky s decomposition of 

both approximation matrices. 
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SHAPE DESIGN SENSITIVITIES USING FULLY AUTOMATIC 3-D MESH GENERATION 
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ABSTRACT 


Previous work in 3-D shape optimization involved specifying design variables by 
associating parameters directly with mesh points. More recent work has shown the 
use of fully-automatic mesh generation based upon a parameterized geometric 
representation. Design variables have been associated with a mathematical model of 
the part rather than the discretized representation. The mesh generation procedure 
uses a nonuniform grid intersection technique to place nodal points directly on the 
surface geometry. Although there exists an associativity between the mesh and the 
geometrical/topological entities, there is no mathematical functional relationship. This 
poses a problem during certain steps in the optimization process in which geometry 
modification is required For the large geometrical changes which occur at the 
beginning of each optimization step, a completely new mesh is created. However, for 
gradient calculations many small changes must be made and it would be too costly 
to regenerate the mesh for each design variable perturbation. For that reason, a 
local remeshing procedure has been implemented which operates only on the specific 
edges and faces associated with the design variable being perturbed. Two realistic 
design problems are presented which show the efficiency of this process and test the 
accuracy of the gradient computations. 

SHAPE PARAMETERIZATION 

Of the many aspects of a shape optimization system, the most controversial 
issue, and the issue still unresolved, is the process by which design variables are 
assigned to the mesh. There are essentially four approaches being investigated, two 
dealing with some form of mesh generation and two which work from an existing 
mesh. The method based upon mapped mesh generation[l,2] requires the 
association of design parameters with key nodes of 3-D iso-parametric hyper-patches. 
In this case, as the shape changes, internal nodes are moved automatically. The 
method developed by Yang|3] assumes the existence of a mesh generated manually 
using a conventional modeling system. Using graphics, design variables can be 
directly assigned to mesh points. No attempt is made to move internal points. A 
third method, originally developed by Belegundu and Rajan[4,5] also assumes a mesh 
exists. This approach however uses fictitious loads as design variables. The 
deformed shapes resulting from the application of special loading and boundary 
condition sets are used as design variations. The advantage of this method is that 
interior node movements are directly obtained. AH of the above techniques pose 
certain problems in developing the design models. For that reason Botkin[6] 
proposed the use of fully automatic mesh generation based upon the use of a 
parameterized 3-D mathematical surface model. For each step in the optimization 
process, the current set of design variables produces a new geometrical model from 
which a mesh can be automatically generated. There is no need in this case to 
relate finite element nodes to design variables and internal nodes are moved 
automatically. Since the first three methods directly assign nodes to design 
variables, shape sensitivities are easily obtained, i.e., small perturbations in design 
variables can produce small perturbations in mesh points. However, no such direct 
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relationship exists for the fourth approach and special consideration will be given to 
this aspect of the problem in the next section. 

SENSITIVITY ANALYSIS 


The following relationship expresses the association between the geometric 
model, G and the mesh, M: 

G(5) - M (1) 

in which 6 represents the design variables. Whereas the model is an explicit 
function of the design variables, the mesh is only obtained through the operation 

Using the symbolic relationship (1) the behavioral sensitivities can be computed 
as follows: 


OR OR y OM y OG 

55 * Sfl x 5C x 55 



in which R is a response quantity. Most of the questions regarding shape 
sensitivities have been answered[7] but have dealt only with the first term of Eq. 2. 
Term three is analytical and can be easily computed. One aspect as it pertains to 
automatic mesh generation still has to be investigated, and deals with term two. As 
the design variables are sequentially perturbed, a resulting perturbed mesh must be 
obtained. Figure 1 represents a two-dimensional segment of a mesh, the associated 
geometry, and design variables using the notation of relationship (1). The bold 
curve represents a typical shape variation. The subscripted variable M refers to 
mesh points on the surface geometry and variable M, refers to points in the interior. 
It would not be desirable to regenerate an entirely new mesh for each design variable 
perturbation, A5., but only recompute the surface point locations, M 0 , locally. Since 
the mesh is tied to the geometrical description through an operation, it is only 
indirectly associated with the design variables. For that reason a local remeshing 
procedure was implemented which operates only upon the mesh data for specific 
edges and faces. Associativity information between the topology and the mesh 
allows only pertinent nodes to be identified for repositioning. There is still some 
question about the accuracy of this localized numerical process when only small 
changes are required as in the sensitivity calculations. In an attempt to improve the 
accuracy a methodology was developed in which rather substantial boundary 
movements are first performed to obtain the direction of the velocity field[7] and 
then scaled to the small changes required. Finally, it still may be necessary to 
devise an approach, such as Laplacian smoothing, to move internal points, M,, as 
well to use as velocities in Ref. 7. This aspect of the problem should be 
investigated further since there is a possibility that too much nonlinearity exists in 
such a smoothing operation to produce accurate sensitivities. 
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DESIGN EXAMPLES 


The following examples were modeled using the mesh generation capability 
developed by Shephard and Yerry[8,9] and documented in Reference 6. Computer 
times given are for an IBM 3090. Response sensitivities were computed using a 
special version of NASTRAN in which semi-analytic grid sensitivities were 
implemented. 

Two examples are used to investigate the efficiency and accuracy of shape 
sensitivities using automatic mesh generation. For an idealized torque arm shown in 
Fig. 2 and an upper control arm shown in Fig. 3 the model size information is given 
in Table 1. The torque arm is loaded at one hole and clamped at the other. The 
control arm is loaded at the small end and clamped at both holes on the large end. 
The geometrical models are shown in Figs. 4 and 5. The cross-hatched surfaces in 
these figures indicate the design variation used to compute sensitivities. In an actual 
design study, it would be desirable to allow all surfaces to vary, but for this 
example only a single surface will be considered. Behavioral sensitivities will be 
computed for the displacement at the loaded node with respect to the specific 
surface movement taking the form of a quadratic function. Stress sensitivities were 
not computed since they are merely a function of displacement sensitivities. Table 2 
gives the perturbation data. Only a small fraction of the initial mesh generation 
time is required to locally update the mesh for sensitivity calculations and the 
sensitivities agree quite well with the finite difference values. It is believed however 
that the analytical values are more accurate than the finite difference values. It is 
very difficult to accurately input the perturbed mesh data to NASTRAN, even using 
extended precision fields, whereas the grid point sensitivity data for the analytical 
calculation requires the velocity[7] values which can be input much more accurately. 

Table 1 Mesh Generation Data 



NODES SOLIDS 

MESH GENERATION TIME 

TORQUE ARM 

826 

2875 

35 sec 

CONTROL ARM 

975 

3192 

49 sec 


Table 2 Mesh Sensitivity Data 

_ MESH PERTURBATION TIME SENSITIVITY F.O. SENSITIVITY 


mm 

1.3 sec 

.00280 

.00286(2X) 

iB 

1.8 sec 

.00405 

.00401(-190 
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Fig. 1 Mesh-Geometry-Dimension Relationship 
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Fig. 2 Torque Arm Mech 



Fig. 3 Control Arm Mesh 




Fig. 4 Geometric Model for Torque An 



Fig. 5 Geometric Model for Control Arm 
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Summary: This paper presents a technique for the integration of structural optimization facilities into a Computer Aided 
Design environment. Problems in connection with the flexibility of the mathematical formulation and the system design 
are discussed. The techniques have been implemented in the structural optimization system CAOS, and a practical 
example of the use of this system is presented 


1. Introduction 

Structural optimization has attracted the attention since the days of Galileo. Olhoff & Taylor [1] have produced an excellent 
overview of the classical research within this field. However, the interest in structural optimization has increased greatly during 
the last decade due to the advent of reliable general numerical analysis methods and the computer power necessary to use them 
efficiently. This has created the possibility of developing general numerical systems for shape optimization. Several authors, 
eg. # Esping [2], Braibant & Fleury [3], Bennet & Botkin [4], Botkin, Yang & Bennet [5] and Stanton [6] have published 
practical and successful applications of general optimization systems. Ding [7] and Hdmlein [8] have produced extensive 
overviews of available systems. Furthermore, a number of commercial optimization systems based on well-established finite 
element codes have been introduced. Systems like ANSYS, IDEAS, OASIS and NISAOPT are widely known examples. 

In parallel to this development, the technology of Computer Aided Design (CAD) has gained a large influence on the design 
process of mechanical engineering. The CAD technology has already lived through a rapid development driven by the 
drastically growing capabilities of digital computers. However, the systems of today are still considered as being only the first 
generation of a long row of Computer Integrated Manufacturing (CIM) systems. These systems to come will offer an integrated 
environment for design, analysis and fabrication of products of almost any character. Thus, the CAD system could be regarded 
as simply a database for geometrical information equipped with a number of tools with the purpose of helping the user in the 
design process. Among these tools are facilities for structural analysis and optimization as well as present standard CAD 
features like drawing, modelling and visualization tools. 

The state of the art of structural optimization is that a large amount of mathematical and mechanical techniques are available 
for the solution of single problems. By implementing collections of the available techniques into general software systems, 
operational environments for structural optimization have been created. The forthcoming years must bring solutions to the 
problem of integrating such systems' into more general design environments. The result of this work should be CAD systems 
for rational design in which structural optimization is one important design tool among many others. 


2. The structural optimization system CAOS 

A CAD based structural optimization system by the name of CAOS (Computer Aided Optimization of Shapes) has been 
developed at the Institute of Mechanical Engineering, Aalborg University, Denmark. The purpose of this work is to conduct 
experiments with various solutions to the CAD integration problems outlined in the preceding section. The widely used 
commercial CAD system AutoCAD is used as the basis for CAOS, but the system concept is independent of the AutoCAD 
data structure and the tecniques used in CAOS can therefore be applied in connection with most other CAD systems as well. 

CAOS has been under constant development over a period of four years and is today a fully operational shape and topology 
design system with a number of interesting features. In particular, CAOS offers solutions to the following important problems 
of CAD integrated shape optimization: 

1. There is a large number of possible formulations of the shape optimization problem. One may choose to minimize weight, 
stress, compliance, displacement or any other property that can be derived from the geometrical model or the output from 
an analysis program which is usually a finite element module. The same set of possibilities should be available for 
specification of constraints. Mathematically, these different formulations lead to very different optimization problems. 

2. In order to use a mathematical programming technique to solve the problem, the continuous shape of the geometry must 
be described by a finite, preferably small, number of design variables. This problem is closely connected with the data 
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available in the CAD system. This also means that the specifications can be erased, moved, redefined or otherwise modified 
as any other entity in the CAD model. Based on these specifications, a number of simple text files specifying the optimization 
problem are generated The actual optimization is solely based on these files and is therefore independent of the CAD system 
data structure. 


5. Mathematical formulation 

The mathematical formulation of the shape optimization problem is as follows: 


Minimize 

f( a iX 

i=l..n-l 

a) 

Subject to 

ft( a i) * G,. 

i=l..n-l, j=l..m 

(2) 


a,iM a .. 

i=l..n-l 

(3) 


where n-1 is the number of so-called design variables, a* and m is the number of constraints. (3) are side constraints, i.e., 
upper and lower limits for the design variables. The functions f and $ are specified by the user as a part of the optimization 
specification. They can be picked and combined freely from a library with the following contents: 

1. Weight 

2. Elastic displacement of a given material point 

3. Maximum elastic displacement of any point in the structure 

4. Stress (several types) at a given material point 

5. Maximum stress (several types) at any point in the structure 

6. Compliance 

Mathematically, different entries in this list lead to very different optimization problems. Entries 2 and 4 are ordinary scalar 
functions that can be derived directly from the output of the finite element analysis. Entries 1 and 6 are of integral type and 
require some postprocessing of the results to be evaluated. Entries 3 and 6 lead to min/max-problems with non-differentiable 
objective functions. 

CAOS makes use of the so-called bound formulation presented by Olhoff [10]. This formulation enables the CAOS system 
to handle the optimization problem in a uniform way regardless of the blend of scalar-, integral- and min/max-criteria defined 
by the user. 

Given the min/max objective function f = max(fj), jsL.p* and a number of constraints, g* = max(g kv ) * G k , k=l..m, j=l..p k , 
we get the following bound formulation of the problem: 


Minimize 8 (4) 

a* 8 


Subject to 

f*(a*) - 6s0, j=l..p„ i=l ..n-1 (5) 

w A»( a i) -8*0, k=l..m, j»l..p k , i=l..n-l (6) 

a* * a* * a* i=l..n-l (7) 


An extra design variable, 8, has been introduced, rendering the total number of variables to n. By m we designate the 
original number of constraints regardless of whether these are scalar-, integral- or min/max-functions. The number of points 
whereby a min/max-condition k is represented, eg. the number of nodal stresses among which the maximum stress is to be 
found, is termed p*. This number is obviously 1 if condition k is scalar or integral. The weighting factors w k are imposed on 
the constraints to allow them to be limited by the same 8-value as f. Prior to the call of the optimizer, w k is found from the 
relation: 
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G k w k = 3 -* w k = fl/G k 
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Fig. 1. Initial geometry with loads and boundary conditions. 
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This part is 
considered to 


This part has 
no struc¬ 
tural sign¬ 
ificance 



Fig, 2. Result of topology optimization. 



Fig. 3. Initial finite element mesh of optimized topology. 



Fig, 4, Final finite element model. 


frame has been removed. This part of the geometry has a function, 
but it is structurally insignificant and can therefore be excluded 
from the shape optimization and added to the modified structure 
afterwards. This simplification greatly facilitates the generation of 
the design model. Fig. 2 illustrates the modifications that have 
been imposed on the optimized topology and the resulting initial 
finite element model is shown in fig. 3. 

CAOS reduces the volume significantly by changing the shape 
of the the design of fig. 3. The final design is illustrated in fig. 4, 
based on which the designer can update the CAD model and 
perform the final adjustments, eg. add the structurally insignificant 
upper right comer that was removed in order to facilitate the 
generation of an analysis model, and thereby yield the final design 
of fig. 5. This design is feasible and the volume is reduced by 
42% in comparison with the initial design of fig. 1. Because of the 
CAD integration, this rather complicated geometry is available 
directly in the CAD system where the continued design process 
can take place. 

*Hie initial topology optimization allows in many cases the shape 
optimization to arrive at a much better final result than could 
otherwise be achieved. A shape optimization of the topology of fig. 

1 has been attempted and resulted in a volume reduction of only 
| c *» for problems like the this, where there are large pos¬ 
sibilities for geometrical variations, the topology optimization is a 
valuable tool in the design process. It is the experience from the 
present example that topology optimization should be used in the 
early stages of the development in order to inspire the designer and 
lead him/her in a beneficial direction. The result of the topology 
optimization is merely a crude guess and can therefore safely be 
modified by the designer to meet practical requirements, before the 
more detailed shape optimization is performed. 



Fig. 5. Example of final geometry slightly modified by the designer . The 


upper right comer has been added again. 




7. Conclusion 
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Abstract 

A geometric representation scheme is outlined which uti¬ 
lizes the natural design variable concept. A base configu¬ 
ration with distinct topological features is created. This 
configuration is then deformed to define components with 
similar topology but different geometry. The values of 
the deforming loads are the geometric entities used in the 
shape representation. The representation can be used for 
all geometric design studies; it is demonstrated here for 
structural optimization. This technique can be used in 
parametric design studies, where the system response is 
defined as functions of geometric entities. It can also be 
used in shape optimization, where the geometric entities 
of an original design are modified to maximize perfor¬ 
mance and satisfy constraints. Two example problems 
are provided. A cantilever beam is elongated to meet 
new design specifications and then optimized to reduce 
volume and satisfy stress constraints. A similar optimiza¬ 
tion problem is presented for an automobile crankshaft 
section. The finite element method is used to perform 
the analyses. 

1 INTRODUCTION 

A shape representation scheme is outlined which utilizes 
the natural design variable concept. It is ideally suited for 
modeling objects with similar topology but different ge¬ 
ometry. This approach is explored in [1, 2, 3, 4, 5] where 
the values of loads, used to deform the body, are the de¬ 
sign variables in the shape optimization; hence, the ter¬ 
minology natural design variables. The method is suited 
for all geometric design applications; and is demonstrated 
here for structural optimization. 

Shape representation is a concern in parametric design 
studies. In these studies, a base design is created which 
is characterized by a series of fixed topological features, 
(e.g. holes and fillets) and variable geometric entities (e.g. 
dimensions). An analysis technique, derived from the ge¬ 
ometric entities, is formulated to evaluate the system’s 
response. The response for new designs with varied ge¬ 
ometries is then readily determined. For example, con¬ 
sider a cantilever beam with transverse tip load P. In this 
problem, the dimensions: length /, width u/, and height 


h, comprise the geometric entities; and the maximum 
bending stress is defined through the formula <r = 
When the finite element method is used as the analysis 
tool, an automatic mesh generator program is developed 
which creates the input deck. This approach is presented 
in [6] for piston design. Creation of these mesh genera¬ 
tors can be time consuming. Furthermore, large geomet¬ 
ric variations or changes in topology necessitate modifica¬ 
tions to the mesh generation program; these modifications 
may also be time consuming. 

Detailed reviews of structural shape optimization 
methodologies appear in [7, 8, 9, 10]. In these articles it 
is noted that geometric representation comprises a crit¬ 
ical aspect of the shape optimization problem. A sub¬ 
set of the geometric design entities are chosen as the de¬ 
sign variables in the optimization. The remaining entities 
are fixed to meet design and manufacturing requirements. 
The design variables are altered to improve performance 
(usually volume dependent) and satisfy constraints (typ¬ 
ically stress and displacement dependent). For example, 
in the cantilever beam problem one may wish to mini¬ 
mize volume and limit the maximum bending stress to a 
percentage of the yield strength. In this case, only two 
of the three geometric entities that describe the beam are 
used as design variables. The span is fixed by the design 
requirements, so the length is invariable. Only the height 
and width are varied to obtain the optimum shape. 

Several means for selecting the geometric design vari¬ 
ables have been proposed when the finite element method 
is used to perform the analyses required by the shape 
optimization algorithm. A convenient choice for these 
variables are the elements of the node coordinate vector. 
However, as noted in [13], this vector contains too many 
elements which leads to convergence problems in opti¬ 
mization algorithms, geometric discontinuities over the 
boundaries, and poor quality finite element meshes. To 
alleviate this problem, hierarchical parametrization meth¬ 
ods have been suggested. In these methods the node coor¬ 
dinates are related to a small number of control points, for 
instance see [11,12, 13,14]. The control point coordinates 
are then used as the design variables. Unfortunately, cre¬ 
ation of the hierarchical design structures can be tedious 
for large finite element models. Currently, commercial fi¬ 
nite element pre-processors offer no capabilities to assist 
the engineer with this task. 

Recently, natural design variable concepts have been 
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introduced for shape representation [1, 2, 3, 4, 5]. In 
these methods, the original design configuration is sub¬ 
ject to a set of design loads and a shape change analysis 
is performed. The elements of the design load set, i.e. the 
load parameters, are the design variables used in the op¬ 
timization; and the deformation produced by these loads 
transforms the original structure into the optimal shape. 
To meet geometric constraints for design and manufac¬ 
turing specifications (eg. fixed surfaces, planar surfaces 
remaining planar, or cylinders remaining cylinders) addi¬ 
tional loads in the form of displacement boundary condi¬ 
tions are applied; and linear multi-point-constraints are 
used. In this way, when the finite element method is 
used to perform the analyses, commercially available pre¬ 
processors can be used to create the design data. Internal 
mesh distortions introduced from this natural design vari¬ 
able approach are observed to be less severe than those 
resulting from purely geometric methods [10]. 

To maintain boundary smoothness requirements, Ra- 
jan and Belegundu [3, 4] lay second-order elements over 
the existing structure when performing the shape change 
analysis. Yao and Choi [5] pave the bounding surfaces 
with Bezier surfaces in a manner similar to that sug¬ 
gested in [14] to retain surface regularity. In this latter 
technique, movements of all surface nodes are linked to 
the motion of the control points. Prescribed displace¬ 
ments, used as the design variables, are then enforced at 
the control points to deform the structure. Mathematical 
relationships are used to relate the displacements of the 
control points to the surface points. By using prescribed 
displacements as the design variables rather than forces, 
the effects that the design loads have on the structural 
shape are more readily interpreted by the designer. 

In some cases, the design loads can be accumulated 
throughout the optimization process [5]. In [2, 3, 4] this 
accumulation is not performed. Instead, after each design 
iteration during the optimization, the structure is rede¬ 
fined by the deformed configuration resulting from the 
shape change analysis; and the design loads are zeroed. 
This can be thought of as an updated-Lagrangian shape 
representation If the shape change problem is linear, this 
practice of resetting the design variables leads to unnec¬ 
essary computations, as will be seen later. 

In this paper, a detailed development of the natural de¬ 
sign variable concept is presented as it applies to paramet¬ 
ric design studies and shape optimization. The method¬ 
ology follows that of in [1, 2, 4, 3, 5]. Here, as in [5], 
the design variables are not reset after each design it¬ 
eration, i.e. a total-Lagrangian shape representation is 
presented. In this way, great computational saving are 
obtained if the shape change problem is linear. Thermal 
loads are introduced into the design load field to obtain 
localized shape changes. For example, consider the can¬ 
tilever beam problem. A global deformation of the entire 
beam is produced if transverse design loads are applied 
at the free end. Ideally, we would like to obtain localized 
shape changes of the tip region to optimize the body. 


This localized deformation can be obtained from thermal 
expansion which results from heating or cooling the tip 
region. Boundary regularity is maintained by using the 
methods in [1, 4, 3, 5]. Geometric constraints are en¬ 
forced with essential boundary conditions and nonlinear 
multi-point-constraints, thus surfaces described by cylin¬ 
drical, spherical, and toriodal surfaces are retained. To 
incorporate nonlinear multi-point constraints the sensi¬ 
tivity derivations that appear in [15] are utilized. The 
treatment of nonlinear shape change problems extends 
the works of [1, 2, 4, 3, 5]. 

In the following section, the shape representation 
scheme is presented as it applies to parametric design 
studies and optimal design algorithms. Then, two ex¬ 
ample problems are provided. In the first, a cantilever 
beam is elongated and then optimized to reduce volume 
and satisfy stress constraints. In a similar problem, an 
existing automobile crankshaft is optimized. The finite 
element method is used to perform the analyses. 

2 SHAPE REPRESENTATION 
CONCEPT 

In this section, the shape representation scheme is pre¬ 
sented. Initially, it is described in the context of the opti¬ 
mal design process. Then, it is specialized for parametric 
design studies. Some general remarks regarding the algo¬ 
rithm are also supplied. 

2.1 OPTIMAL DESIGN ALGORITHM 

In the optimal design process, two configurations of a 
body Q with bounding surface T are considered, the base 
configuration and the design configuration Xk 4 ■ X* 
and X* denote the places that a particle X E T occu¬ 
pies in the base and design configurations, respectively. 
The base configuration remains fixed and coincides with 
the body Q; so X 6 is the position vector of the material 
particle X . The design configuration is obtained through 
the deformation that results from an application of the of 
design load field?* = [b<*, E /d , S Id t u^, s'*] 

X d = X' + u' (1) 

b rf , E /rf , and S Id denote the design body force, initial 
strain, and initial stress acting in Q; and u pd and s pd 
represent prescribed displacement and prescribed surface 
traction acting on T. u d is the resulting shape displace¬ 
ment field . 

We consider two analyses in this development. The 
shape displacement field u d , is determined by a shape 
change analysis. Once u d is known, equation (1) is used 
to define the design configuration \k 4 * Next, the real 
analysis is performed. This is the conventional analy¬ 
sis performed by the engineer. The real load field ? r is 
applied to the current design \k 4 and the real response 
field S* , of the system is evaluated. Thus, Xk 4 ls the 
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undeformed (original) configuration for the real analysis. 
Once »is known t the cost and constraint functionals 
for the design are determined on x* 4 • The values of these 
functions are the components of the constraint vector field 
G. 

Conservation of mass requires the density of the real 
configuration to vary as T d is modified. Here, we consider 
this variation when performing the shape change analysis. 
However, before we perform the real analysis we equate 
the density of x*> to that of x* 4 » i*e*> we use a constant 
density in x* 4 f° r a ll real analyses. If this were not the 
case, the real body forces and mass would remain constant 
for all design configurations. Clearly, this situation must 
not be allowed. 

In a finite element implementation of the natural de¬ 
sign variable concept second-order elements (e.g. beams 
and plates), Bezier surfaces, and multi-point constraints 
may be used to retain design requirements. Second-order 
elements can be placed on the surface of the body when 
performing the shape change analysis [3, 4], In this way, 
boundary regularity of the deformed finite element mesh 
(and hence the design configuration) is maintained. These 
elements must be removed before the real analysis is initi¬ 
ated. Design loads in the form of prescribed displacement 
boundary conditions, defined through the control point 
movements of Bezier surfaces, can also be used to main¬ 
tain boundary regularity [1, 5]. Multi-point constraints 
may be applied to enforce dimensional requirements. For 
example, rigid bars can be arranged as the spokes on a 
wheel of a cylinder to fix the radius, thus allowing trans¬ 
lation and rotation of the cylinder. Like the second order 
elements, these added constraints are to be removed be¬ 
fore performing the real analysis. The suggested use of 
linear multi-point constraints appears in [2]. Here, we 
use the developments in [15] to extend this idea so that 
nonlinear constraints may be incorporated. 

The real response is an implicit function of the design 
forces. Variations in T d , produce alternate design con¬ 
figurations x«*i and ultimately affect the value of G. In 
a shape optimization, the design field is defined to mini¬ 
mize the cost function and satisfy the constraints. Here, 
the design field is equivalent to T d . 

In this paper, we rely on numerical optimization al¬ 
gorithms to select the optimal load set T d . These algo¬ 
rithms are restricted to finite-dimensional design spaces. 
With this motivation, we parameterize T d over x«* by an 
M-dimensional vector 4> and an N-dimensional vector <p 
and a set of basis functions. This type of parameteriza¬ 
tion is used in the finite element method, where the load 
fields are defined at node points and interpreted locally 
in each element by shape functions [16]. The parameters 
in <f> are used to maintain geometric design and manufac¬ 
turing constraints. Typically, they define prescribed dis¬ 
placements over selected surfaces; they are held constant 
during the optimization. The parameters in y? describe 
loads which locally deform portions of the body into the 
optimum shape. They are selected by the optimization 


algorithm; thus they serve as the design variables. G 
is written as an /^dimensional vector; its elements con¬ 
sist of the values of the cost function and the L — 1 con¬ 
straint functions. The discretized constraints components 
G a a = 2,N can be defined by evaluating the constraint 
field G at a distinct point or averaging the value of G 
over a sub-region of x*< • 

For example, suppose it is desired to optimize a can¬ 
tilever beam of length /' for minimum mass subject to a 
constraint on the maximum bending stress. A beam of 
length /, width u/, and height h serves as the base con¬ 
figuration X**- To ensure the length requirement is met, 
a prescribed displacement with value l* — l is enforced at 
the tip face in the longitudinal direction. This value /' — /, 
is given by a parameter in <t>. Thermal loads are applied 
to locally deform the beam’s height and width. These 
load values are related to parameters in <p. The design 
load field T d (composed of the prescribed displacement 
and thermal loads) is applied to x* fc i and a shape change 
analysis is performed to determine the current design con¬ 
figuration x**» of the beam. Then, the real loads T* are 
applied to x* 4 1 the real analysis is performed to evaluate 
the real response and the maximum bending stress 
is determined. At this point the mass is evaluated over 
X**. Next, G is assembled; its components consist of the 
mass and the maximum bending stress. As the values 
in <p change, the design configuration x* 4 » is modified, 
and the value of G is altered. To determine the <p that 
will minimize mass and satisfy the stress constraint an 
optimization algorithm is used. 

Most numerical optimization strategies are iterative. 
The existing design configuration x* 4 i ls modified; and 
G is re-evaluated on the modified structure. The design 
sensitivities must also be evaluated for each iteration. 
Sensitivity information is used by the optimizer to select 
the direction of the design variation 6<p , that will produce 
the most improved design. The magnitude of 6<p is deter¬ 
mined by one of several methods [17]. Once 6*p is known, 
the design is updated to <p = p + and the next design 
iteration commences. After several iterations, the magni¬ 
tude of 6<p becomes small; at this point, the program has 
converged to the optimized design. 

In the present approach, one shape change analysis is 
performed for each design iteration to determine the de¬ 
sign configuration x* 4 - These time consuming analyses 
represent one serious drawback of natural design variable 
method. However, if the shape change problem is linear, 
only one shape change analysis is required throughout the 
design process. We use superposition to define current 
configuration x* 4 for each subsequent design iteration, 
i.e. 

X - = X* + u$+ (2) 

ost 

where is the displacement field on x** obtained by 
equating <p in T d to zero; and is the displacement 
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field on x* fc obtained by equating p a in ? d t0 one » an< * 
equating all the remaining parameters in 0 and p to zero. 
In all, this requires N + 1 analyses to determine the dis¬ 
placement fields defined in equation (2). If the finite el¬ 
ement method is used to solve the shape change prob¬ 
lem, then this amounts to one stiffness matrix assembly 
and decomposition followed by N + 1 load vector assem¬ 
blies and back substitutions for all design updates. In the 
updated-Lagrangian shape representation approach, the 
base configuration is updated after each design iteration. 
This requires a stiffness matrix assembly and decomposi¬ 
tion followed by N + 1 load vector assemblies and back 
substitutions for each design update. Thus, in the total- 
Lagrangian shape representation formulation, significant 
computational advantages are obtained. Comparisons 
between finite element meshes created by the updated- 
Lagrangian and total-Lagrangian methods exhibit subtle 
differences [5]. Thus, the total-Lagrangian method may 
be preferred in light of its efficiency. In [5], the base de¬ 
sign is updated periodically during the optimization. 

Consider the case where we wish to design several com¬ 
ponents which are characterized the same base configu¬ 
ration but different values of 0, i.e. they have different 
dimensions. If the shape change problem is linear, we 

express u£ as 


outlined in [18, 15]. As noted in [15], if the number of 
design parameters exceed the number of constraint func¬ 
tionals the adjoint sensitivity method requires less anal¬ 
yses than the direct differentiation method and should 
be used; otherwise the direct differentiation technique is 

preferred. 

When the natural design variable method is used, addi¬ 
tion consideration is required to evaluate the shape sensi¬ 
tivities. Here, equation (1) defines the invertable mapping 
X d = X*(X*, y?), that relates the undeformed configura¬ 
tion Xk* reference configuration x* h anc ^ ^he 

parameters p. The problem arises when we attempt to 
determine the explicit variations of this mapping. X 
is implicitly defined by <t> and a boundary-value problem; 

thus the explicit variations of the mapping ^6p not 
readily available. To determine consider the identity 

.6 
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where is the displacement field on x*» obtained by 

equating Ig in T* to one, and equating all the remaining 
parameters in <t> and p to zero. This equation requires 
the solution of M additional analysis. In finite element 
method implementations, M additional load vector as¬ 
semblies and back substitutions are required. In all, one 
stiffness matrix assembly and decomposition, followed by 
M + N load vector assemblies and back substitutions are 
performed for the shape change analysis. After this initial 
analysis is completed, we can readily obtain the design 
configuration that corresponds to any 4> - <fi combination 
from equations (2) and (3); no re-analysis is necessary. 

To evaluate the sensitivities we follow the approach 
used in [18, 15]. Therein, explicit sensitivities of a general 
response functional are derived with respect to the vari¬ 
ations of both shape and non-shape design parameters. 
Domain parameterization is used to derive shape sensi¬ 
tivities [19]. In this technique, an invertable mapping 
is introduced which relates the undeformed configuration 
to a fixed reference configuration and a finite set of de¬ 
sign parameters. The shape sensitivities are expressed 
in terms of the explicit variations of the mapping. In 
[11, 12, 13, 14] the mappings are defined by Bezier and 
parametric curves and surfaces [20]. Variations of interior 
line and surface points with respect to control point vari¬ 
ations are readily determined for these mappings. Once 
these explicit variations are known, the shape sensitivity 
analyses can be performed by following the procedures 


derived from equation (1); recall that X 6 is constant. 
2Ul j s the partial derivative of the shape displacement 
field with respect to the design vector y?. This term can 
be obtained by using the direct differentiation method 
described in [15]. Thus, two sensitivity analyses are re¬ 
quired at each design iteration when the natural design 
variable method is implemented. First, a direct differenti¬ 
ation design sensitivity analysis of the shape change prob¬ 
lem (defined on with loads T d ) is used to determine 
2Si. Once is known, a second, adjoint (if L < N) 
redirect differentiation (if L > N) sensitivity analysis is 
performed for the real problem (defined on x** wlth loads 

aCli 

T T ) to determine 

The fact that two sensitivity analyses are required for 
each design iteration represents the second serious draw 
back of the natural design variable method. Fortunately, 
these sensitivities can be obtained in an efficient manner 
if the finite element method is used. In the real sensitiv¬ 
ity analysis, a minimum of L or N load vector assemblies 
and back substitutions are required to determine ® v . 
These analyses are performed using the decomposed tan¬ 
gent stiffness matrix from the real analysis. The form of 
the load vectors and the means for evaluating the sensitiv¬ 
ity fifS. i s given in [15]. However, before these sensitivities 

are evaluated, ^ must be determined. This requires N 
additional load vector assemblies and back substitutions. 
These N analyses use the decomposed tangent stiffness 
matrix from the shape change problem. Each of the N 
load vectors is obtained by equating y> 0 in T to one, and 
setting all the remaining parameters in <t> and to zero 
(see [15] for details). The resulting N displacement fields 

equal the sensitivities c» = l,N. 

The natural design variable method requires one shape 
change analysis to determine the displacement u* and 
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one sensitivity analysis to evaluate the sensitivities 
at each design iteration. In the finite element context, 
this requires one additional stiffness matrix formulation 
and decomposition, followed by jV +1 additional load vec¬ 
tor assemblies and back substitutions in addition to the 
real analyses used to evaluate S r and -gj- at each design 
iteration. Thus, a significant computational penalty is 
paid. 

This computational penalty is significantly reduced if 
the shape change problem is linear. As previously noted, 
one analysis is performed and then superposition is uti¬ 
lized to evaluate u rf (cf. equation (2)). In addition, we 
will show that no additional analysis is required to eval¬ 
uate the sensitivity For this linear problem, the 

tangent stiffness matrix is constant, i.e. independent of 
u d \ and from [15] it is seen that 

I£■< *- 1 -" <5 > 

where u£ a are the displacement fields which have already 
been evaluated in equation (2). 1 Thus, no shape change 
sensitivity analysis is required. In all, to evaluate the 
deformed configuration \k 4 and sensitivities for all 
design iterations, only one stiffness matrix assembly and 
decomposition, followed by a total of M 4- N load vector 
assemblies and back substitutions are performed. The 
current design configuration is obtained from equations 
(2) and (3); and the sensitivities are evaluated from equa¬ 
tion (5). Further, no additional shape change analyses 
are required to optimize designs with different 0 values; 
i.e. only one shape change analysis is performed to opti¬ 
mize any design created from x*For the linear shape 
change problem only a small computational penalty is 
paid when we incorporate the natural design variable 
technique with the total- Lagrangian shape representa¬ 
tion. In the updated-Lagrangian shape representation, 
this computational savings is not realized. 

We are now in position to outline the optimization al¬ 
gorithm which utilizes the sequential linear programming 
strategy [17]. Initially, a base design configuration x* fc xs 
chosen; the geometric constraints <j> are specified; a start¬ 
ing value of the design variables <p is selected; and the real 
load field T* is supplied. For each design iteration, the 
design load field T d is assembled; a shape change analysis 
is performed to evaluate the shape displacement field u d 

and the sensitivities the current design configuration 
is updated from equation (1); the real response S** is 

determined; the constraint vector G and sensitivities 
are evaluated; and the optimizer is called. The design pa¬ 
rameters in p are modified by the optimizer and the pro¬ 
cess is repeated until the design converges. If the shape 
change problem is linear, then the shape change analysis 
is initially performed, rather than at each design itera¬ 
tion, to evaluate the displacement fields /? = 1 , Af 

1 These sensitivities are consistent with those appearing in [2]. 


and = fj—, a = l t N. At each design iteration, the 
current design configuration Xk 4 * s updated from equa¬ 
tions (2) and (3). 

2.2 PARAMETRIC DESIGN STUDY 

In a parametric design study, a portion of the aforemen¬ 
tioned algorithm is used. The base design configuration 
X**, is supplied and is subsequently deformed by applying 
the load set T d . <j> is chosen to ensure that the appropri¬ 
ate geometric design and manufacturing constraints are 
satisfied. The elements of p comprise the design param¬ 
eters. For each tp , the design load field T d is assembled; 
a shape change analysis is performed; the current design 
configuration x** is updated from equation (1) 2 ; the real 
response S? is determined; and the constraint vector G 
is evaluated. Plots or tables of performance verses de¬ 
sign parameters are then used to choose possible design 
candidates. No sensitivity information is required. 

When the finite element method is used to perform the 
analyses, this procedure creates the finite element mesh 
for each of the varied designs. For this reason, it is viewed 
as a mesh generator [1]. If large geometric changes or 
topological changes are desired, then the base design must 
be altered. If a mesh generator is used, additional cod¬ 
ing is required to reflect any such changes. Most likely, 
changes to the base design can be performed more easily 
than changes to the mesh generation program. 

2.3 SIDE NOTES 

The format of the optimal design algorithm is not unique. 
Here, sequential linear programming is utilized. Other 
possibilities are sequential quadratic programming or the 
modified method of feasible directions [17]. In these meth¬ 
ods, an inner 1-dimension search loop is used to determine 
the magnitude of the design variation vector 6<p. In this 
loop, the the design variables are modified and the value 
of the constraint vector G is re-evaluated; no gradient 
information is requested. Often, rather than performing 
a complete reanalysis to determine G, efficient approx¬ 
imate problems are created to predict these values, for 
example see [21]. 

The means for evaluating the shape sensitivities 
is not unique. The material derivative approach [22] or 
semi-analytical approach [23] are also viable options. All 
of these approaches yield identical results when used cor¬ 
rectly. 

Several techniques have been suggested to reduce com¬ 
putational requirements. In [3] it is noted that softer ma¬ 
terial properties for the shape change analysis may lead 
to faster convergence of the optimization. It is suggested 
in [1,5] to use substructuring when performing the shape 

3 If the shape change problem is linear, the displacement fields 
, /? = l,M and ll£ w or = 1,JV are evaluated once; and the 

current design configuration is updated from equations (2) and 
(3). 
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Figure 1: Cantilever beam base design. 

change analysis. In this way, the shape change analyses 
can be performed more efficiently if a portion of the finite 
element model is held fixed during the design process. 

Finally, note that this methodology is not restricted to 
the finite element method, or structural problems. Any 
means may be used to evaluate the system’s response, 
and the response for any system which is governed by 
geometric entities (e.g. heat transfer and fluids problems) 
can be optimized or studied in a parametric manner. 


3 EXAMPLES 

Two example problems are presented in this section. A 
cantilever beam is elongated to meet new design spec¬ 
ifications; and then it is optimized to reduce volume 
and satisfy stress constraints. In a similar problem, an 
automobile crankshaft is optimized. In all cases, the 
displacement-based finite element method is used to per¬ 
form the analyses; and sequential linear programming is 
used to perform the optimization. 

3.1 CANTILEVER BEAM 

Consider the finite element model of a cantilever beam 
shown in figure 1. The beam is fixed at the wall and sub¬ 
jected to a distributed transverse tip load of 10,000N. The 
isotropic beam has a Young’s modulus of 1.0 x 10 MPa 
and a Poisson’s ratio of 0.3. The length, width, and 
height of the beam is 50mm, 10mm, and 20mm, respec¬ 
tively. The finite element model consists of 80 8-node 
bilinear hexahedrons, 189 nodes, and 540 degrees of free¬ 
dom. Current design requirements limit the maximum 
allowable bending stress magnitude to 3000 MPa. A sim¬ 
ilar problem appears in [24, 11). 

For the current design problem, the beam is required 
to be 60mm long and 10mm wide; only the height is al¬ 


Figure 2: Cantilever beam initial design. 

lowed to vary. The existing finite element model, i.e. 
the 50 x 10 x 20mm beam, shown in figure 1, is used 

as the base design configuration x«‘- To meet the S* 0- 
metric design constraints, prescribed displacements with 
magnitude 10mm are applied in the positive x-direction 
to the free end of the beam; the side surfaces are con¬ 
strained in the z-direction; the fixed end is constrained in 
the x-direction; and the bottom edge of the fixed end is 
constrained in the y-direction. The parameters describ¬ 
ing these prescribed displacements are the elements m <p. 
The first parameter fa = 10 = 60-50, defines the beam’s 
length; the second parameter fa = 0 = 10 - 10, defines 
the width. 

The design variables in describe thermal loads that 
are applied during the shape change analysis. Moving 
from left to right, eleven regions 5*, p = l.H which 
consist of elements 1-8, 9-16, 17-24, 25-32, 33-40, 41-48, 
49-56, 57-64, 65-72, 73-76, and 77-80 are defined. Each 
region is characterized by distinct coefficients of thermal 
expansion; thus each region is subjected to different ther¬ 
mal strains E u . The eleven coefficients comprise <p. The 
temperature of the body is uniform, l'C. Initially, is 
zero; ultimately, it is defined by the optimization algo 

rithm. ... • c o 

The initial design configuration is shown in figure i. 

This beam is slightly thinner than the base configuration 

due to the Possion’s effect. Results of the real analysis in 

which the initial design configuration is subjected to the 

tip load are shown in figure 3. This contour plot depicts 

the bending stress magnitude. As seen from this figure, 

the beam is gTeatly over designed. 

To reduce the beam’s volume a shape optimization is 
performed. The objective function is the volume and the 
constraints are the normalized bending stress less one (a 

J( )* *nd ( )‘ denote quantities defined in the design configura¬ 
tion X*. and base configuration X,t, respectively. 
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Figure 3: Cantilever beam initial design stress contours. 


negative constraint value denotes constraint satisfaction). 
The stress is evaluated at the nodes using nodal averag¬ 
ing techniques. We use symmetry to define the stress 
constraint locations. The node positions along the top 
surface, specifically the center line and one edge, of the 
beam are chosen; a total of 42 constraints are defined. 

A linear shape change analysis is performed for this 
problem. Before the first design iteration the stiffness ma¬ 
trix used for the shape change analysis is assembled and 
decomposed once. The displacement fields 0 = 1,2 

and a = 1,11, are computed as discussed in 

the last section. A total of thirteen load vector assemblies 
and back substitutions are required. 

For each design iteration, equations (2) and (3) are used 
to update the current design configuration. A real anal¬ 
ysis is performed over \* 4 evaluate the real response 
resulting from the tip load. The constraint vector G and 
sensitivities are subsequently evaluated. Finally, the 
optimizer is called; and p is updated. 

Results of the optimization appear in figures 4-6. 
These figures depict the optimized configuration, the 
stress contours at the optimal configuration, and the de¬ 
sign history. The top and bottom surfaces, with the 
exception of the base and tip regions, are maximally 
stressed. The volume is reduced from an initial value 
of 10.97142 cm 3 to 4.38744 cm 3 . 9 design iterations were 
required, although convergence was reached after itera¬ 
tion 7. A total of 93.28 CPU seconds were required on 
a single processor of a CRAY XM-P computer. A ma¬ 
jority of the computational expense was spent computing 
the shape sensitivities a = 1,11. This result closely 
resembles the theoretical solution given in [11]. 

Suppose we now wished to optimize a beam 70mm long 
and 15mm wide. No additional shape change analyses 
would be performed. <j>\ and <j >2 are equated to 20mm 




Figure 4: Cantilever beam optimal design. 
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Figure 5: Cantilever beam optimal design stress contours. 
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Figure 6: Cantilever beam optimization history. 



Figure 7: Constrained cantilever beam optimal design. 


and 5mm, respectively; and the optimization process is 
repeated. It may be advisable to initialize the starting 
value of p for the 70mm beam optimization to the opti¬ 
mized value of tp obtained from the 60mm beam design. 
This initial guess may lead to quicker convergence, hence 
reduced computational expense. 

As a second exercise, the same problem is optimized. 
However, this time, additional geometric manufacturing 
requirements are specified that restrict the beam s top 
and bottom faces to consist of four piece-wise planar sur¬ 
faces. One way to maintain this piece-wise planar condi¬ 
tion is to apply nonlinear multi-point-constraints to the 
previous shape change problem. The form of these con¬ 
straint equations are given in the appendix. Figures 7 
- 9 are analagous to figures 4 - 6 for the first problem. 
In this latter problem, the optimized volume is slightly 
greater, 4.39131 cm 3 , possibly due to the shape restric¬ 
tion. The optimization required 8 cycles, although con¬ 
vergence was reached after 6. Computational require¬ 
ments for this problem were considerably greater, 140.1s 
even though fewer iterations were required. The increase 
is attributed to the nonlinear shape change problem. 
Several Newton-Raphson iterations are required to com¬ 
pute the shape displacement u * at each design iteration; 
then eleven additional load vector assemblies and back 
substitutions are performed to evaluate the sensitivities 


Q = 1,11. 

*As an alternative, we could have eliminated the non- 
near multi-point constraints by carefully applying pre- 
cribed displacements over the planar surfaces. These 
lisplacements would be prescribed at the plane interfaces 
.nd vary linearly over the adjacent planes (in a manner 

L ' V_JienlorAmpnt.C 
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4 Nonlinearities arc introduced via the multi- point-constraints. 
All remaining relationships are linear (eg. stress-strain, strain- 
displacement ). 
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Figure 8: Constrained cantilever beam optimal design 
stress contours. 
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Figure 10: Automobile crankshaft original design. 
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Figure 9: Constrained cantilever beam optimization his¬ 
tory. 


forced over linear finite elements). In this case, the shape 
change problem is linear and the values of the displace¬ 
ments represent the design variables. 

3.2 AUTOMOBILE CRANKSHAFT 

In this problem, an existing automobile crankshaft is re¬ 
designed to reduce weight and maintain the original de¬ 
sign’s stress levels. To perform the analyses, the natu¬ 
ral design variable concept has been implemented in the 
general purpose GM optimization code, ODYSSEY. The 
shape optimization portion of this program is similar to 
that of the SHOP3D program [26]. 

The original design and response is illustrated in figure 
10. Symmetry has been used to reduce computations. 
The model consists of 1357 linear solid elements and 1636 
nodes. The contour plot illustrates the major principal 
stress under a bending load. The load results from the 
gas forces that are transmitted to the pin journal via the 
piston and connecting rod. The main bearing journal 
(with the cored section) is constrained by the engine block 
and bearing caps. 

Only the arm section geometry is allowed to vary dur¬ 
ing the optimization. All three degrees of freedom of the 
main and pin journals and the refined fillet area and the 
radial degrees of freedom of the core are fixed by applying 
homogeneous boundary conditions. The bottom width of 
the arm is also fixed, as a counterweight is attached to 
this region. The shoulder region around the pin journal 
is fixed by constraining the fillet region. The shoulder 
region around the main journal is similarly constrained. 

The design loads consist of 42 thermal load sets and 
2 prescribed displacement sets. All of the load sets were 
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quickly created by using an interactive finite element pre¬ 
processor program. The thermal loads are defined by ap¬ 
plying unit nodal temperatures to sub-regions of the arm. 
The thermal expansion coefficient is constant throughout 
the crankshaft. Unit prescribed displacements are applied 
to the surface nodes opposite the plane of symmetry in the 
front view (lower left) in the transverse direction. Only 
those nodes which are not attached to the two shoulders 
are loaded. All the nodes in the axial direction are given 
the same prescribed displacement. In all, two displace¬ 
ment sets are defined. The nodal temperature values and 
the prescribed displacement values are used as the de¬ 
sign variables and adjusted during the optimization. In 
the shape change analysis, one stiffness matrix decom¬ 
position and 44 back substitutions are performed. The 
analysis is linear and hence, it is performed only once. 

The constraints consist of the maximum nodal major 
principal stress for each element, except those adjacent to 
the load application point. In all 1350 constraints were 
defined, however only 5-6 were active during the opti¬ 
mization. Eight optimization iterations were performed, 
after which several elements experienced undesirable dis¬ 
tortions so the optimization was terminated. 

The results of the optimization are seen in figure 11. 
The total mass reduction is 8.89%. This is computed 
over the entire model, so the arm mass reduction is con¬ 
siderably higher. The maximum stress was also slightly 
reduced. It is seen that mass is added opposite the lower 
pin and subtracted opposite the upper pin and main. It 
is also noted that the width of the arm is reduced. How¬ 
ever, it is believed that this arm reduction will lead to an 
increased torsional vibration. Ideally, the optimization 
should account for both the bending and torsional load 

cases. 

The arm surface opposite the pin is fairly rough. This 
area could be smoothed by adding more temperature load 
sets in this region or by using prescribed displacements 
defined from Bezier surfaces as in [5]. The ability to ap¬ 
ply these prescribed displacements is somewhat limited 
as we have access to only the finite element model data. 
Nevertheless, the trends obtained from this exercise give 
designers invaluable information. 

4 Summary 

A shape representation scheme has been presented and 
fully detailed. The method uses the natural design vari¬ 
able concept which has been previously introduced in 
the literature. The total-Lagrangian shape representa¬ 
tion is incorporated which offers distinct advantages over 
the previously used updated-Lagrangian representations 
if the shape change problem is linear. The representation 
can be used for shape optimization and parametric de¬ 
sign studies; and it is applicable to any problem which is 

governed by geometric entities. 

When the finite element method is used to perform the 
analyses, then the shape change problem can be easily 



Figure 11: Automobile crankshaft optimal design. 


created by applying additional load sets to the existing 
finite element mesh. These load sets can be created by us¬ 
ing commercially available finite element pre-processors. 
On the other hand, if the shape representation relies on 
hierarchical parametrization methods, then the design 
model may be more difficult to create as no commercially 
available software has been developed for this purpose. 
For linear shape change problems, the additional cost to 
implement the shape representation amounts to one stiff¬ 
ens matrix formation and decomposition followed by nu¬ 
merous load vector assemblies and back substitutions. 

In the example problems, thermal loads were applied to 
deform the base configuration into the optimally shaped 
design. Thermal loads were chosen to create a local¬ 
ized deformation in the structure. In the cantilever beam 
problem, the optimized designs appeared to be maximally 
stressed and convergence was reached after a few itera¬ 
tions. It was seen that the nonlinear shape change prob¬ 
lem required a considerable amount of additional CPU 
time as compared to the linear shape change problem. In 
the automobile crankshaft problem, mesh distortions led 
to an early termination. Nonetheless, the modified design 
was considerably improved. 


5 acknowledgements 

The author would like to thank Dr. Che-Hsi Yu and 
Mr. Edward D. Moss of Electronic Data Systems, Troy, 
Michigan for their assistance in implementing the natural 
design variable concept into ODYSSEY and Dr. Mark E. 
Botkin for editing the manuscript. 


231 



6 APPENDIX 

A constraint equation which constrains an independent 
point to lie on a plane defined by three dependent points 
is defined as follows. 

Initially the points X a , a = 0,3 are coplanar. Xo is the 
dependent point and lies on the plane defined by the three 
independent non-collinear points. Each point displaces 
by the amount u a , a = 0,4 under a deformation and the 
new point locations are defined X^ = X tt + u 0 , a = 0,3. 

After the deformation, the point XJ, is constrained to 
lie on the plane defined by the points X^, a = 1,3. This 
constraint is met if the the following equation is satisfied 
(25] 

fc(u) = 0 = n' • V' 10 (6) 

where V' tt , = X' Q - XJ,, aj = 0,4 and n' = V' 12 x 
V' 13 /(|V' 12 | |V' 13 |). • denotes the dot product; x denotes 
the cross product; and | | denotes the magnitude. 

The Lagrange multiplier method is used [16] and 
f B phdv is augmented to the generalized potential energy 
function, where p is the Lagrange multiplier. The station¬ 
ary condition of the augmented functional with respect to 
admissible variations of u and p yields the solution to the 
boundary-value problem. This problem is nonlinear due 
to the form of h. Sensitivities for this type of problem 
appear in [15]. 

In the cantilever beam example problem, each plane 
consists of eighteen node points. Three nodes are chosen 
as the independent points, fifteen constraint equations 
are defined to ensure the remaining nodes will lie on the 
plane after the shape change analysis. The element faces 
defined by these nodes remain planer due to the form of 
isoparametric parametric mapping. In all one-hundred 
constraint equations are defined, some equations along 
common edges are redundant, thus they are eliminated. 
Additionally, the nodes along the bottom edge of the fixed 
end are not constrained because of the applied boundary 
conditions. 

References 

[1] K.K Choi, T.M. Yao, 3-D Modeling and Automatic 
Regridding in Shape Design Sensitivity Analysis, 
Sensitivity Analysis in Engineering, NASA Confer¬ 
ence Publication 2457, pp. 329-345, 1987. 

[2] A.D. Belegundu, S.D. Rajan, A Shape Optimizar 
tion Approach Based on Natural Design Variables 
and Shape Functions, Comput. Methods Appi. 
Mech. k Eng., Vol. 66, pp 87-106, 1988. 

[3] S.D. Rajan, A.D. Belegundu, Shape Optimal De¬ 
sign Using Fictitious Loads, AIAA J., Vol. 27(1), 
pp. 102-107, 1989. 

[4] A.D. Belegundu, S.D. Rajan, Shape Optimal 
Design Using Isoparametric Elements, Proc. 


AIAA/ASME/AHS 29th SDM Conf., Blacksburgh, 
VA, pp. 696, 701, 1988. 

[5] T-M. Yao, K. K. Choi, 3-D Shape Optimal Design 
and Automatic Finite Element Regridding, Inter. J. 
Numer. Methods. Eng., Vol. 28, pp. 369-384, 1989. 

[6] T. Hosokawa, H. Tsukada, Y. Maeda, T. Nakakubo, 
M. Nakada, Development of Computer Aided En¬ 
gineering for Piston Design, SAE Paper # 890775, 
1989. 

[7] R.T. Haftka, R.V. Grandhi, Structural Shape 
Optimization-A Survey, Comput. Methods Appl. 
Mech. k Eng., Vol. 57, pp. 91-106, 1986. 

[8] Y. Ding, Shape Optimization of Structures: A Lit¬ 
erature Survey, Comput. k Struct., Vol. 24(6), pp. 
985-1004, 1986. 

[9] K.K. Choi, J.L.T. Santos, T.M. Yao, Recent Ad¬ 
vances in Design Sensitivity Analysis and Its Use 
in Structural Design Process, SAE Technical Paper 
Series 880783, 1988. 

[10] S.D. Rajan, A.D. Belegundu, J. Budiman, An Inte¬ 
grated System for Shape Optimal Design, Comput. 
k Struct., Vol. 30(1/2), pp. 337-346, 1988. 

[11] M.H. Imam, Three-Dimensional Shape Optimiza¬ 
tion, Int. J. Numer. Methods Eng., Vol. 18, pp. 
661-673, 1982. 

[12] M.E Botkin, Shape Optimization of Plate and Shell 
Structures, AIAA J., Vol. 20(2), pp. 268-273, 1982. 

[13] V. Braibant, C. Fluery, Shape Optimal Design Us¬ 
ing B-Splines, Comput. Methods Appl. Mech, k 
Eng., Vol. 44, pp 247-267, 1984. 

[14] R.J. Yang, M.J. Fiedler, Design Modeling for Large- 
Scale Three Dimensional Shape Optimization Prob¬ 
lems, ASME Computers in Engineering Conference 
Proceedings, Vol. 2, 1987. 

* 

[15] D.A. Tortorelli, Sensitivity Analysis for Nonlinear 
Constrained Elastostatic Systems, in preparation. 

[16] K.J. Bathe, Finite Element Procedures in Engineer¬ 
ing Analysis, Prentice-Hall, Inc., Englewood Cliffs, 
New Jersey 07632, 1982. 

[17] G.N. Vanderplaats, Numerical Optimization Tech¬ 
niques for Engineering Design - With Applications, 
(McGraw-Hill, New York, 1984). 

[18] D.G. Phelan, C. Vidal, R.B. Haber, Explicit Sensi¬ 
tivity Analysis of Nonlinear Elastic Systems, Com¬ 
puter Aided Optimum Design: Recent Advances, 
Brebbia k Hernandez, Eds., Comp. Mechanics 
Publications/Springer-Verlag, pp. 357-366, 1989. 


232 





> 


I 

1 


[ 19 ] R.B. Haber, A New Variational Approach to Struc¬ 
tural Shape Design Sensitivity Analysis, NATO ASI 
Series, Vol. F27, Computer Aided Optimal De¬ 
sign: Structural and Mechanical Systems. Edited 
by C.A. Mota Soares, Springer-Veral Berlin Heildel- 
berg 1987. 

[20] D.F. Rogers, J.A. Adams, Mathematical Elements 
for Computer Graphics, McGraw-Hill, Inc., New 
York, 1976. 

[21] S. Kodiyalam, G.N. Vanderplaats, Shape Optimiza¬ 
tion of 3D Continuum Structures Via Force Approx¬ 
imation Techniques, Proc. AIAA/ASME/AHS 29th 
SDM Conf., Blacksburgh, VA, pp. 1696-1704, 1988. 

[22] E.J. Haug, K.K. Choi, V. Komkov, Design Sensitiv¬ 
ity Analysis of Structural Systems, Academic Press, 
New York, 1986. 

[23] B. Barthelemy, R.T. Haftka, Accuracy of the Semi- 
Analytical Method for Shape Sensitivity Calcula¬ 
tions, Proc. AIAA/ASME/AHS 29th SDM Conf., 
Blacksburgh, VA, pp. 572-588, 1988. 

[24] R.J. Yang, A Hybrid Approach for Shape Optimiza¬ 
tion, ASME Computers in Engineering Conference 
Proceedings, Vol. 3, 1988. 

[25] K. Lee, Shape Optimization of Assemblies Using 
Geometric Properties, Ph.D. Thesis, Massachusetts 
Institute of Technology, 1983. 

[26] R.J. Yang, A 3-D Shape Optimization Program - 
SHOP3D, Comput. k Struct., Vol. 31, No. 6, pp. 
881-890, 1989. 


233 



N94-71448 



0 

i.i 


( 1 


OPTIMIZATION OF ROTOR BLADES FOR 
COMBINED STRUCTURAL, DYNAMIC, AND 
AERODYNAMIC PROPERTIES 

by 

CHENGJIAN HE 

Post-Doctoral Fellow 

and 

DAVID A. PETERS 

Professor 

School of Aerospace Engineering 
Georgia Institute of Technology 
Atlanta, Georgia 30332 


Presented at the Third Air Force/NASA Symposium on Recent 
Advances in Multidisciplinary Analysis and Optimization 


San Francisco, California 
24-26 September 1900 


234 


1 Introduction 

Optimal helicopter blade design with computer-based mathematical programming has 
received more and more attention in recent years. Most of the research has focused on 
optimum dynamic characteristics of rotor blades to reduce vehicle vibration, Refs. 1 to 
4 There is also work on optimization of aerodynamic performance, Ref. 5, and on com¬ 
posite structural design, Ref. 6. This research has greatly increased our understanding of 

helicopter optimum design in each of these aspects. 

Helicopter design is an inherently multidisciplinary process involving strong interactions 
among various disciplines which can appropriately include aerodynamics, dynamics (both 
flight dynamics and structural dynamics), aeroelasticity (vibrations and stability), and 
even acoustics. Therefore, the helicopter design process must satisfy manifold requirments 
related to the aforementioned diverse disciplines. In our present work, we attempt to 
combine several of these important effects in a unified manner. First, we design a blade 
with optimum aerodynamic performance by proper layout of blade planform and spanwise 
twist. Second, the blade is designed to have natural frequencies that are placed away 
from integer multiples of the rotor speed for a good dynamic characteristics. Third, the 
structure is made as light as possible with sufficient rotational inertia to allow for autoro- 
tational landing, with safe stress margins and flight fatigue life at each cross-section, an 
with aeroelastical stability and low vibrations. Finally, a unified optimization refines the 

solution. 


2 Mathematical Formulation 

For an optimal design process of a helicopter, our mathematical formulation can be 

posed as a constrained minimization problem. 

The baseline configuration used for the rotor blade is a box-beam model, Ref. 2. The 
primitive design variables for the box beam are its width, its flange thickness, and its 
web thicknesses. Two additional primitive design parameters allow for further freedom in 
weight distribution. These seven design parameters (along with given material properties) 
define the blade mass and structural properties. Naturally, they are constrained such that 

the pieces must fit within the aerodynamic envelope. 

The first phase in our multi-disciplinary design of rotor blades is to improve the aero¬ 
dynamic performance. The objective function is chosen to be the power required for the 
main rotor in hovering flight. In the aerodynamic performance analysis, the blade chord 
and twist are chosen as design variables. In the current study, we do not confine ourself to 
linear twist or taper only. A more general distribution is assumed. The chord and twist 
are expressed in the following polynomial form 

C(f) = * + Cl (f - 0.75) + c,(f - 0.75) 3 + •• • (1) 

0(f) = $ 0 + 0,(f - 0.75) + - 0.75) J + • • • (2) 

By doing this, the distribution coefficients Co, «x, •••» “ d etc. become design 

variables. Therefore, we create an opportuity to test various types of possible chord and 
twist distributions for an optimum aerodynamic design. 
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For the second phase of optimization, we work on blade natural frequency placement. 
A finite element approach with coupled blade flapping, lead-lag, and torsion motions is 
applied as an eigenvalue analysis. In the current study, our goal is to keep the frequencies 
away from resonance with rotor speed harmonics up to the ninth mode. The prescribed 
windows are set up such that each of these frequencies is away from any integer multiple 
of rotor rotational speed. Because stress and flutter are important aspects of the current 
optimization process, the yield stresses and fatigue life, as well as classical bending-torsion 
flutter of the blade have been added as constraints in the optimization. 

The CONMIN optimization code has been used as optimizer. It is a first-order pro¬ 
graming method that uses a feasible search direction obtained from a compromise between 
gradients of objective function and imposed constraints. Initially, we tried a unified ap¬ 
proach where we chose the power required in hover as the objective function with all 
contraints (autorotational inertia, blade natural frequencies, stress at each cross section, 
chordwise c.g., and side constraints on design variables). We wanted to obtain an opti¬ 
mum solution in one single run; but, this approach failed. The optimizer stops after it has 
been unable to obtain desired improvements in the objective function within a reasonable 
number of iterations. 

Thus, we decided to phase the whole optimization process into several stages. First, 
we use power required in hover as the objective function with autorotation inertia as a 
constraint. Therefore, the blade chord and twist distributions, together with the lumped 
mass, are applied as design variables. After the performance optimization, the blade chord 
and twist have changed significantly, thus resulting in a significant shift in blade natural 
frequencies. It is then necessary to perform blade frequency-placement optimization to 
bring them back into the prescribed windows. Next, we turn to minimize the rotor power 
with all constraints (frequencies, stress, chordwise c.g.). Because blade weight is a strong 
contributer to power required (for a given payload) and because the aerodynamic taper and 
twist are already near optimum, this last phase is equivalent to minimizing weight. Thus, 
at the end, we reach our overall objective (i.e., an optimum aerodynamic performance, 
properly placed blade natural frequencyies, satisfied blade sectional critical stresses, and 
free of aeroelastic instabilities). 


3 Results and Discussion 

The results obtained thus far show the interactions among aerody&nmic performance, 
blade dynamics properties, and cross sectional stresses. Figures la-ld present hover per¬ 
formance optimization results. As shown, the mathematical optimizer, like a helicopter 
design expert, knows exactly how to make a tapered blade to reduce power required while 
maintaining thrust needed to lift the vehicle. The original blade has a -8° twist which 
offers quite good performance (Figure of Merit is 0.76). However, the optimization process 
has been able to gain more benefit through taper. A 4% saving in total power required and 
a Figure of Merit of 0.7892 axe achieved from the optimum design even though the original 
design, as mentioned, had a high Figure of Merit* Figure lc shows that the inboard section 
has smooth blade loading. Thus, as expected, the power required varies in its distribution, 
with less power consumed at the tip region (which is critical for the reduction of power 
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consumption while maintaining the specified lifting capacity), Fig. Id. These figures also 
compare the linear, parabolic, and cubic chord and twist designs. It is noted that we 
obtain a curve-shape blade planforro for both parabolic and cubic designs. The chord is 
not decreased all the way to the tip. Instead, we have a cup-shape there. It is interesting 
to know that we achieve almost the same final Figure of Merit (close to 0.79) for the de¬ 
sign with either Unear or higher-order chord and twist variations This is to say that the 
Unear twist and tapered blade produces the essential gain for aerodynamic performance. 
At least, this conclusion is true for hovering flight. It remains to be tested in forward 
flight. The higher-order distributions do have a faster convergence rate in the numerical 
design process than the Unear case. Since rotor performance is very sensitive to the blade 
tip loading, it is interesting to examine different tip loss formulas. Fig. 2 compares the 
optimized results with Prandtl, Wheatley, Wald, and Peters tip loss approaches. Prandtl’s 
and Peters’ formulas yield similar design; Wheatley’s formula produces more taper at the 
tip; and Wald’s formula gives a relatively poor design. 

Strong interactions exist between aerodynamic performance optimization and the tai¬ 
loring of blade structural dynamics since the changes in both chord and twist distributions 
significantly affect blade natural frequencies and mode shapes. Table 1 compares the blade 
natural frequencies before and after aerodynamics optimization. Large frequency shifts oc¬ 
cur on all higher frequency modes. For example, nondimensional frequencies of l si torsion, 
and 4th and 5th flapping modes change by more than 15%, and even shift into another 
frequency window. To accompUsh optimum design with respect to both aerodynamics and 
dynamics, we need to bring these shifted frequencies into prescribed windows. The results 
from the two-step frequency placement are presented in Table 1. As shown, all frequencies, 
except the 5th flapping mode, are successfully brought into the windows, even though they 
have been shifted greatly. The 5th flapping frequency is slightly off the window, but it is 
going in the direction toward the inside of the window at each iteration. It just converges 
slowly. 

Both yield and fatigue stresses at each blade cross-section have been imposed as con¬ 
straints to insure no structural failure due to excessive stresses for final optimum design. 
Figures 3a and 3b show static and critical stress distributions for the initial blade struc¬ 
ture, the optimal aerodynamic performance design, and the final multi-displinary design 
with stress constraints. The optimal aerodynamic performance design (dashed line) has 
a significant impact on blade cross-section stresses. In particular, large stresses occur 
around the critical stress region (55% to 87% radial stations) as compared to the initial 
design (doted line). Optimization with stress constraints (solid line) improves the design 
around this critical region. Figure 3c compares the total critical stress distribution for 
the optimum design with and without stress constraints. The optimum design without 
stress constraint has a poor fatigue life, with possible structural fatigue failure (at about 
82% radial station); but the optimum design with proper stress constraints has lowered 
the total blade cross-section stresses, offering a safe fatigue life for the optimally designed 
blades. 

To summarize, the optimal aerodynamic performance in hover and proper rotor blade 
natural frequencies have been achieved with constraints on autorotational inertia, blade 
chordwise c.g. and blade sectional critical stresses. This has been done by a proper division 
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of the design optimization into stages. The paper presents various types of taper and 
twist for optimal aerodynamic performance and shows significant influence of the optimum 
aerodynamic design on the blade dynamic properties and cross-sectional stresses. 
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ABSTRACT 

The general problem of optimization with arbitrary merit and constraint functions, which could be convex, 
concave, monotonic or non-monotonic, is treated using stochastic methods. To improve the efficiency of the random 
search methods, a genetic algorithm for the search phase and a discriminant function for the constraint-control 
phase were utilized. The validity of the technique is demonstrated by comparing the results to published test 
problem results. Numerical experimentation indicated that for cases where a quick near optimum solution is desired, 
a general, user-friendly optimization code can be developed without serious penalties in both total computer time 
and accuracy. 

INTRODUCTION 

Several commercially available optimization programs with particular application to aircraft structures and perfor¬ 
mance have been in use for decades. A great majority of these programs are deterministic and based on mathematical 
nonlinear programming algorithms. They also require the evaluation of at least the first derivative of several func¬ 
tions involved in the calculation, user decision for the step lengths and, monotonic functions for best results. Several 
methods have also been tried to avoid the local optimum versus the global optimum handicap. On the other hand 
the most important argument against the stochastic search procedures is their inefficiency and impracticality for 
meaningful real world problems involving very large number of design variables and constraint functions. With the 
new computer capabilities, both the memory requirements and the execution time lengths for even the most complex 
optimization problems ceased to be decisive factors for the chioce of solution methods. Thus the total engineering 
time required for a feasible optimum solution became the most important parameter. Random search methods are 
inherently easy to use and do not require special engineering expertise, therefore improvement efforts were directed 
mainly to the savings in the computer CPU+RESOURCE times. Replacement of the total unbaised random search 
with more logical improvement methods such as the genetic algorithm method dates back to the Fogel s original 
dissertation titled M Artificial Intelligence Through Simulated Evolution ”[1] and since then it has been subjected to 
several studies [2,3,4]. 

As of this time the authors are not aware of the existence of a complete mathematical proof of convergence for 
the genetic algorithm methods, only numerical results showing convergence are available, and they are promising. 
The other important cost saving area is in the time spent on checking the design points against the constraint 
functions to decide whether they are acceptable or not. A method based on the discriminant function idea has been 
utilized to reduce the effort of checking against the actual constraints by replacing them with a hyper separation 
surface [5,6]. By minimizing the risk of accepting an unacceptable design point or rejecting an acceptable point this 
quasi-constraint technique provided time saving solutions. 

DEVELOPMENT OF THE SEARCH PROCEDURE 

The procedure has four phases: 

1. Initial grid sampling and evaluation. 

2. Establishment of the Discriminant function, which is to be utilized as a Quasi-constraint function. 

3. Generation of new design points via genetic algorithm, and evaluation with the discriminant function. 

4. Control of final near-optimum design points with actual constraints. 

1. Initial Grid Sampling 

In an optimization problem involving n variables the design point A' (x j, x 2 ,..., r n ) is the member of the design 

1 Director, RZt D and Engineering, Turkish Aerospace Industries, TAI-Murted, Turkey. 

2 Associate Professor, Bilkent University, Bilkent-Ankara, Turkey. 

3 Senior Specialist, Turkish Aerospace Industries, TAl-Murted, Turkey. 
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set 5, which contains all the possible combinations of the design parameters. S can also be considered as an n 
dimensional volume in a design space bounded by the side constraints. This hyper volume is divided into two regions 
called the region of acceptable design points A and the region of unacceptable design points U. Both A and U are 
assumed to be non-muitiply-connected regions. In other words all the main constraints can be combined into a 
single hvpersurface dividing the two regions. 

By pardoning each design parameter into t parts. t n cells can be formed in 5 and. assigning one X to the center of 
each cell initial grid sampling can be performed. This type of a uniformly distributed sampling provides information 
in an unbaised manner about the whole space. 

2. Establishment of the Discriminant Function 

The initial sampling provides a set of points in the region of acceptable points and another set in the region of 
unacceptable design points. Since both regions are not multiply connected these two sets are disjoints and a criterion 
can be obtained to distinguish between the elements of these two sets. By using linear programming techniques a 
hyper surface can be found that separates the region of acceptable points from the region of unacceptable design 
points. This hvpersurface then can be used to replace the actual main constraint hyper surface for checking new 
design points. The main idea here is the utilization of the information obtained during the grid sampling phase to 
create an artificial constraint surface which is much easier to check against than the actual constraints. Mathematical 
derivations involved in the discrimination technique are given in Appendix I and reference [7], 

3. Genetic Algorithm 

In this phase acceptable design points with best merit function attributes are selected as the parent population 
for the second generation design points. In most genetic algorithm applications design variables are represented in 
strings of zeros and ones in a binary manner e.g. (0,0,1,1,0,1,0). However in this study actual values of the design 

parameters are interchanged and mutated randomly to produce the characteristics of the new generation of design 
points. 5 

A random number generator is used to decide which parameter of which parent will show up in the next generation 
and what will be the magnitude of the change in that parameter if any. In other words an attempt to mimick the 
randomness of the natural selection procedure has been made. This way each new generation had a chance to inherit 

the best characteristic of their parents, who were already members of the top performance set, but not necessarily 
in the exact magnitude. 

Selection procedure was repeated until no appreciable improvement in the MF can be obtained. In this phase, 
decision of acceptability is based only on the discriminant function filtering. 

4. Final Control 

At the end of the genetic search, final control of the selected near optimum points were performed against all the 
actual constraints to ensure the acceptability of the solution. More than one, acceptable and near-optimum design 
points provided so that the designer will have several alternatives to choose from with similar optimality but different 
design parameter values. 

CONCLUDING REMARKS 

The aim of this study was to illustrate the feasibility of a direct, non-gradient-dependent search method which 
also possesses good economic characteristics such as total engineering and computational expenses. This was achieved 
by short cutting the time consuming constraint checks with the use of discriminant function and, move-direction 
and step-size computations with the use of genetic search. Obviously more numerical experimantation both with 
test problems and, meaningful real life problems are required to improve the present crude attempt. 

Appendix I: Linear and Quadratic Discrimination 

m _ {a V a3 ’ ‘ ,a * J set of acceptable points and b = {ui, u?, • • ., u* } of unaccepatable points in 7Z n , we 

would like to determine a hyperplane cx = a separating A and U if possible. If the vector c € 7£ n , a € satisfies 
the conditions: 


a,z < a i = 1,..., k 
iijx > a j = 1. C 


( 1 ) 

( 2 ) 
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then we say the hyperplane cx = a separates A and U. Assuming such a separation is possible, one can find such an 
hyperplane by solving the linear program (LP): 

max 5 (3) 

c,a,6 

LPi: subject to 

a t c < a - S i = 1, ..., k (4) 

u j c > oc + 6 j = 1, ..., t (3) 

This LP is always feasible, (0,0,0) is feasible and for any feasible (c, a, 6) and 0 > 0, /?(c, a,<$) is again feasible. So 
one needs to add a normalization or boundedness conditions to guarentee that the above LP has a finite optimum. 

One such possibility is as follows: 

(101100 = 1 or -e<c<e (6) 

where e is a vector of Ts of suitable dimension. Now we can recast LPi with (6) as 

max 6 

c, at, 6 

LP 2 

subject to: (4-6) 


This LP is always feasible and bounded. Let 

A = 26 = \af{cuj : ;' = 1 , -sup{ea< : i + 1 , k } 

If A > 0 (A < 0) then a linear separation is possible (impossible). When When 6 < 0, if we delete points satisfying 

a + <5<cx<a — 6 


then the remaining points are separable. Thus LP 2 will find the ‘best* separation in the above sense. 


Weighted Linear Separation 

Suppose, furher, we assign weights Wi to aj and to Uj with conditions 

Wi > 0, wj > 0, and , W = ^ tiii = ^ wj = 1 ( 7 ) 

* 3 

By introducing slack variables $i and z ; - to (4) and (5) we rewrite them as 

a»c — a + 5 + s,* = 0 i = 1, ..., k (6) 

UjC — or — 6 — Zj = 0 7 = 1, ..., t (®) 

s > 0, z > 0 ( 10 ) 

Because of (7) we have the equation 

Yi m 6 +*)+Y w i( 6 +z i)= : 6+ Y1 wiSi + L w ) z > • 

» 3 


We can an LP to find the best weighted linear separation as 


LP 3 


max 26 — u/ t Sj — wj z ; 

c, t, x, o, S 

s.t. ( 6 ), (8 - 10 ) 


Clearly LP 3 is feasible and bounded and for any optimal solution A = 26 is the maximum weighted linear separation. 
As before A > 0 means separation is possible, othwerwise it is not possible. 
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Quadratic Separation 

Now we would like to separate the sets A and U with quadratic function 


fix) = x T Dx + c T x - a. 


( 12 ) 


In other words, we would like to determine D 6 ft"*", c 6 ft", a € ft so that /(a,) < 0, Vi and f(u ) > 0 Vi Since 

- ihe w ~ 




lp 4 




Vi, j 

Vi 


(14) 

(15) 

(16) 
(17) 


Da, *f c < a — (5 Vi 
uf Du, + ufc>a + S V j 
-1 < rf.y < 1 
-1 < c, < 1 

feasible, simply because D = 0, c = 0, o = <S = 0 is a feasible solution, and it is bounded because of 

Ln reform? r p & > u °V ~u “ d * 0 or c * °)> separation is possible. If separation is not possible we 

can reformulate the LP so that for the new LP will have 6 < 0. A possible method is setting 

dij = ±1 or Cj = ±1 ^ 28 ) 

for some (i, j) or i respectively. 

Clearly a weighted version of LP 4 can be written similar to LP 3 . 

Enclosing the A region by hyperplanes 

c _ N 0 °:i7 ld n LPl Wilh condition (6) and assume that linear separation is not possible. Then 

c - 0, a _ <5 = 0 ,s an optimal solution. Then one can find a ‘best’ separation by requiring, as in LP< 

Ci = 1 


or 


Ci = -1 


for some i. To fix the notation let us rewrite the resulting LP as: 


LP'(« 0 ,+) 


max <5 


a%c < a — 1 5 

Vi 

UjC > a + 6 

V; 

-1 < c t < 1 

V: 


(19) 


= 1 


s whe " ° r <i9 >- ~ - 
( n r=i^, + ) n (n; =I /f-) 

APPENDIX II - Results of Numerical Experimentations 

m„hod to , re ,l aeroelaslic toilo,msTr”bl”m “ ‘ ho “ n “ ih °” lh « of th. 

The following standard notation will be used: 

XfF = Design Objective function to be minimized 

X I Design vector in an n dimensional space, where n is the number of variables 
Gj = Constraint functions, for both side constraints and main constraints. 
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Test Problem # 1 

X { x lt X 2 , X 3 , X 4 ) 

MF = rf + xf + 2x| + x; - 5xi — 5x 2 - 21x 3 + 7x 4 

With side constraints —3 < x,- < +3 t — 1,2,3,4 and with main constraints: 

Gs) - xf - x§ - x| - x; - x, + x 2 - x 3 + x 4 + 8 > 0 

Gs) - xf - 2xf - x| — 2xf + xj + x 4 + 10 > 0 
Gi) - 2xf - xf - x| - 2x t -f x 2 + x 4 + 5 > 0 

/( 9 nd Sampli "f Consisted of 5\ a total of 625 design points. (53) acceptable, satisfying all the constraints and 
(572) unacceptable, failing in at least one constraint, points were located. The best MF value for an acceptable 
point, obtained from the grid sampling was (-33.84). The discriminant function based on the grid sampling results 
was obtained using a linear programming (LP) type solution described in Appendix I is: 

— Xl — C2, —1.2 < x 2 < 1.2, —2.4 < x 3 < 2.2, —1.2 < x 4 < 2.4 for linear DF and, 
x Dx < 0 => x 6 A ; x T Dx > 0 => x G U for quadratic DF 
where 

f° 1 1 l \ 

n_ / "I 0 1 1 


\-l -1 -1 0/ 

Genetic Algorithm search consisted of selecting the four accepteble points with best merit functions and cross 
breeding them with a random number generator that picks both the parent and the amount of variation for the 
particular design variable. In this problem max variation was limited to 40 percent. Genetic search results are shown 

in figure 1 . At the end fourth generation search, optimum design point was given as: X = (0.000,0.864,2.016 —0 576 ) 

with MF = —41.48 which corresponds to the best point in the second generation meaning that further cross breeding 
did not improve the solution. True optimum point was X = (0.000,1.000,2.000,-1.000) with MF = -44 00 
Test Problem # 2 

In this problem the design variables are the orientation angles of the plies in a laminated composite box beam 
The box beam represents the mam torque box of a swept-back wing [8). There are several side constraints and 
mam constraints such as the minimum and maximum number of plies, minimum and maximum separation of ply 
angles, plus strength, flutter and divergence requirements; but the main constraint functions are reduced to just one 
constraint involving the required deflection shape of the wing under the given load conditions. The merit function is 

(Figure")" 06 betWe * n th * reqUlred shape of twist 411(1 the actual shape of twist obtained for the given design point 

^ — ( x i 1 x 2i x 3< X 4 ) X,- = 9i i = 1,2,3,4 ( x 4 is taken as xi + 90) 

6 

MF — y ] | (required) — ^(obtained) | (for a wing box with six sections) 


Main constraint function G is | (<5j (given) - <5j(obtained))/5j (given) (< 0.1 Vj 

The main idea for this aeroelastic tailoring optimization problem is to obtain a twist shape as close as possible 
to the ideal twist shape under a given set of load conditions while satisfying a given deflection shape in addition to 
the usual strength and stiffness requirements. The results are shown in Figure 2. 

The discriminant function obtained with the utilization of the grid sampling results is given below: 

-18.8 < xj < 3.2, -52.1 < x 2 <-41.1, -128.9 < x 3 < -111.1, -71.2 < x 4 < 93.2 

for linear DF and 

xT Dx <0=>xSA; x T Dx > 0 ^ x e U 

for quadratic DF where 
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1. Introduction. In this paper wc developed and investigated the Newton Method f or solving constrained (non¬ 
smooth) optimization problems. This approach is based on the Modified Barrier Functions (MBF) theory (see 
[4]) and on the global converging stepsize version of the Newton Method for smevsh unconstrained optimization 
(see for example [1] ). Due to the excellent properties of the MBF near primal-dual vdution, the Newton Modified 
Barrier Method (NMBM) has a better rate of convergence, better complexity bound * n( ) j s muc h morc sla ^| e j n t ^ e 
final stage of the computational process than the methods, which are based on Classical Barrier Functions 
(CBF) (sec [6] and bibliography). 

2. Modified Barrier Function. Let f 0 (x) and —ftx), i= 1, m be convex, ftx) e C \* o, m : R n —► /? 1 , and there 
exists 

(1) x* = arg min (ftx)jx e Q) 

where fl = {x -.fox) >0, i= l,m) (int fl # ti). I «t {/ :fi(x*) = 0} = {I. r), J[x) - /= 1, m) f {r) (x) = (ft: c), 

i— I, r) f'i( x ) — pzdftx), i = 0, m,/'(x) — J(f\x)), = J (f^ftx)) the Jacobi matrix of the vector functions 

f(x), f ( Ax) respectively. Because int Q * 0 the Karush-Kuhn-Tucker conditions holds true, i.e., there exists a vector 
u* = (u*,. 


( 2 ) 


m 

L',(x\ u») =f'Jix*) - Yu*J'kx*) = 0, ftx*)u\ = 0, i 


, m. 




We also suppose that the standard second order optimality sufficient conditions are fulfilled. 


(3) 


rank f'ftx*) = r, «*, > 0, i = 1, r 


(4) 


(L "„(*♦, u*)y,y) 5: l(y,y), l>0Vy*0 :f\ r) (x*)y = 0 


j.e., the problem (I) is nondegenerate. Let k > 0, Q* — {kfi (x) + l 2* 0, / — l, m — { x:k In (kf^x) + 1) 

;> 0, / = 1, m) . Therefore, the problem 

(5) x* = arg min {/£(x) | k 1 In {kffyc) + 1) £ 0, / = 1, m) 


is equivalent to (1). 


Let us consider the Classical Lagrangian L (x, u, k) «=/ 0 (x) - k~' £ u, In (fcjftx) + 1) for the equivalent problem 
(5). The Modified Barrier Function, which corresponds to the Frisch Classical Barrier Function <p(x, k) = 
f 0 (x) - A”’ £ Injftx) [2], we define by formula 

/-i 


F(x, u, k) 


{ L(x,u,k) , x e int fl, 
oo , x ? int n A 


The MBF properties have been investigated in [4]. Here we are going to mention only the basic facts. Let 
0 < e < min {u* t I i = 1, r), Dfc) — D/(u*, Acq, <5, e) = {Uf : ty ^ s, | Uj — u* ( | ^ 6k, k ^ k$ > 0), / = 1, r, • D ( (•) = Df (u*, 
Icq, <5, c) - {u ,: 0 £ Uf 6k, k Z k^ > 0}, D(u\ k^, 6, t) «= D{)® ... I U k = {« = (u„... u„) £ 0 :max 

(t,u*-6k)£u,£6k,\£iZr, OZUi^Sk, / = r+ l,m}, ft* = {x e ft :f 0 (x) =/ 0 (x*)}, IWI = I x, |. 

3 Basic Theorems. 

Theorem 1 Let / 0 (x) and -f{x), i - T7m are convex and smooth, ft is compact then for any u = (u,.uj > 0 and 

any k >0 

1) there exists such a vector x m x(u, k) = arg min {F(x, u, k) /x e F"}, and u = u(u, k) = [diag {kf$) 
+ l]^,t/ that F'jt(x, u,k)**L Vx.«) -/'<>(*) “ lA/'X*) = 0 

2) x(u*, *) - x* « argmin {F(x, u*. *) | x e *"} F(x*, u*. k) »/ 0 (x*) and F'^x*, «♦, A:) = L x ♦, u*) * 

/'<>(**) " 5 = 0 

t-l 

3) u(u*. k) = u\ i.e. u* is a fixed point of the mapping u -» u(u, k) 

Theorem 2 I^et f^x) e C 2 , / = 0, m and the conditions (2) * (4) are fulfilled then: 
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I) for any (u, k)e D (u*, k^, 6, t) there exists *«*(«,*)-$(.) and 
F 9 X ^)» w . £) = 0, the estimation 


u = u(w, £) = £(•) such that 


(6) maX (II* - *11. I!« - «♦«} C*~'||w - U* || = y*||u - U* || 

holds true and c independent of k ;> k$. 

2) /'(X, «, k) is strongly convex in the neighborhood of x = x(u, k) uniformly on (a, k) 6 D 0 u%, 6, c ) i.e., there 
exists mo> 0 that 


mineigval F"„(x(u, k), u,k)^n „ > 0, V(u, *) e D («♦, k„, <5, £ ). 


3) !.« (/•-[diag^jL, F"xx (**■ u *. ^) “ i- (**. u*) + and there exists such 

/i > 0 that 


mineigval F"„ (*♦, i/*, k) £ /, > n, Vk^fc^. 

4) Let * ;> fixed and M = maxeigva! F"^ (x\ u\ k) then there exists 0 < « < 1, which is independent of 
u € U k that the next inequality 

cond F"„ (x(u, k), u,k)7>a. cond F"„(x*, u*, k)^ a/l A/' 1 

holds uniformly in u*U k , i.e. cond F (j?(«, *), u, k) is stable for any fixed k i> V 

— mark 1 We would Ukc to emphasize that theorem 2 takes place without the assumption of convexity 

M x ) and i — l.m 

4 - Newton Modified Barrier Method (NMBM) We consider a bounded set Y^XxU: X<zR n , U € /? m , 

x* e X, u* e U and k > 0 . On the Y x we consider a nonnegative Junction v {y, k) = » (*, u, k) = 

maX ^ jc( x * “• *)ll. Z Hr I }• It is clear that for any convex programming problem, the 

next relation 


(9) 


v 0. *) = 0=>y = y* = (*♦, u*) 
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holds true for any k > 0. Along with ftjpft we consider a set fl* = {x \f£x) > k~\i = I, m) z> fl, a small 
enough c > 0 and a monotone increasing sequence :£ J+1 > k r k s = oo. I^et £ = k{ 0) = 

> k o» <i(0) = 1, 0< y <, Vi is fixed. 


0 Q ^ Q TT\ 

Now we are going to describe the NMBM. We will start with x = x = x €fiu = e = (1,..., 1) € R , 
and let x*\ x s t u , k(s), d(s) have already been found. To find the approximation (x* + \i/ +1 ) one has to fulfill 
the next operation. 

0. Start x: = x* = x. 

1. Set u : = u , k : = fc(r), d : = rf(.r). 

2. Find { = {(x, u t k) by solving the system 

(10) F (x, u, k) C = - F \(x, u, k) 

and set /: = I. 

3. Check x 4* / C € fl* and F(x 4* /C> w. k) - F(x, u, &) £ f (F' X (x, u, /c)» C)- 

4. If x + / C € f2*, the inequality is fulfilled and / = 1 set x : = x *f { and go to 5, if x + (C € fl*, the inequality 
is fulfilled and / < 1 set x : = x + t ( and go to 2, if x + / C e fl* or the inequality does not fulfill set t : = ~ 
and go to 3. 

5. If IICII ^ t go to 6, otherwise go to 2. 

6. Set x : = x, £ : = [diag (kf£x) 4* l)~ , ]£LiM,j' = (x, u) and check v(y, k) £ c. If v(j>, k) < t set y+ : =y 
otherwise, i.e. if c < v(p, k) ^ y^ +l set x J+1 : = x, i/ +1 : = u, start x : = x J+l , d(s 4- 1): = d(s) 4- 1, 
£(j 4- 1): = k(s) t s 4- 1 : = s and go to 1. 

7. If v(p, k) > y rf+1 set ( = max (f x + f(x — x) € fij}, x* 41 = /jc4(1- Ox, i/ +I : = u°, A(j + 1): = A r+1 , 
rf(j 4- 1) = 1, s 4- I : *= s and go to 0. The next theorem is a consequence of theorems l and 2 and the Newton 
Method properties (see [5]). 

Theorem 3 IT/foe) and — JJ(x), /=* I, m are convex,/J(*) e /= 0, m and the conditions (2) - (4) are fulfilled. 
Then for a small enough t > 0 and 0 < y £ y* £ Vi their exists such Sq that for s £ Sq (Tiot* start). The next 
statements 

1) k(s) = k^ = k and the stepsize / = 1, 
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2) every NMBM step (large* step), i.e., every updating of the vector u requires 0 (lg 2 lg 2 e ') Newton steps, 

3) the sequence {y* = (x J , t/)}~,(y° = (x* 0 , e)) converges to y* = (x*, u*) with the estimation 

(") max (||x' - x*||, \\u - u*||} £ y"' 

holds true. 

Now we are going to consider briefly the implementation of the NMBM for a simultaneous solution of the next 
dual pair Linear Programming (LP) problems: 

(12) x* = argmin {(p, x)/r(x) = Ax - q £ 0}, r/x) = (Ax - q)„ i = 77m ; ft = {x: r(x) £ 0} 

(13) u* = argmin {(q, u)/A u = p, u £ 0} 

where A is m x n matrix, p e R n , qe R m ,m> n, rank A = n, ft* = {x : r{x) £ -k~\ i - 17m). The MBF and 
v(y, k). which corresponds to the problem (12) are 


M 


F(x.M)- 


oo 


x € int n* 
x? intn A 


and v(j-, k) = v(x, u, k) = max { - min rfa), \\p - uA '(x, k)A ]|. £ I fix) | }, 


1 <i<m 




where A(x, k) = [diag(A r,{x) + !)]£,. 

The system (10) turns into the normal system of equations 
(14) A T kUA \x, k)A C * - (p - u A~'(x, k)A ) 

where V - [diag . Taking e = 2 (L - number of bits of the input data), we obtain due to theorem 3, that 
for any nondegenerate, dual pair of the LP problems beginning at the *bot* start, one can improve (see (II)) 
the current approximation of at least twice (y £ Vi) in 0 (lg 2 L) Newton Method steps in the worth case. 
Suppose that ay, pj, q ( , i = 1 , m, y = l, n are integers and 
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max{ \a ii \,\Pj\,\qA)£TL 

2 

Under this natural assumption: /< < n< m the input length L can be estimated by /(m+ 1) . So beginning 
at the "hot* start, which depends on the "measure" of the nondegeneracy of the primal-dual solution, one can 
improve the current approximation of at least twice in 0(lg 2 m) Newton Method steps in the worth case. 
Therefore it seems promising to combine the universal self-concordant properties (see [3]), of the CBF which 
guarantees the polynomial complexity bound of the I PM, beginning at the "warm" start, with excellent MBF 
properties (see theorems 1,2), which guarantees the essential improvement of this bound beginning at the "hot" 
start. In other words, following along the CBF trajectory from "warm" to the "hot" start, one can guarantee 
the improvement of the current approximation at least twice in Newton Method steps while following 

along the MBF trajectory, beginning at the "hot" start, it is possible to guarantee the same improvement in 
0 flfo m ) Newton steps in the worth case. Moreover, the system (4) is much more stable than the correspondent 
system which one has to solve at every step in the interior paint methods. 
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ittolhenclicol progr^g p, Mmt „ , HeMd ofmcaraI 

f*”™"' /Won, by cccuroufcting ,Ae funcuo, valj! IS'’nf-OJjt’"*'' 

be competitive for a number of well-bin*™ l- l y ■ “ uea aesi S n points. The method has proven to 

—=£* r s. * *• 

1 . Introduction 

stress!*. i^blLdllS^SrZSrl SSThiIJf,^Sr " VOl r k ' d ” ““fT*! °!»™i»n. ter Usance 

inaccurately approximated by linear functions On the nther a u m — C Sf>ace < ^ cs *8 n va ^iables, and therefore 

.0 allow f„ th” us. Of Sgb«Sr T£!£Z2£l h " 4 ^ >00 »™ consuming 

cht^tTreSiTw^^^ field of snuenmt, shape optimizatton, is 

that the problem from a mathematical oro*r7™inT~S’ f ■ d mcd ‘ um number of “•“faints, eg. 100. This means 
constraints are implicitly defined as the result nf m«t \S° ° • V ! eW / S .* mCH ^ est onc - However, the objective function and 

Numerical *”. ““*““»?■ often performed by a Uni,, element module. 

design. The OASIS system by Esping Ill and the CAOS svstenTbvVJi^f"*lem. the solution of which leads to an improved 
strategy. The time consumption for a typical shane nntimiWin ^ki musscn P] m examples of implementations of this 
analysis and less than 1% actual optimization. ^ ? ^ em cons “ ts of more than 99% analysis and sensitivity 

p.<S^g°(S)^”b?^L“2S n Ve” 8 ^fc f T*” *» sequential lines, 

roaSmt in t^t cares -TThm ,^Tt T’ 0 " *“ mm “"“™'i™ and fot physical 

(CONL1N) by Fleurv f31 and The Method of \a<!°* structurc better linea r functions do. Convex Linearization 
CONUN irfltShivl Se cmL^LL As r’“““ by Sv “ b “* W «• 'samples of such algmitlnns. SI?, 
point and disregard the information otaainetMn previous^rate ! ° P ' ln '“ a ' 10 ” S “ ? °° ' v * lua, ' d " '“"'nt design 

in to ££1,2SSdTSSS STcTp p '°rT '“ITT f “»y ^ 

evaluations, time is well-spm,, J^o pZSt rfft «“V " case of vety costly function 

sequently, ail available infonnation should be retaineH ; n tu i ^ yst ? tlrac Vla 413 ulCTCa s«i rate of convergence. Con- 
oT. usui function appZT™ £?*£%£, Jt, J j£±Y“ i ““ d * ACAP algoriSnn is breed 

points are also included in the approximation in older to’model thfl?,..^'*”. P °”'' bU ' ^T 10 ” values ot previous design 
information. The accuracy of theapproximation unwove* ^-^ ns * P" 018 ^ « possible with the available 

Uted. Thus, ACAP is a ve^t robust rechnique 

2 . Traditional methods 

calM^esi^^^ablM^^e^’^Wdi^picafiv^d^^l dis P ia « men *. ^ain and stress fields, depend on the so- 
found as thfresuit of a ^ ^ Sta,C funCtions « onl y be 

to perform an optimization with the purpose of finding a set oTdesien wr^h? 115 ™ kn . owl V f‘ “ therefore 8 challenging task 
weight or maximum stress, while fulfilling a number 8 0 f cons&amts^x): Some objecllve * f ( x )- e g 
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Minimize 


Subject to 


&(X) s G i 


(i=l..m) 


When solving this implicit problem by sequential linear programming, f and g, are^approximated by a succession 
Iinear ^nction;f Functions fand g, are evaluated at the current design point, x«, and a sensitivity analysis lead ng to 
derivatives of f and g, w.r.t. each design variable is performed. Based on this information the following exp lcit pro em is 

generated: 


Minimize 


f(x w ) + Vf^x-x^O 


Subject to 


g,(x w ) + Vg-Cx-x^) s G, 


(i=l..m) 


Ea (2) is a linear problem and can be solved by means of the SIMPLEX method. It is important to notice that (2) is a 
J wLZST JL origml nonlinear peoblen, (1). Tinas. (2) is only «U*I« in . small reg.™ smtoirndm* ^ .he so- 
called trot region to which the solution is restricted. New approximations are successively generated ^^Ived^mnew 
trot regions until convergence is achieved. Usually, the functions f and gi are non-linear which means that a comparatively 
high number of iterations are required to reach the optimum. Since each iteration can be very costly, the full solution of the 

^SiaCr^^'o?Sfi“fpproxim«i»ns is no. ih. only way of solving ammonal opiin.iza.ion 
problems. Various other possibilities are available: 

- Sequential quadratic programming (SQP) is based on the assumption that a quadratic approximation ofthe objective 
function will increase the convergence. In many cases of structural optimization, the objective function b in fact linear (for 
instance weight), in which case quadratic approximation is unlikely to help very much. Furthermore, SQP offers no solution 

to the problem of inaccurate sensitivities. 

- Various types of line-search algorithms have been known to be very reliable. They rely on gradient evaluations to pick a 
search direction, but the line search itself can be based exclusively on function evaluations, ie., no sensitivity analysis is 
required. However, function evaluations are, as previously explained, usually rather costly. 


3. Accumulated approximation 

The observations of the preceding section have lead to the idea of improving the linear approximation of the objective 
function and constraints, ie. the n-dimensional surfaces created by the first order sensitivity analysis, by including the function 
values of previous design points. The modification should have no influence when the process converges steadily, but in 
regions of instable convergence, design points will accumulate and lead to improved accuracy of the approximation.^ ? _ 
Let Fix') be the function to be approximated (F could be either the objective function or a constraint). The accum 
approximation P(x) of F is based on a usual first order approximation, L M (x), generated by sensitivity analysis and originated 
atthe latest design point, x w . In the forthcoming examples, a linear approximation is used, ie., 

L w (x) « F(x ft> ) + VFCx^Kx-x®) P) 


Furthermore, consider the functions 


( 4 ) 



Fig. 2. Influence function 4> p . 


d p(x) = 2 (x.-x^) 1 

j-1 


where the design variables x, (j=l..n) are assumed to be of the same 
dimension. The function d p (x) is thus the squared distance from to any 
point x in n dimensions. We shall use d p in the definition of the influence 
function of the p'th design point: 


d ,(x) 



(5) 


where s p > 0. 4> p has its maximum = 1 at x = x*’ and vanishes for d p (x) -*■ ®. The exponent is rendered dimensionless by the 
parameter s p which could be considered as the square of a characteristic distance. The size of s. is thus a measure of the sphere 
of influence of <Z> P . We are now ready to define the k'th accumulated approximation P« of the function F: 



k-1 k-1 

L w (x) n [1 — <t> p (x)] + (l-4>,(x)j 2 Q,(x)F(x M ) 
p=l p=l 

k-1 k-1 

n [i-<j> p (x )3 + [i-4» k (x)j 2 <*>,(x) 

P=1 p=l 


( 6 ) 


Eq. (6) is constructed with the purpose of letting known functional values influence the approximation P*. In regions where 
such values are not available, P* takes the value of the first order approximation, L w . The product of terms [1-«J> fx)l tends 
to 0 near previous design points and makes sure that L<“ looses its influence. Similarly, the factor [l-<t>,(x)l causes previous 
design points to loose their influence in the vicinity of the current point. This is the well known technique of Lagrangian 
interpolation. The denominator is the sum of influence functions and has its primary effect in rendering the sum of influences 
to unity in regions where P is influenced by several design points. Please notice that, for k=l, the convention 


0 

n [l-4» p (x)] = 1 
p=l 


(7) 


renders the first approximation P° (x) = L 0, (x). The gradients of F in previous points are disposed and not used in (6). This 
means that, as more previous points become available, the influence of possibly inaccurate sensitivities decreases. 

In choosing the characteristic distance s p we notice that using a large s p will cause the p'th design point to influence a 
relatively large region and reduce the accuracy of P(x w ) (p=l..k-l) because influences from other functional values than F(x<”) 
may become significant. On the other hand, relatively small values of s p tend to generate local extrema of P at each x w 

(p=l..k-l) if these are far apart compared to s p . Thus, the following recalculation of all s.'s (p=l..k-l) for each new itera- 
tion k is suggested: 


s . = a 2 (x^-x") 1 = a d p (x w ) 

j-1 


(8) 
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where a is a dimensionless factor. This scheme has the effect of giving points far away from the current pomtx«, alarge 
sphere of influence. Points close to x® have very local influence and do not nnpede the local accuracy of P* For the current 

point x®, the parameter % is given by 

s* = a d k .,(x®> ( 9 ) 

It is the intention of the present work to replace the usual first order approximations of the objective function land constraints 
by the accumulated approximation of eq. (6), thereby taking the maximum advantage of the available information. 

4. Subproblem solution 

Accumulated approximation of the objective function and the constraints leads to a non-linear explicit subproblem. Several 
methods of solvingthis problem have been tested, and a simple sequential linear programming approach has proved to be the 
more^iabl^ HowevCT.^die implementation of a subproblem solver is slightly tricky. The 

of the problem are very inaccurate due to the lack of previous design points. This means that move-limits must be imposed 
in order to prevent the algorithm from substantial oscillations. Furthermore, in order to obtain complete convergence for 
generally underconstrained non-linear subproblem using SLP, an intelligent move-limit str ate gy n” 15 **tiomare known 
important to observe that the relative complexity of the subproblem is a minor difficulty because ^ ^ nct ‘ ons “ e i ^, " 
explicitly and therefore inexpensive to evaluate in the numerical solution procedure. For further information on the subproblem 

solution, please refer to [5]. 


5. Numerical Example 

In this section, the solution of a constrained non-linear problet resented. As indicated in the previous .“J 1 ™?’ t Jf 
ACAP algorithm has two tuning parameters, the influence parame and a move limit, designated by T, which mus 
assigned values prior to the call of ACAP. This feature is similar to most other optimization algorithms. Howe ^ °” e ** 

philosophies of the accumulated approximation and the dimensionless formulation of the algorithm is to make i 
,o the value of such parameters, ie. we expect to be able to find a set of parameters which creates good convergence bravery 
wide range of problems. The ten bar truss example to be presented here has been executed with the parameters a ■^0.01 and 
T = 0.15 For a, experiments have revealed that 10'- * a a 0.10 is a reliable interval. The convergence criterion is a constraint 
violation less than 0.1% and stationarity of the objective function within 0.1% in two consecutive iterations. No check o 

necessary optimality conditions is performed. Wc shall insider a cantilever 

o beam built up by 5 beam elements as 
. O shown in fig. 2. This example was 

A Cx* originally presented by Svanberg [4] 

y f who used it as a test of the MMA— 
//// T optimizer. Svanberg shows that the 

* 2 3 4 s I CONLIN optimizer by Fleury [3] does 

yy/ * not converge at all for this problem. 

yyy __. .. . The present definition of the problem 

^— X- follows that of Svanberg in every 

A p -1 -detail. 

V/YYYYYYZZ/7777 —I ^ V 0 * 1 ™ “ a challenging one 

i for a first order method because it 

^ i // contains more variables than active 

y t y O” constraints at the optimum; usual SLP 

y ^ is unlikely to converge in this case. 

^ y The design variables are the 

$7777777777% I heights of the different beam ele- 

USUUfUUU A —1 m ents while the thickness t remains 

Section A “A fixed. We shall minimize the weight 

«*• Z Cantilever _ ^ 5 Itung 

force and material characteristics, the 
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problem can be analytically formulated according to Svanberg: 


Minimize 

x 

Subject to 


Weight = + Xj + x, + x 4 + x 5 ) 


61/Xj 1 + 37/Xj 1 + 19/Xj 3 + 7/x 4 3 + l/x 5 J * 1 


Analytical solution of the problem reveals that the optimal value of the objective function is 1.34. We shall start the op¬ 
timization at the feasible point x/ 1 ’ = 5 (j=1..5) which satisfies the constraint to equality. Tab. 1 shows the convergence of 
the problem. ° 

Nine iterations traversing the infeasible domain are required to reach the optimum. 
In this respect, the result does not compare well with the MMA method which in the 
best case produces convergence in just four iterations for this example. Careful tuning 
of the ACAP algorithm for this particular problem will reduce the necessary number of 
iterations to five, but that would not give a fair impression of the performance of the 
algorithm in the general case. In any case, ACAP is a significant improvement of SLP 
which does not converge at all for this problem. The competitiveness of the algorithm 
is further emphasized by a number of other test examples. For a further description of 
these, please refer to [5]. 

6. Influence of sensitivity accuracy 

Barthelcmy & Haftka [6] and Pedersen et. al. [7] have shown that, for certain types 
of structures, sensitivities based on finite difference may suffer from serious lack of 
accuracy. The ACAP algorithm refines the approximation of the objective function and 
constraints as the number of previous points increase. This means that the influence of 
the sensitivity analysis on the optimization decreases steadily and thus reduces the error 
caused by lack of accuracy of the sensitivity analysis. 

m Th e influence of the sensitivity accuracy has been studied by means of the 
cantilever beam example. The sensitivities of the objective function and constraints 
are artificially disturbed by individually multiplying them by a random number in 
the range [0.8 - 1.2], ie., a disturbance of ± 20%, before passing them on to the 
ACAP optimizer. Tab. 2 shows the necessary number of iterations in ten attempts. 
The cantilever beam problem was solved in 9 iterations with accurate sensitivities. 
Experiments indicate that the convergence remains stable up to a disturbance of ± 
40%. Beyond this limit, the process may or may not converge. 

10. Conclusion 


lt.no. 

Weight 

Violations 

1 

1.560 

0.0 

2 

1.425 

13.2 

3 

1.359 

10.0 

4 

1.354 

3.8 

5 

1.331 

4.8 

6 

1.339 

0.9 

7 

1.337 

0.9 

8 

1.338 

0.7 

9 

1.339 

0.3 

10 

1.340 

0.0 


Tab. 1. 


Attempt lumber of iterations 


1 
2 

3 

4 

5 

6 

7 

8 

9 

10 


11 

10 

11 

11 

12 

9 

12 

12 

9 

10 


The ACAP approximation generates a significant improvement of SLP and produces 
convergence in cases where neither SLP nor CONLIN converge. 

For the example presented here, the MMA—method has shown faster conver¬ 
gence toward a feasible solution. This is most likely due to the fact that MMA as 
a generalization of convex linearization is a far better approximation of the true 
structural problems than SLP is. Thus, MMA starts out with a good approxima¬ 
tion whereas, in the case of ACAP, such an approximation has to be generated 
along the way. 

The ACAP approach is not limited to sequential linear approximation. Other 
approximation types, MMA for instance, may be subjected to improvement by the 
same simple strategy. 

nrnhuS^iA dUC ^ “ lfluen< ? of P°“ ib le inaccurate sensitivities. Stable convergence is observed for the cantilever beam 
problem with random errors of up to * 40% introduced in the sensitivity analysis. However, inaccurate sensitivities may 
increase the necessary number of iterations in order to reach the optimum. 


Tab. 2. The number of iterations nec¬ 
essary to obtain convergence in ten at¬ 
tempts on the cantilever beam problem 
with sensitivities randomized by ± 20 

%. 
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The ACAP approximation (eq. 6) is a "first attempt" to include previous design points into the problem. Interpolation tech¬ 
niques is a vivid area of research and better techniques may be available. The ACAP interpolation has several drawbacks of 

which the worst is that it is practically impossible to differentiate it analytically. _ , 

The algorithm is devised to allow the basic linear approximation L w (x) (eq. 3) to be replaced by any other first order 
approximation type, eg. convex approximation. The possibly positive influence of such a replacement is yet to be investigated. 
The flexible construction of the algorithm and the direct solution strategy furthermore enables the inclusion of equality 
constraints because these are handled naturally by the SIMPLEX subproblem solver. 
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Summary: 

Detailed investigations are carried out on optimal glass—ceramic mirror structures of 
terrestrial space technology (optical telescopes). In order to find an optimum design, 
a nonlinear multicriteria optimization problem is formulated. "Minimum deformation" 
at "minimum weight" are selected as contradictory objectives, and a set of further 
constraints (quilting effect, optical faults etc.) is defined and included. A special re¬ 
sult of the investigations is described. 


1. Introduction 

Optical astronomy includes observations in the spectrum from near ultra violet via 
the visible light to infrared. This wave-length range will remain important in future 
as the physical nature of extremely distant space projects can often be observed 
only within the range of the optical spectrum. At present, the efficiency' of terrestrial 
astronomy is determined by' the 3 to 5-m-telescopes. In recent years light detectors 
used for evaluating the results have been improved so much (up to an efficiencv of 
100%) that these instruments have reached their efficiency' limits. Thus, further dis¬ 
coveries can only' be made by collecting more light. For this, large telescopes with 
effective mirror-apertures of more than 8 m 0 are necessary'. That means, the 
traditions in telescope design have to be replaced by new optical and technical 
concepts [!]. All over, the world various ty pes of telescopes are in planning, under 
development or already under construction (the latter case applies to the 10-m-Keck- 
Telescope of the University’ of California. Berkeley). Though, an important problem is 
that the costs for constructing and erecting such giant telescopes will increase 
astronomically. The following two fundamental demands have to be met: 

observance of an extraordinarily high precision of the mirror surface (<50 nm). 

- minimization of the costs and thus giving the guarantee that such a project can be 
financially supported. 

When dealing with an optimization problem, one should principally proceed according 
to the Three-Columns-Concept". The first step is the theoretical formulation of the 
optimization problem regarding all relevant requirements on the structure. Then, the 
sub-problems "structural modelling" and "optimization modelling" have to be solved. 
After selecting an appropriate optimization algorithm, this algorithm is linked with 
the structural model and the optimization model so that a closed optimization loop 
is formed [2]. 
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2. Structural Modelling and Structural Analysis 
This paper deals with some problems of minimal mirror designs as elements of an 
entire mirror. The mirror elements are made of glass-ceramic materials (quartz glass, 
zerociur) loaded by pressure and temperatui e. 

Fig. 1 illustrates the structure of a circular mirror plate with the following design 
parameters: 

- mirror shape (circle, rectangle, hexagon). 

- core cell structure (quadratic, triangular, hexagonal). 

- cell size or rib distance, 

- height of a cell structure. 

- thickness of the layers. 

- thickness of the boundary stiffening. 

- arrangement of the supports. 



upper surface layer 
core cell structure 

bouadary stiffening 


lower surface layer 


support points 


Fig. 1: Design parameters 
of a mirror plate 


The following requirements on the material have to be fulfilled for mirror structures: 

- thermal expansion coefficient as small as possible. 

- homogeneity of the thenial expansion coefficient over the material volume. 

- pore-free surface. 

- corrosion-resistance. 

- no hygroscopicity, 

- good mechanical workability for exact surfaces. 

- chemical durability in the case of separation and removal of the reflecting layer. 

- thermal stability of the material structure up to the transformation temperature 
(transition from a solid condition into the viscous fusibility range). 

With the above-mentioned requirements we take a porous, but isotropic. linear-elastic 
material as a basis for the structural analysis calculations. In addition to the FE- 
method. two analytical methods have been applied C3L 
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a) 


Thin circular plate with variable thickness point-supported in the 


middle 



t 


Fig. 2 : Circular plate with 
variable thickness 


The following approach for the wall thickness curve is chosen (Fig. 2 ) 

t(rl * 'oC-f]” 


l-x/3 


O 


(I) 


with \ = thickness parameter. 

r Q = outer radius of the plate. 

t Q = plate thickness at the outer radius. 

Thus, the differential equations of the plate read as follows: 


A Aw 


"kITtC 2 ”"' - ,2 ^ ,L »" - -k w-1 . J™ f„-. » w -l = _e_ 

K (,) r r- J K(r) L r J Kir) 


( 2 ) 


i . d 

where = — 
or 


E t 3 . 


7 . and the variable plate stiffness K(r) = K f~—T* K - 

oLr o J ' ° 12(1-v 2 ) * 

b) Thin point-supported circular plate on a concentric circle 

Fig. 3 shows the arrangement of point-supports for a circular plate with constant 
plate thickness 

il.Mmuiiim 

1 r 1 - ; 

* f i t- 



Fig. 3: Point-supported circular 
plate on a circular ring 


The differential equation of a point-supported plate is given bv 


AAw = 


Kira 2 


_ k 

F V 


Mr—b) 


Kk — 

j=i 




(3) 


with 8 = DELTA-functions. 
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Development by Fourier-series 


with 


j=t x 

k 2n 


ca 


~ 9 


a m = 4- 2 J S(9 - J cos kmcp d op = £ . 
i=i O ' 

leads to 


2 - ♦ / a cos k m <p 


m» i 


CD 


■ idb - -dW 5lr - b » -xr ^ ? c ° s kra *■ 


( 4 ) 


m=t 


This solution yields with the separation approach 

oo 

wlr, <p) = V w m (r) COS k m ‘P : 

m = t 



(5) 

( 6 a) 

( 6 b) 


d 2 , I d 
dr 2 i' dr 

For a plate with r = ISO mm. 
compared in Fig. 4. 


O v2 


w 


in 


k-m - 

r 2 


the deflections 


0 r / b. ( 6 c) 

and corresponding analysis methods are 


displacement 



Fig. 4: Comparison of the displacements of a circular plate 

3. Optimization Modelling and Procedure 

The present structural optimization task is considered as a Multicriteria-Optimiza- 
tion-Problem (MC-Problem). In this case, a design variable vector x is to be found 
which makes the m components of the objective function vector f as small as possible 
while fulfilling all constraints. A MC-Problem can mathematically be defined by the 
following model formulations C23: 
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g 

h 


a) Model t: Continuous, deterministic MC-Problem 

"Min'* {f(x) : h(x) = 0. g(x) s 0} 
xdR n 

'vitli the following symbols 

IR set of real numbers. 

f vector of m objective functions (weight, surface quality), 

XeIR vector of n design variables 

vector of p inequality constraints (quilting effect, failure criteria, bounds). 

vector of q equality constraints (e.g. system equations for determining 
stresses and deformations), 

and 

X: = {x « IR n : h(x) =0. g(x) s 0} 

"feasible" domain where s is to be interpreted for each single component. 

b) Model 2: Discrete, deterministic MC-Problem: 

"Min" {f(x)} 

xi X d 

with the discrete design space 

X := {x < |R" | V .€ x. : j = | . N ; g(x) s 0. h(x> = 0} 

and the N sets of discrete values 

X i = {v i ’ x i • N j . N }■ X. c :r V j = I. N 

with m number of discrete values of the j-th design variable. 


c) Model 3: Stochastic MC-Probl 

•• f 


em 


Mjn" (f(y) | P[f(y)] = r F . P[ g(y) s 0]= r e ) 


with 


PC 3 
r f . r« 


vectoi of N random variables (loads, dimensions, characteristic 
values of the material) including design variables. 

vector of the expected values of the N random variables, 
probability. 

vectoi s of the m or q reliabilities concerning the objective 
and inequality constraints. 


For the optimal layout it is especially important to apply the appropriate optimiza¬ 
tion model. The optimization problem itself is defined by two main criteria (objective 
functions), namely the "weight of the mirror structure" and the "surface accuracy ". 
The quilt.ng-effect as a special manufacturing error is considered as an inequality 
constraint. Here, the core cell of the mirror structure is slightly deformed b) the 
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polishing load. This pillow-shaped deformation leads to a periodical deformation of 
the total mirror surface CtL Due to the probabilistic material values (Weibull-distri- 
bution of strength) and the numerous discrete design parameters (number of cells 
and layers), the optimization models 2 and 3. respectively, have been established and 
special optimization algorithms are applied in order to find the most appropriate 

solutions. 

4. Optimal Designs of Mirror Plates 

Optimization calculations were carried out for an orthotropic plate with a quadratic 
cell structure under combined pressure and temperature loads. Some results of the 
optimization process are shown in Figure 5 , whereas the Pareto-efficient curves for 
a zerodur and a quartz glass mirror plate are compared. The curves of the 
zerodur mirror plate and the quartz-glass mirror plate with the same weight and the 
same loads show that the zerodur mirror plates provide a four times higher surface 

accuracy [1]. 



^ * US «, • Ul 

• i.do t 4 • 21J 



«, • 14J I, • 140 

X, • 1.41 « 4 * 7*4 



*1 

I, • Ui t 3 * 140 

Sj • 4JT * 4 * 41J 



Fig. 5: p-efficient solutions 

L • US t, • 1M 

*,•”» «..iu of a mirror plate 


Further investigations have been carried out with regard to the optimal ratio of sup¬ 
port radii and the optimal number of support points as a function of the rms-value 
of surface accuracy. The calculations resulted in an optimal ratio of support circle 
of r / r = 2/3 and number of support points n = 3 for the chosen plate. The first 

^ Opt 

mentioned result approximate!} agrees with the one of C3], that means that the addi¬ 
tional temperature load in our calculations is of no great relevance for these values. 
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c>«} 

MO 


(•«) 

MO 



twM« wet* (sa| ■" ** “ *f fcaaria^ 

Fig, 6. Optimal ratio of support radii and optimal number of support points 

S. Conclusion 

The task of structural optimization is to support the engineer in searching for the 
best possible design alternatives of specific structures. The "best possible" or "opti¬ 
mal" structure is that which highlv corresponds to the designer's desired concept and 
his objectives while at the same time meeting the functional, manufacturing and appli¬ 
cation demands. B\ means of a special optimization procedure it is possible to estab¬ 
lish more realistic and more reliable models to improve the computation of optimal 
designs of a number of technicallv relevant structures. Results of computation are 

shown for a special mirror component made of glass-ceramics as a part of a large 
mirror. 
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Employment of C.B. models for non-linear dynamic analysis 
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Abstract: 

The non-linear dynamic analysis of large structures is always very time, effort and CPU 
consuming. Whenever possible the reduction of the size of the mathematical model in¬ 
volved is of main importance to speed up the computational procedures. Such reduction 
can be performed for the part of the structure which perform linearly. Most of the time, 
the classical Guyan reduction process is used. For non-linear dynamic process where the 
non-linearity is present at interfaces between different structures, Craig-Bampton mod¬ 
els can provide a very rich information, and allow easy selection of the relevant modes 
with respect to the phenomenon driving the non-linearity. 

The paper presents the employment of Craig-Bampton models combined with Newmark 
direct integration for solving non-linear friction problems appearing at the interface be¬ 
tween the Hubble Space Telescope and its Solar Arrays during in-orbit manoeuvres. 
Theory, implementation in the FEM code ASKA and practical results are shown. 


1. Craig-Bampton models background 


The general equation of motion of a structure can be written as 

Mq + Cq + Kq = F(t) (1) 

Considering the interface of the structure with other structures, we can split the dof’s in 
internal dof’s i and interface dof’s j and write : 



+ 


Ku K i} 

Kji Kjj 




( 2 ) 


where without loss of generality we have assumed that only interface loads are applied 
and neglected the damping matrix. 

The Craig-Bampton approach consists of developing the displacements q on the basis 
of the static interface modes <t>, and the elastic modes q>„ of the structure clamped at 

the interface j : 


where 




<I>, 


'ii 


n P = 

W X 

(3) 

and 

II 

(4) 

where 

/C<D ; = 0 

(5) 
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( 6 ) 



where {K ti - w 2 M u ) <p ip = 0 


As a consequence 
to 


of such transformation, the initial equations of motion get transformed 


Mjj Mj P 
M pj ftipp 



Kjj 0 


0 k 


pp 



(7) 


where : 
tion 


Kj is the stiffness matrix statically reduced to the j interface, 

Mjj the mass matrix reduced at the interface according to the Guyan reduc- 
concept, 

k pp and m pp the generalized stiffness and mass matrices, 

1 'T 

Mj P = ®ij Mu (pip + M } i (pi p is the modal participation factor matrix. 


It must be noticed that both the physical and CB representation of the structure are mathe¬ 
matically equivalent, and both sets of matrices represent the free-free structure. 

Modal selection can be performed based on the well known "Effective Modal Mass" con¬ 
cept with respect to the j interface. However, modes with low interface force contribution 
but describing internal spacecraft dynamics which is of interest have to be kept in addition 
to the modes dominating the interface response. This selection reduces significantly the 
size of the CB models, which is one of their advantages. 

Furthermore, CB models avoid the usual stiffness and low frequency mass truncation 

pro blem s, since the interface stiffness is included in the Kjj matrix and the total mass in 
the Mjj matrix. 

In the same way FEM models are assembled, Craig-Bampton models can also be as¬ 
sembled, the connection always taking place using the physical dofs. The reduced size of 
all individual CB models reduces the size of the system CB model to a minimum set of 
modes which produces the most efficient representation of the spacecraft. Currently 3000 

to 10000 dof FEM models can be efficiently reduced to 30 to 1000 Craig-Bampton free¬ 
doms. 


The final assembled system model can if necessary be analyzed in free-free conditions. 
In this case, to ensure simplest correct recovery of interface forces and of stresses, most 
of the spacecraft free-free modes have to be used. Using Craig-Bampton models reduces 
this set to the most significant modes for the problem. 


Another advantage of those models is their relationship with the clamped modes identi¬ 
fied during testing, which provides a good engineering approach. 

2. Handling non-linearities 

Craig-Bampton models intrinsically address linear phenomenon, since constant material 
properties and usual FEM small deformation and displacement theory is used. However, 
there is room for non-linearity at the interface freedoms. This can occur as variable stif¬ 
fness, connected/disconnected status of some freedoms and variable loads function of 
some interface freedom responses. 

These limited cases are, however, representative of many practical interface effects, like 
gapping, non-linear tension-compression contact, torque limiter effects, etc,. 

These processes introduce time dependent perturbations in the equations of motion, lim¬ 
ited to the interface freedoms for the CB mass and stiffness matrices, which shall be ac- 
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counted for in the time integration process. They lead to a modification of the clamped 
condition of the interface freedoms as considered in the clamped modes. However, there 
is no contradiction in releasing CB interface dof’s since we have seen that the CB model 
actually represents the complete free-free structure. 

Since non-linearities are present in the behaviour of the final assembled system, standard 
time integrations methods as modal superposition cannot be applied anymore. A direct 
integration scheme has to be selected. This can be performed without problems since the 
CB model is just another representation of the physical FEM model. Integrating equa¬ 
tions in a modal space by direct integration, although being unusual, is not contradictory. 
It must be noticed that the reduction of number of equations to integrate, usually resulting 
from the modal superposition approach, has actually now been performed at the Craig- 
Bampton model level. Thus this approach is not penalizing in terms of size reduction. 

One of the most problematic aspects of usual direct integration approach (i.e. with physi¬ 
cal dof matrices) is the damping aspect. Indeed, although modal damping values can be 
infered from engineering experience or derived from testing, the implemenation of these 
(in form of Raleigh series matrices) is quite cumbersome and seldom performed. Using 

the CB approach on the other hand, these values appear naturally in the equations of mo¬ 
tion. 


Indeed, the physical damping matrix C transforms into the CB space as ... 


vpr c vp 


<t>T C( p p 
<PpC<bj cppC(p p 



In case of static determinate interface, <1>y are the rigid body modes which are assumed 
not damped, hence C4> ; = 0 and bolts down to 


f r Cf 


0 0 
0 [2m£cy] 



where [2 m^a}\ is a diagonal matrix and the £ are the percentages of critical viscous damp¬ 
ing ratios of the clamped interface modes. Correctness of this assumption can easily be 
verified by considering the global CB system equations and clamping the system at the 
interfaces. The modal response equations as derived directly from the physical matrices 
are identical to those derived from the CB model equations. 

In case of non static—determinate interfaces, the 3 other terms of the damping matrix can 
be either ignored, or handled in the usual way, i.e. using proportional damping 

C = a K + 0 M , Raleigh series or discrete dampers. The direct integration algorithm 
will have no problem handling damping—coupled equations. 


3. Implementation in ASKA 


The methodology described has been implemented in the general purpose FEM package 
ASKA distributed by IKOSS. Considering the application planned (torque limitation and 

slippage induced by a friction brake on a shaft) only static determinate interface was im¬ 
plemented in a first step. 

The standard Newmark integration scheme has been used, together with matrix manipula¬ 
tion and partition/merge tools to handle the interface condition charges. 
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The freedoms for which non-linariries will occur are attached to 2 nodes. These freedoms 
are either disjoint but subject to self equilibrating loads simulating friction, or connected, 
n this last case, the combined equation of motion are merged into one unique dof and 

constrain relations are applied to the other dof, thus maintaining constant the dof pattern 
or the dynamic system. 

Equilibrium iterations are performed at each time step, and variable time step is used (bi¬ 
section method) to ensure a proper convergence to the change of state of the non-linear 
freedoms (i.e. slippage/no-slippage). This change of state is defined considering the sys- 

t A e r?r eCt ° r US,ng user_written Fortran routines which can be naturally interfaced with 
AhKA. The considered change conditions are : 

No slippage - until maximal torque is reached in shaft; 

Once slippage occured - constant maximal balanced torque applied to both 

disconnected parts of the shaft; 

- slippage until relative velocity of 2 shaft parts comes back 
to zero. 


4. Application to HST 


The procedure including all features described above has been applied in the frame of 
the Hubble Space Telescope project, where the European Space Agency (ESA) is respon¬ 
sible for the Faint Object Camera and the Solar Arrays. Whatever sky region the HST 
is looking at, the SA is designed to be oriented toward the sun to get the maximal power 

When the optimal position is obtained, a brake is released to prevent any modification 
of the SA position. 

The deployment of the SA in orbit occurs when the HST is held on the Space Shuttle re¬ 
mote manipulator system (RMS). After deployment of the SA, the HST is still on the re¬ 
mote manipulator system for a few hours before release. During that period the Shuttle 
P u erf °™ S manoeuvres to hold attitude, firing thrusters. This induces loads on the SA. Since 
the HST-SA interface is basically a 6 dof’s joint, the interaction can be described by the 
interface accelerations. A CB model of the SA has been developed by ESA to assess the 
in orbit load level when subject to such manoeuvres 

Figure 1 shows the complete 3000 dofs FEM model and some of the clamped interface 
modes. The location of the brake between HST and SA is sketch-wise explained in Figure 
a. The main modes of the SA in clamped interface conditions are identified in Table 1 
in terms of modal masses (percentage of rigid body mass corresponding terms); those 21 
modes were used to build the SA CB model. Figure 2 shows free-free modes computed 
with this model. Notice that although blanket aspects are completely accounted for, only 
boom motions are visualised since those are used later on to compute boom bending mo¬ 
ments. These booms are indeed the most delicate mechanical pans of the deployed SA 

The brake slippage procedure as been tested using the angular acceleration around the 
SA Y axis shown in Figure 3 applied at the HST / SA interface. The torque actually seen 
by the SA on the other side of the brake is shown in Figure 4, and the related SA angular 
acceleration is m Figure 5. The inspection of the response of the system shows that the 
change of configuration/loading procedure is working fine. The interactive torque never 
exceeds 0.5 Nm which is the specified maximum brake torque in this test. The change of 
configuration/loading is smooth, however it is interesting to note that a shock is induced 
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in the system (see Figure 5) when the brake starts slipping. The SA oscillates about its axis 
at a frequency close to 1 Hz. The mode which is excited is equivalent to the free-free mode 
13 of the SA model presented in Figure 6. It shows a large rotation of the drum while the 
boom tip hardly moves. 

Regarding in-orbit actual manoeuvres, classical rigidly connected linear CB analysis using 
modal superposition method applied to the free-free modes has shown that for some types 
of manoeuvres the interface torque overshoot largely the torque the brake could with¬ 
stand without slippage. In addition loads in the SA booms were exceeding boom bending 
moment allowables. Thus the analysis had to be refined. In order to account for this effect, 
transient analyses have been performed using the procedure described above. This al¬ 
lowed changes of the brake connection from rigid state to slippage state and vice-versa 
as many times as requested during each computer simulation. A more realistic behaviour 
could be simulated, slippage of the SA evaluated and subsequent reduction of loads in 
the booms demonstrated. 


Figure 6 shows results related to in-orbit event P04 for the + V2 wing. As can be seen, 
the interface torque does not overshoot the maximun brake-through torque (0.87 Nm) 
and slippage occurs after this limit is reached. Table 2 shows a summary of 17 worst load 
cases which were analysed. Substantial load reduction occurs for the solar array booms, 
with relative low array rotation which does not affect significantly the SA power perform¬ 
ances. The computing time per run was quite reasonable (20 minutes on VAX 8650 for 
a response of 40 sec) considering the highly non-linear aspects of the brake conditions, 
and allowed a satisfactory computation of all cases; it must be kept in mind that these re¬ 
sults reflect the information related to a 3000 dofs model, which itself could never be used 
for such complex analyses. 

5. Conclusions 


Craig-Bampton dynamic models enable a very rich information to be condensed in a very 
compact format. In combination with direct integration they are able to handle non-linea¬ 
rities related to interface freedoms. Moreover, they can use in a straightforward way the 
usual modal damping.As such, they build a very efficient tool to analyse certain class of 
non-linear problem with minimum computer resources. 

The application to the HST deployment manoeuvre scenario was very successful; it 
showed substantial SA boom load reduction and allowed to estimate the SA rotation. 

This promising procedure is now in development for application to more general cases 
involving non static-determinate interfaces. 
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Figure 1. FEM model and some related main modes. 
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Table 1 : Main modes of the FEM 
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model, in terms of rigid mass percentages. 
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Figure 2: Free-free modes computed with the Craig-Bampton model. 
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Figure 3: angular acceleration about Y axis at 
the HST interface (HST side of the brake) 
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Figure 4: Interface torque about the Y axis 
( SA side of brake) 



I 

Figure 5: angular acceleration of the SA side of the brake 
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Infinitely Rigid Brake 
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PRCS Auto 
hold 


Low 

2 


PRCS Auto Low 
hold Z 
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hold 2 


PRCS Auto Low 
hold Z 


PRCS Auto Nom 
hold 2 


PRCS Auto Nom 
hold Z 


PRCS Auto Nom 
hold Z 


PRCS Auto Nom 
hold Z 


PRCS Auto Nom 
hold Z 


PRCS Auto Nom 
hold Z 


Brake allowing slippage 
(Negative Margins in Bold) 


Bending Mo- Margin 
ments 
(Nm) 


Bending Mo¬ 
ments 
(Nm) 


Max. Slip- 
Margin page of 
the array 

(deg) 


Percent¬ 
age of 
BM re¬ 
duction 



Maximum angle obtained during simulation period, 60 seconds. 

Table 2 \ Maximum bending moments in the Solar Array booms. 

Note. An modal critical viscous damping ratio of 0.5%for all modes was user for the HST 
analyses. This value derives from ground test data (ESA-BAe) and agrees with results 
of in—flight experiment of large solar arrays (Nasa SAFE in—orbit experiment). 
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Mathematical Theory of a Relaxed Design Problem 
in Structural Optimization 

Noboru Kikuchi and Katsuyuki Suzuki 
Department of Mechanical Engineering and Applied Mechanics 
The University of Michigan, Ann Arbor, MI 48109-2215, U.S.A. 


Introduction 

Various attempt has been made to construct a rigorous mathematical theory of 
optimization for size, shape and topology (i.e. layout) of an elastic structure. If these are 
represented by a finite number of parametric functions, as Armand[l,2] described, it is 
possible to construct an existence theory of the optimum design using compactness 
argument in a finite dimensional design space or a closed admissible set of a finite 
dimensional design space, see Pironneau(3] and Buttazzo and Dal Maso[4], However, if 

the admissible design set is a subset of non-reflexive Banach space such as L°°(0), 
construction of the existence theory of the optimum design becomes suddenly difficult and 
requires to extend (i.e. generalize) the design problem to much more wider class of design 
that is compatible to mechanics of structures in the sense of variational principle. Starting 
from the study by Cheng and 01hoffI5], Lurie, Cherkaev, and Fedorov[6] introduced a 
new concept of convergence of design variables in a generalized sense and construct the 
"G-Closure" theory of an extended (relaxed) optimum design problem. Similar attempt, 
but independent in large extent, can also be found in Kohn and Strang[7] in which the 
shape and topology optimization problem is relaxed to allow to use of perforated 
composites rather than restricting it to usual solid structures. Identical idea is also stated in 
Murat and Tartar[8] using the notion of the homogenization theory. That is, introducing 
possibility of microscale perforation together with the theory of homogenization, the 
optimum design problem is relaxed to construct its mathematical theory. It is also noted 
that this type of relaxed design problem is perfectly match to the variational principle in 
structural mechanics. 


Cheng and Olhoff ( 1980 - 1982 ) 

Optimum Design of the Plate Thickness 

Lurie, Cherkaev, and Fedorov 
G-Closure Theory, Optimum Composites 

Kohn and Strang 

Relaxed Design Problem for a Perforated Material 
Murat and Tartar 

Application of the Homogenization Theory to Optimum Design 
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A Relaxed Design Problem 

optimization'fwdS^ theory of structuraJ 

to structures which are perforated by microsSle^nii? } ‘° extend the dcsi g n 

characterized by the unit cell shown in the Z h ' , .. Intr ^ ci ng a perforation 
defined by the size ( a(x) Mr) \ nf ^ re ’ < ^ stn * 5u ted design variables are 
arbitrary pLttcofa s\^* ^£2^* voids “ d *• Vernation 9(x) 
a, b, and 0 are functions in an infirm* h' ar ^ f^ int in domain Q of the structure, 
relaxed design problem is no/^ represen^bv 1 “ f“? lction S P Ce - ^ is, since this 
compactness argument is not applicable but the^n™ !5 . number 9 { Parameters, usual 
A typical optimum design problem is stated by ^ ^ of homogenization is its alternate. 
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vanattonai fomrttladon. g are reputation of Mns^ints’ eqUlllbnum of a i" 



277 



Example - Design of a "Beam" Structure 

As simple examples of relaxed design problem, let us consider beam of uniform width 
with both ends rigid support, and point load at the center. The length of beam is 20 and 
hight of 1 was taken as design domain.The solution of this problem with thickness as 
design variable and width fixed is known to be two hinges appear at 1/4 and 3/4 of length. 

The objective function was taken as mean compliance of structure, i.e. load times 
displacement at loading points. Using optimality criteria method in relaxed design problem 
described before, and volume constraint 10, 15, 18 with total volume of design area 20, 
following results are obtained. These results clearly show hinges at 1/4 and 3/4 of length 
points in each case. Also it is noteworthy that when constraint on volume is small, the 
beam becomes sandwich type beam, i.e. upper and lower surface and weak core inside. 
Although this type of structures are known to be preferable when bending is applied,and 
used often in aerospace industry, traditional method with thickness as design variable 
cannot generate them unless this type of structure is assumed a priori. 


4 

_1 

t 


/ 

/ 



yr Load 



Design Domain 


X 

20 
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A Design Problem of a Beam Structure 



Volume Constraint 10 



Volume Constraint 15 



Volume Constraint 18 
Optimal Layout of a Beam like Structure 
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Example - Design of a "Truss" Structure 
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Example - Optimum Reinforcement of a Plate 

As a examples of application of relaxed design problem to plate, design of simply 
supported square plate subject to point load at the center is considered. The thickness of 
support layer and thickness of stiffener are fixed. Relaxed design problem of minimize 
mean compliance subject to volume constraint is solved using optimality criteria method 
The results are shown below. In cases volume constraint is large, the final design 
clearly shows four hinge lines of 45 degree inclined lines. It is reminded that two hinges 
are generated for a beam case also. Thus, hinges in the optimal reinforcement is expected 
one. It should be noted that this does not mean discontinuity of the transverse displacement 
along these hinge lines. But only the slope is discontinuous, and it is still admissible in the 

variational formulation of an clastic plate defined in the Sobolev space 

In cases volume constraint is relatively small, cross shape support with with diagonal 
support is optimal. It is noteworthy that hinges also appear in diagonal supports, although 
they are not so conspicuous as in large material case. That cross shape supports become 
thinner as they approach edges can be explained that minimum plate will disperse the load 

as you approaches the edges. 



(a) volume 720/900 (b) volume 630/900 



Optimal Layout of a Plate with Point Load 
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Example - Optimum Reinforcement of a Shell 


As a comparison to previous example, same type of design problem is employed, while 
in previous case there was no curvature in shell and there is only bending effect, but in this 
case there is curvature and coupling of bending and in-plane effect exists. The shape of 
shell is z=z max sinOtx/ x max ) sin(7ty/y max ) with z max /x max = z ma x /xmax = 1/12. Again, 
boundary condition is simply support and load is applied at the center of square. 

The results shown below are quite different from previous design of plate. Surrounding 

area is stiffened, and loading point and surrounding stiffener is connected by diagonal 
support. 


These quite different results from plate case is very natural consequence considering the 
fact that in previous plate case, only bending moment is applied since bending and tension 
are totally decoupled, while in this shell with curvature, since there is coupling between 

bending and tension and rather tension is dominant, similar results to two dimensional 
problem appears. 



(a) volume 450/900 (b) volume 270/900 

Shell with Point Load at the Center 
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Example - A Three-Dimensional Structure 

The relaxed design problem can be applicable to 3 dimensional solid. In this case, 
design variables are 6,3 for sizes of microscopic rectangle body holes and 3 for rotational 
angles. Same type of formulation and numerical method as before, i.e. minimize mean 
compliance with constraint on vulume, and discretized using finite element method and 
optimized using optimality criteria method. 

As a example, the cantilever rectangle plate subjected to shear force is solved. The size 
of plate is 32x20 with thickness 4, and 4 elements were used in thickness direction. One 
end is clamped and the other end is loaded at the center point of section. Volume constraint 
was set 800, while volume of total design domain is 2560. 

The result are shown below as each 4 layer in thickness direction, from top to bottom. 
Top and bottom layer has triangular shape of full material area to support bending moment 
and two layers in between have very thin rim to support interaction of top and bottom 
layers. This types of structure is known as "Sandwitch structure", and supposed to be one 
of the best structure for bending. 



3rd Layer 4th Layer 
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Convergence of Finite Element Methods 

f . Hi 6 natura Jq uest i on arises is whether the shape and topology, i e the configuration nf 

optimal design converges ,o L 

becJmL'finel'and^r^Tr - hows conver g ence to cenain topology as mesh 

, ine f an< ^ ^ iner * Therefore, it is natural to consider that as mesh size become? 

zero the results converge to the final configuration that is design variable as comfnuous 
that of^infte meshS° Sy ** ^ continuous Variable is almost same as 







Convergence of the Optimal Configuration ( Q s = 60) 
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ABSTRACT 

Structural optimization procedures usually start from a given design tocology and 

co^Jlrr^ ° r boun<lai 7 ^apes to achieve ?ptimalhy uS vKs 
constraints. Two different categones of structural optimization an; distinguished in 

casif,fZ; ?h?H Iy Sidng “, d Sha P' <**”*»*■»• A major“STta toS 

cases IS that the design topology is considered fixed and given. Questions 

? f a dcsi 8" (™ch as whether f mss or a S 
structme should be used) as well as more detailed topology features (e e the 

° f b3IS in t ^ OT the num ^ r of holes in a solid) have 
b y desi p experience before formulating the structural optimization 

^nL eS1 f - ^ uah Jy. of ™ optimized structure still depends sttZ o! 

stSSoDti^Mrion? 1S ““£* presents i novel approach for initiating formal 
optimization at an earlier stage, where the design topology is rigorously 

“ad&oon to selecting shape and size dimensions. A three-phase design 

1S d*scussed: an optimal initial topology is created by a homogenization 

method as a gray level image, which is then transformed to a realizable design using 

computer vision techniques; this design is then parameterized W^earedT deSu 
by sizing and shape optimization. A fully automated process is described for 
trusses. Optimization of two-dimensional solid structures is also discussed. Several 

meth^olog^ 0nCnted examples iIIustratc the usefulness of the proposed 
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Topology Optimization (Phase I) 


Recently, Kikuchi and Bends0e [1] presented a homogenization method for solving 
generalized structural layout problems. An initial domain, provided by the designer, is 
discretized into finite elements. Boundary conditions are also supplied at this stage. The 
density and stiffness properties of the elements are determined by applying homogenization 
to the model of a unit cell with a rectangular hole; see Figure 1. Using the dimensions (a 
and b) and orientation angle (6) of the holes as design variables, the method searches for 
the minimum compliance or maximum stiffness of the structure subject to a volume 
constraint. In other words, homogenization solves the problem formulated in Eq. 1. A 
given amount of material is thus redistributed with microstructure properties as variables. 
The resulting material distribution corresponds to an optimum topology that can vary from 
truss-like configurations to closed solid shapes. The method has been successfully 
implemented to date for two-dimensional structural problems [1,2]. 



Figure 1. Definition of a microscale hole, i.e., a finite element for homogenization method. 


Minimize Mean compliance of structure 
subject to 

Equilibrium equations (1) 

Amount of material as a percentage of total domain volume 
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Three-Phase Design Methodology (ISOS) 

TTic integration of a topology-generation step into an overall design optimization process 
can be performed according to the following general scheme: °P Dnl,zanon 1™““ 

PhS II- 8^.2*“ a u bout th ' °P dmum topology for the stntcture. 

D , asc ™ Process and interpret the topology information. 

aSC m: S^ a t par f K5tric for detailed shape and size optimization of the 

„ *i• Jh^cheme is the basis for an Integrated Structural Optimization System fisosi 
ined m Fig. 2, and described in general terms by Papalambros and Chirehdast in [3].’ 


Loading S pacification* If— 0 1 topology generation mo d ule 

Vo luma Constraints " * Vsriabla Initial Domain 

Global Spacificationa y n«1 V Bound * f Y Conditions 

— m homogenization I 


Modify Vo luma 
Constraint 
sat nxn+i 


Danaity Data 
"noisy" 


IMAGE PROCESSING 
WTERPRETATION 


JjjAOE INTERPRETER MOOtJt P 


B 



4 ' | 


- H 


Raaulta 
claar A 

satisfactory 


Boundary Data 
Structural Mambars 


DETAILED DESIGN MODEL 


DETAILED DESIGN COMPUTATION 


Daslgn ^ 
Satisfactory 

fYti 
FINAL DESIGN 


Manufacturing 
Requirements 
on Topology 


DETAILED DESIGN MODULE 


Figure 2. Basic flow chart for the three-phase structural optimization system ISOS. 


287 





Example 1 


The operations performed by ISOS in Fig. 2 are best illustrated through the simple example 
shown in Fig. 3. Figure 3(a) is the starting point Figure 3(b) is the output of Phase I and 
input to Phase EL Figure 3(c) is the output of Phase n, and is converted by the designer to 
Fig. 3(d) as input to Phase HI. 




<9 

Figure 3. Design example 1: a) design domain and boundary conditions; b) density 
distribution generated by homogenization; c) processed image; d) user 
interpretation and detailed design model (design variable xj). 
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Image Interpretation Module (Phase II) 

module is a “ Rg ' 4 in morc detail - The 

of higher level knowledge from the dcnsi^^v^ ^extraction and processing 
image processing and computer vision techninn^c ^ ncr ^ tcd by homogenization using 
impose nonstructSral rcqSentsZ?^^? 1* Another r P^se of Phase II is to 
is accomplished using domain-denftnrf^m^.°i 8y u SUC i 1 45 constraints, which 

can only P handle“^SoS^a^homogenization 
dimensional siructures neST^ nSted^v 5wS?S?* three ? fferenl W« of two- 
structures, misses, and frame? to 3d Xjwf m P lm f *««tplane strain 

stress/plane strain structures andmisses^m dLn«,H lqlleS f ° r d f alln 8 with plane 
automation for treating trusses in Phase tt i c 7 s . c V sscd .respectively. The degree of 

Investigation of frames Sill be the focus of oi rest^h to the^et to^ “““ sm,ctures - 


Modify Volume 
^Constraint 


Phase I 
TGM 


Density Data 
no (S' 


IMAGE PROCESSING 


Image Smoothing 


Geometric Representation 


Plane Stress/Strain 

Geometric Interpretatlc 


_Truss 

- Frame 

Edge Detection 
Boundary Smoothln; 

Skeleton Extraction 
Model Conversion 

- 1 -- 

Skeleton Extraction 
Model Conversion 
Primitive Combinatlor 


No 


Phase II (JIM) 



Manufacturing 

Requirements 

_On_Xopo|oqy 


f Representation Conv A r«i A nLi_[user Interation| 

1 1 1 KBES 1 


Structural Model 
Optimizatio n Mod ^j 

to Phase III (DDM) 

Figure 4. Phase II (Image Interpreter Module) in more detail 
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Detailed Design Module (Phase III) 

A detailed design model is set up in Phase III to perform sizing and shape 
optimization. The number of design variables and constraints is usually moderate at this 
point, and general mathematical programming algorithms can be used, allowing versatility 
in objective and constraint function specifications- In ISOS, an evolved version of the 
structural optimization package SAPOP [5,6] is used; it consists of a finite element program, 
several constrained optimization algorithms and standard pre- and post-processors, 
including automatic mesh generation. At this stage, the designer can once again check if 
the proposed design is satisfactory. Figure 5 depicts a schematic overview of SAPOP and 
Phase III. Two distinct models of the design are required by SAPOP, namely structural and 
optimization model. For further detail on this module refer to either SAPOP references [5,6] 
or previous publications on ISOS [3,4]. 



Figure 5. Detailed flow chart of Phase m (Detailed Design Module). 
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Example 2 - Truss Optimization (Phase I) 

applied using the model rtf Fn n\ an A J- 1 ®' ^ a j.homogenization procedure is 

cL p s ™„ u l in f,f d b 8 y gS£ s £“ a " d s dcflect, °: 

“K£“ I ST xmi ^ ceU “ d ■ he 4 p»“«*K!„J ffaSSSto taS52 

design variables l ° S ° lvC 311 °P |ini “Mion problem with 7200 

a wUd-t^void ratio^in^^ c ? optim * mi “aerial distribution for this problem for 

an Apoio 4«X) wo^Ltirin 0n ab ° W 7 hourS of com P^donal time on 



(a) 



Figure 6. (a) Design specifications and (b) Optimum material distribution for Example 2. 
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Example 2 (Output of Phase II and Some Alternative Designs) 

The final output of Phase H for this example is shown in Figure 7 which results 
automatically by performing the steps explained in [4]. At this stage, we search for the 
minimum weight design that satisfies the above specified stress and displacement 
constraints. Design variables are cross sections of truss members and the coordinates ot the 
unrestrained and unloaded nodes. To study the optimality of the proposed topology, it is 
compared with some common truss topologies. Truss models of four different topologies 
were chosen to conduct the study and are shown in Fig. 8, dotted lines indicating truss 
elements removed by sizing optimization. 



Figure 7. Output of Phase II for Example 2. 




Homogenization T opology Fourteen-Bar T opology 

Figure 8. Alternative engineering solutions for the bracket problem. 
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Example 2 (Phase III and Final Results) 


cros^- sections of TjTS? b ? “P?^ 0 " «*« design variables are only 

ss sections or the bars. In Table 2, the results for a combined sizing and onnnv>trv 

° p “™“ aon “» pven where additionally coordinates of unrestrained andlnloltSl S 

S toSfSSfi.'h'St^fc Vopmi by Phase I “detlytXfto 

nf tiw. nod r 0 Ca ^ °f combined sizing and topology optimization, the Dositions 

othCT mOVC 0tdy sUgMy ' in contrast to the nodS of the 

dcsgns * P°? cs . of the homogenization truss are nearly optimally located 
even before geometry optimization is performed in Phase m. opumauy located 


Table 1. Comparison of initial and optimal weights resulting from sizing optimization. 


Model 

Weight [kg] 

Initial Final 

Five-Bar Truss 

31.29 

BM 

Ten-Bar Truss 

40.51 

25.527 

Homogenization Truss 

W 

23.294 

Fourteen-Bar Truss 

mm 

28.095 


Table 2. Comparison of initial and optimal weights resulting from sizing and geometry optimization. 


Model 

Weight [kg] 
Initial Final 

Five-Bar Truss 

31.29 

28.012 

Ten-Bar Truss 

40.51 

23.714 

Homogenization Truss 

32.27 

22.848 

Fourteen-Bar Truss 

42.51 

23.540 
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Example 3 - Solid Two-Dimensional Structure (Phase I) 

A bracket is loaded by a single force and a moment, shown in Fig. 9. A minimum weight 
design subject to stress and displacement constraints is sought The allowable equivalent 
stress is 50 N/mm^ and the allowable deflection at the loading point is 0.1 mm. The 
homogenization output is shown in Fig. 10 where the imposed volume constraint is 50%. 


1 

-120 » 

* 



4J 

t 

Supports 

*/' 

i 

r 

Thickness: 18mm 

1 Squire Holes: 10mm x 10 mm 

F-1780N 

M * 45.25 Nm 

L 

4.2 

“LX j 


«L -S 

j 4 


Figure 9. Boundary specifications and initial design domain for Example 3. 



Figure 10. Optimum material distribution far Example 3 (solid/void ratio® 1/1) 
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Example 3 (Phases n and III) 


lhft 1 fnS? iprctCd “ a two-dimensional solid and subscqucndy 

“PI.Figure i 1 (a?shows 

that linear functions as well as B cniiL — ^smoothed boundaries are depicted. Note 
these T 0dlfa * * C boundaries - Based on 

representation. The finite demS?nSirftf ^ usc ? for boundary 

shown in Fig, l l( c ). Note 8 resuiung destgn as an input for Phase m is 

model of Re llfSit nShmlL« tra “ mo ® fr° m the image shown in Fig. 11(b) to the 
m for plane^siiL/snKXS'SL tE?? pha *“ n “ d 

•Hows variadonsin the postoSTtf “e “ < ¥ 5n * t bove> and 

discussed in 141 in mwEti?. C . f 15 “ “f design. Representation of the fillets is 

bourutaries. Provided L ^^nl^‘: n0nMcar tax*™ to repjesent the 

^^^S P Sr u emT a uadS S tf"“^” achK‘ rter^l^opM^don 

ntinimum weight design satisf&tg lhe fi ”* 1 




(C) 


(d) 


Ftgure „ ^ *- ta F * lft “* 
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Conclusions 

The integrated structural optimization system (ISOS) described here offers an exciting new 
capability for structural design. The ability to generate topologies on a rigorous analytical 
foundation opens the way for integrating several tools from different disciplines such as 
structural mechanics, manufacturing, computer vision, expert systems, and mathematic 
optimization. A unique attribute of this system is its capability to allow examination of 
design constraints in many different domains. The integrated program ISOS is obviously in 
an evolving state. Modules I and m are sufficiently developed to operate m an automated 
way. In Module n, the image processing capability is fauly well developed, but the image 
interpretation module is not yet automated and will provide a continuing challenge, it 
should be noted that progress offered by other researchers in feature-based design and 
design for manufacturability can directly benefit automation efforts for this module. 
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1 INTRODUCTION 

Any optimization of structures for maximum stability or for maximum 
dynamic stiffness deals with an eigenvalue problem. The goal of this 
optimization is to raise the lowest eigenvalue (or eigenvalues) of the 
problem to its highest (optimal) level at a constant volume of the 
structure. Likely the lowest eigenvalue may be either inherently 
multimodal or it can become multimodal as a result of the optimization 
process. The multimodness introduces some ambiguity to the eigenvalue 
problem and make the optimization difficult to handle. Thus far, only 
the simplest cases of multimodal structures have been effectively 
optimized using rather elaborate analytical methods ([1-4]). Numerous 
publications report design of a minimum volume structure with 
different eigenvalues constraints, in which, however, the modality of 
the problem is assumed a priori (see [5-7], for example). The method 
presented here utilizes a multimodal optimality criteria and allows 
for inclusion of an arbitrary number of buckling or vibrations modes 
which might influence the optimization process. Ihe real 
multimodality of the problem, that is the number of modes 
participating in the final optimal design is determined iteratively. 
Because of a natural use of the FEM technique the method is easy to 
program and might be helpful in design of large flexible space 
structures. 

2 THE OPTIMALITY CRITERIA 

The buckling and the free vibrations problems are formulated and 
solved using very similar numerical techniques. Consequently, the 
optimality criteria for those two cases must be also very similar. 
Here, due to space limitations, only the optimality criteria for the 
highest frequency of free vibrations is briefly outlined. 

Using finite element formulation the free vibrations problem is 
defined by: 

(K - X.M)x i - 0 (1) 

where K is the elastic stiffness matrix, M the mass matrix, x. is the 
i-th vibrations mode and X. represents the square of the corresponding 
frequency of free vibrations. Multiplying Eqn.(l) by x., the 

eigenvalue X. can be expressed in the form of the Rayleigh? - quotient 
as: 
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( 2 ) 


1/2 x.Kx. 

X. = - - 

1 1/2 x.Mx. 

where the numerator represents the strain energy and the denominator 
represents the kinetic energy of the vibrating structure. 

Using a proper eigenvalue solver the solution to the problem (1) is 
obtained in the form of the set of eigenvalues X.,X-,X 3 ..., where 
X 1 »X 2 >X 3 >..and the corresponding set of eigenmodfes\rX 2 ' x 3*.. . 

The purpose of optimization discussed here is to maximize the first 
eigenvalue X. for a structure of prescribed weight. Clearly when 
increasing X? - it may become equal to X 2 then to Xj and so on... 
Consequently the optimization finally may need to ironitor N modes. 
Note that the number of modes which must be considered to reach the 
optimal design is unknown a priori and may be difficult to predict. 

In order to derive an optimality criterion for the above problem 
consider the following Lagrange functionals 

N 

F(x,h) - (1/2 x.Kx.)/C. + E r •[(1/2 x.Kx.)/C. - (1/2 x.Kx.)] 

N 1 1 1 i-2 1 111 

+ EH. (1/2 x.Mx. - C.) + 0 (E W. - W ) (3) 

t 4 X XX a J ^ 

1-1 

where h is the design variables vector representing a property (area, 
thickness, etc.) of each element to be optimized, C. is an arbitrary 
constant to normalize the i-th vibrations mode, W. and W are the 
weight of the j-th element and the total weight respectively, r i ,h i 
and 0 are the Lagrange multipliers. 


The multipliers h- and 0 can be determined explicitly and the 
necessary conditions for optimality of the functional (3), after some 
algebra, are derived in the form: 

N t N X. . 

(1 - E y. ) NSE . + E y. [— (NSE . - 1) + 1] - p-1 (4a) 

i-2 1 J i-2 1 Xj 3 


y. (X. X^) 


N 


(4b) 


where: 

and 


9 • 

NSE 1 j - (fyWj) (1/2 x ijK jX i; j/X.C.) 
K 1 . - pK.. - X.Mj 


NSE 1 . is the normalized equivalent strain energy of the j-th element 
due io the i-th vibrations mode and x. . must satisfy Eqn. (1). The 
parameter p represents the relation between the stiffness and the mass 
of each element which was assumed in the form: 


(M.)P/Kj « const. 

Eqn. (4a) must be satisfied for each element of the structure, and the 
switching conditions (4b) must be satisfied by every eigenvalue X.. 

As can be seen from Eqn. (4b) the number of nonzero Lagrange 
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raJreS i ra^»I 1 '„f il ^if ate ? J?* " 0<tallt y o£ the problem. For the 
correct number of modes influencing the final ont-imai *1 

equations (4a) and (4b) can be combined into one ccLTtio? 

N i N 

U -i^Yj) USE i .£y. NSE^ . p-i ( 5) 

Ibe conditiOTK similar to that given by Eqn. (5) were discussed in 

^«?* WeVerf sho V ld em Phasized that the modality of the 

the Sre ^ite e ra r tfvf** N * s ' in 9«neral. unkncL ar^ 
consider E^ y uhT ,1V} Utl J P rocedure must also simultaneously 

1• u ‘ s, 0 ss^rf2}- v. set 

S dTf^cultto^r 10 " Pt0CedUre -V*», 

3 TOE ITERATIVE PROCEDURE 

^ffb, 0 * correcting 1 the S^^arYab^esTectoT f 
Se rr ?oU«in5teps= the ^ ° £ ^ “ is “iouUt^sin, 

I°f u - 9i ve n structure solve the eigenvalue problem to obtain th*» 

b) Utilizino W ih£ suff ^ ie 2 t nu mhe r of modes, N (we assumed N-9). . 

r \ c~i 0 _*. results from step (a) determine the energies NSE. 1 . 

d) Determine The^ f 6t ° f multipliers y £ (see comments beloij) * 

d) Determine the local error (for the j-th element) defined as- 

t N N 

’ "iV 1 * NSE j + if 2 Vi NSE ^ " P + 1 (6) 

e) “o.oXlTe 1 ^ CriterU a « ainst « —tolerance a (we 

Kjl < a for all elements and X^X. - 1 < A for i - 2 ..N 

r i < A for i - n r +1 .? n (7) 

of"the^design . Nr 311 Yi Vanish ' clearl y» N R represents the modality 

f) , If °P tim ality criteria are not met, correct the desion 

variables accordingly to the formula ^ 

5h j " c *j h j (8) 

where c is a positive number and repeat steps (a-e). 

Note that in steps (a) and (b) only the magnitudes of nsf 1 , r * 

fseF^O) ^ ^ ch^e^^m^v^t "arbit^rTly * 

^SraSa- r, 2SSSSrSffi®- 7 

the convergence of the optimization process P SeCures 
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First the magnitudes of y'. are calculated minimizing the global error 
defined as ££*. The minirflization, when using Eqn. (6), leads to the 
set of linear •'algebraic equations in the form 
N 

Z a ki Y i“ b k k - 2 ... N (9) 

i»2 k 

where a^ and b^ are known functions of NSE . 

The second phase implements corrections to y'. with respect to the 
difference between X. and in the form: 

Y i " Y 'i <V X i )i-1 i - 2 ... N (10) 

The relation (10) is used to satisfy iteratively the switching 
condition (4b) and plays a very important role in determination of the 
modality of the problem. For i ^ N R the difference between y. and y'^ 
gradually disappears while for i > N_ the values of y. are 
consistently driven to zero the same eliminating the corresponding 
modes from optimization. 

4 SOME RESULTS AND DISCUSSION 

The procedure discussed here has been used for optimal design of 
columns, frames and plates. Some unimodal and bimodal cases of the 
optimization for maximum stability were presented in [8-10]. The 
optimization program interacts with ANSYS, the FEM software, which 
performs the analysis required in step (a). 

Fig. 1 shows the examples of bimodal and trimodal designs for maximum 
stability. Fig. 2 presents the case of optimal design of the plate 
for maximum frequency. In both cases the optimization was initiated 
from the uniform shape and the increase in the buckling load or in the 
frequency of free vibrations is also related to the corresponding 
parameter for the uniform structure. 

The numerical experimenting indicates that the method is globally 
convergent, though the process requires a high accuracy in 
calculations of eigenmodes in every iteration. 
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(0) BIMODAL OPTIMIZATION OF FIXED-FIXED COLUMN 




(b) TRIMODAL OPTIMIZATION OF FRAME 


FIG. I EXAMPLES OF MULTIMODAL OPTIMIZATION FOR MAXIMUM STABILITY 
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ABSTRACT 

vthieUs 8 *^ interest in hypersonic 
vehicles has resulted in a renewed 

interest in thermal stress analysis of 
airframe structures. While there are 

on therna1 


numerous texts and papers on thermal 

t.„ , : aly3i3 ' pracica 1 examples and 
experience on light g,ge aircraft 
structures are fairly limited A 

d!;!f! r ? h P roera ” has ^en undertaken at 
-ra ynamics to demonstrate the 

of e3 aralv V 65 ° f ChB art ’ verif Y methods 
ot analysis. gain experience in their 

use, and develop engineering judgement in 

th/r? analysis. The approach 
f° b . thia , Project has been to conduct a 
series or analyses of this sample problem 
and compare analysis results with test 
oata This comparison will give an idea 
or how to use our present methods of 
hermal stress analysis, and how accurate 
we can expect them to be. 

INTRODUCTION 

Several strategies for thermal 
stress analysis have been used in the 
pas . Prior to the emergence of 
computerised analysis, numerous texts 
were written on closed fora (or 
classical ) methods (see Reference 1). 

th v ea * have baen uaed ' such aa on the 

. X-20, and B-50, several drawbacks 

occurred. lJLength on time required to 
perform calculation made it difficult to 
converge on a design (Reference 2), 
2)Unknowns such as joint flexiblity and 
simplifying assumptions often led to 
overprediction of stresses (Reference 3 ) 
or surprising failures (Reference 4 ). 

With the emergence of digital 
computers, the finite element method came 
into prominence for structural analysis. 
For thermal analysis, the finite 
difference method has become the primary 
computer method. This resulted in more 
detailed analysis in both specialites. 
However, during the late 1960’s and the 

thl 'i, ther * Uttle activ ity in 

thermally stressed airframe structures. 

For example, the original design 

philosophy of the space shuttle was that 
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the TPS (Thermal Protection System) would 

th* P atrassas ^oa devo loping in 

the orbiter structure. This assumption 

has proven to be false (References 5 
through 7). Reference S briefly 
discusses some of the problems of thermal 
stress analysis as done on the Space 
Shuttle Orbiter. Thermal Analysis was 

(finit* 30 local lumped parameter 

(finite difference) models. Most 

temperature, used in stress analysis were 
obtained by interpolating between these 
models. The potential for error at this 
point in the analysis is high, especially 
If thermal analysis models are not in the 
right place or if the distance between 
them is too great. NASA has concluded 
that more detailed thermal models are 


that more detailed 
needed. This in 
automating methods 
generation (similar 
preprocessors), 2) 


turn requiresi 1 ) 
of thermal model 
to finite element 
faster solution 


techniques, 3) automating the search for 
critical conditions, 4) improved modeling 
techniques to reduce model size, 5) 
automating data transfer and/or 
interpolation between thermal analysis 
and structural analysis (similar to 
finite element post processors), and 6) 
more reliable and accurate osculation of 
aerodynamic heating inputs. 

To achieve these goals, NASA Langley 
Research Center has begun developing a 
fully integrated finite element method, 
encompassing structural, thermal, and 
aerodynamic analysis into a single 
solution. The main reasons for this 
strategy are 1) to solve the problem of 
interfacing the different discipines by 
eliminating the interface, and 2) taking 
advantage of the model generating 
capab1ities of existing finite eleaeant 
pre/post processors. While this work is 
still in the development stage, it shows 
great promise (see References 8 through 
10). The method has tentatively been 
named LIFTS (Langley Integrated Fluid- 
Thermal -Structura1 Analysis). 

Until LIFTS or other new methods are 
u y operational, we must work with 

g , methods ' *«>ns using 

nite element methods such as NASTRAN 

StFUCtUral analysis, finite 
difference methods (such as SINDA) for 


thermal analysis, and 
approximation methods (such ai 
or CFD (computational fluid 


either 
AEROHEAT) 
dynamics) 


methods for aerodynamic heating analysis. 
® problea then becoaes one at 
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interfacing and coordinating the 
different analyses. Our first attempts 
quickly showed that if each task was done 
independently, without coordination and 
cooperation, results would be dismal. It 
was therefore decided that all three 
analyses must be worked on a common grid 
layout, and that the interface between 
them would be automated by a computer 
program to generate a SINDA model from a 
NASTRAN model, and to reformat SINDA 
output for use by NASTRAN. This computer 
program, developed by General Dynamics 
under discretionary funding, is called 
NASSINDA. 

Once this procedure was operational, 
It was decided to exercise it on a test 
problem. This was intended to 
demonstrate our capablities, to develop 
experience and technique in this type of 
analysis, and to find bugs in the code. 
The test problem needed to be fairly 
representative of airframe structure, 
well documented, and well instrumented. 

HWTS BACKGROUND 

The problem chosen for analysis was 
the Hypersonic Wing Test Structure 
(HWTS). HWTS is a metallic structure 
simulating the wing of a hypersonic 
aircraft (see Figure 1). The design of 
the HWTS was based on the mission loads 
and temperatures calculated for the wing 
portion of the Hypersonic Research 
Airplane (HRA), a study vehicle which was 
never built. 

A major design consideration was the 
pushover - pu1lup loads maneuver. This 
maneuver is initiated at Mach 8 at an 
altitude of 27.4 km, and consists of a - 
0.5 G pushover, a +2.5 G pullup* and a 
return to a nominal research mission 
descent profile. Preload and post load 
maneuvers precede and follow the actual 
loads maneuver, providing transitions to 
and froa the nominal flight path. The 
entire loads maneuver took 42 seconds, 
with a maximum dynamic pressure of 88.78 
kn/m**2 obtained during this time. 

TEST ARTICLE 

The following description of the 
HWTS test article is based on Reference 
IX and engineering drawings of the HWTS. 

Figure 2 shows the general 
dimensions and shape of the HWTS with a 
transition section. The wing is 
cantilevered from W.S. (wing station) 42. 
00 (1 . 067M). The wing was tested 
inverted, so the compressively loaded 
surface of the actual vehicle would be 
the lower surface of the test structure. 
Although not a part of the airplane 
design, the transition section was 
included to provide a buffer between the 
support structure and the test portion of 
the wing. The five most critically 
compression - loaded panels are the lower 
root panels. 

Skin panels of the HWTS are the 
primary load carrying members. They are 
formed froa a single sheet of Rene* 41 
with seven alternating up and down 


circular arc beads parallel to the wing 
spars. Doublers were spot-welded to the 
ends of the panel to prevent local end 
failure and to reduce excessive 
deformation caused by shear. Overall 
panel dimensions are 19.25 inches (48.3 
cm) by 42.9 inches (109.0 cm). Beads are 
.026 inches ( , 068 cm) thick having a 
radius of 1.045 inches (2.654 cm) with an 
included angle of 155 degrees. The flat 
sections between the beads are . 438 
inches (1.113 cm) wide and .036 inches 
(0.091 cm) thick. Four channel sections 
are spot welded to the beaded panel to 
provide attachment points for metallic 
heat shields. The beaded panels are 
attached to the caps of orthogonal spars 
and ribs by screws. 

Figure 2 shows the HWTS mounted in a 
support fixture. 2-shaped clips are used 
to connect the heat shields to the 
structure. The HWTS has. six spars 
perpendicular to the aircraft centerline, 
producing five chordwise bays. Both the 
spar and rib webs have sine wave 
corrugations allowing for thermal 
expansion. The outboard portion of the 
structure between the leading edge rib 
and the 30% rib is covered by an 
insulation packet! the insulation is 
Intended to keep maximum structural 
temperatures below 1005 degrees K and to 
keep spanwlse temperature gradients 
constant. 

The heat shields are slightly 
corrugated in the chordwise direction. 
In general, two heat shields cover each 
full - size beaded panel. Heat shield 
extensions were provided around the 
boundaries of the test structure to 
improve the heating simulation of the 
outer spars and rib webs. 

Figure 2 shows the attachment of the 
wing to the support structure. Twelve 
horizontal links provide spanwlse 
horizontal load reaction and reaction for 
bending moment about an axis parallel to 
the aircraft centerline. Each link has a 
spherical ball at each end so that 
thermal growth of the wing is not 
restricted by the support structure. 
Water-cooled fittings were placed between 
the links and the wing to maintain the 
support structure at room temperature 
during tests. There is also an 
Insulation packet that extends along the 
wing root to prevent heat losses. 

Three sets of testing have been done 
on the HWTS. Originally, it was believed 
that lateral pressure on the beaded skin 
panels was an Important consideration. A 
"pressure pan" was placed under each of 
the critical lower surface root panels, 
and pressure was applied to create a 
lateral load on the panel. This is the 
••ries of tests described in Reference 
12. Later, these tests were repeated 
with a set of panels of alternate design. 
Finally, attention shifted away from the 
panels and to the global therma1 stress 
analysis problem. The pressure pans 
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block radiation coming off the backside 
of the skin panels, so they were depleted 
from the third, or "Retest" series of 
tests. This data has not been formally 
reported by NASA, but was made available 
for our use (Reference 13). 

TEST INSTRUMENTATION 

A total of 370 thermocouples, 102 
strain gages, and 18 deflection pots were 
installed on the HWTS for the "Retest" 
series of testa. Some 78 of the strain 
gages were conventional foil gages, which 
are limited to temperatures of 550 
degrees or less. The remaining 24 strain 
gages are weldable strain gages, which 
are operational at higher temperatures. 
This has an impact on the test conditions 
which will be discussed later. 

Instrumentation is concentrated in 
and around Bay "H" (Figure 3), which is 
bounded by spars at F.S. 950 (24.130H) 
and F.S. 970 (24.638M) and ribs at B.L. 
54 (1.372M) and B.L. 97.835 (2.479M). 
This bay is one of the inboard bays, and 
therefore heavily loaded (The wing root 
is at B.L. 54.0). It is also as far as 
possible from the thermal boundaries, 
making the thermal simulation in this 
area as realistic as possible. Thus, 
this area is the center of attention. 

TEST PROCEDURE 

The "retest" series of tests 
consisted of three test runs. First was 
a check-out run to verify operation of 
instrumentation, loading system, heating 
system, and controls. Only room 
temperature deflection data is available 
from this run (Condition 4.1.3). The 
second test was a combination of thermal 
and mechanical loads, with the 
temperatures limited to 550 degrees F 
(Condition 550 . 4). This insured that 
temperature limits of strain gages were 
not exceeded. The third test was a 
combination of mechanical loads and 
thermal load, similar to the second test, 
except that temperatures were limited to 
1100 degrees F (condition 1000.4). This 
means that the foil strain gages were 
destroyed sometime during the test, with 
only the 24 weldable strain gages 
operational throughout the test. 

THERMAL STRESS ANALYSIS VERIFICATION 

The object of the HWTS investigation 
at General Dynamics was to exercise our 
methods of thermal stress analysis, debug 
them, and develop experience using them 
in realistic airframe structure 
applications. Our approach has been to 
run a series of demonstration problems 
based on data from the HWTS tests just 
described. Comparislon of test and 
analytical results helps give an 
understanding of the accuracy of our 
caleu lations. 

CHECK PROBLEM ONE - BAY H OF HWTS 

Bay H, one of bays on the HWTS, was 
chosen as the basis of our first checkout 
problem for a variety of reasons. It is 
one of the most inboard bays and 
therefore most heavily loaded 
mechanically. It is the bay farthest 


from the boundaries and therefore most 
realistic in its thermal simulation. It 
is the most heavily instrumented area of* 
the HWTS. It is also a small enough 
problem to serve as a good checkout 
before starting on analysis of the full 
HWTS. In Reference 14, Laaeris used Bay 
H to check out problems in the COSMIC 
NASTRAN thermal analyzer. A copy of that 
NASTRAN deck was provided by NASA Dryden. 
Our analysis was made using the same grid 
layout. 

NASSINDA does not recognize the 
NASTRAN heat transfer (CHBDY) elements 
used by Laaeris, so they were replaced by 
dummy CQUAD4 and CTRIA3 elements which 
represent the heat shield. The model is 
illustrated in Figure 4. 

The first run of the SINDA model was 
incorrect due to an input data error. 
The second run produced skin temperatures 
in good agreement with measured 
temperatures in Reference 14, but 
understructure (spar webs) temperatures 
were too high. Since the spar webs are 
corrugated in a sine wave pattern, they 
have a higher conductance in the vertical 
direction than the flat plate values used 
in this run. Also, an ealsslvlty value 
of .8 was used, which was judged to be 
too high. 

For the third run, the conductances 
of the spar webs was Increased in the 
vertical direction. This resulted in an 
increase in cap temperatures and a 
reduction of web teapertures. However, 
the lower web temperatures were still too 
high early in the trajectory. For the 
fourth run, ealssivity was changed from . 

8 to .85. Good agreement was achieved on 
understructure and skin temperatures, as 
shown in Figure 5. This gave us enough 
confidence to procede with an analysis of 
the full HWTS. 

CHECK PROBLEM TWO - FULL HWTS 

Since the thermal analysis model of 
Bay H was successful, the next test 
problem was a full three dimensional 
model of the HWTS, shown in Figure 8. In 
its layout, it is similar to a typical 
coarse grid internal loads finite element 
model. Load carrying skins are modeled 
as CQUADt elements, spar and rib vertical 
webs are represnted by CSHEAR elements, 
and CR0D elements model spar and rib 
caps. The model was checked out by 
comparing its deflections under static 
load with those froa test. 

The General Dynamics M0DGEN program 
generated the basic connections of this 
model. Additional work done by text 
editing included! 

Definition of element thicknesses 
and areas - Data read from drawings was 
used. 

Definition of radiation enclosures - 
Radiation view factor calculations need 
information on which parts of the 
structure "see" other parts. This data 
is included in NASSINDA input data. 
CQUAD4 elements 740 thru 780 were added 
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to complete the enclosure between the 
skin and the heat shield. 

Definition of Boundary Conditions - 
The HWTS is 'Mounted on a test fixture 
made of structural steel. This was added 
to the model, and tied to the wing box 
with NASTRAN MPC's. 

Leading Edge Insulation - The 
insulation between the leading edge heat 
shield and skin was modeled using CHEXA 
elements 780 thru 794. 

Mechanical Load - Force cards have 
been added to simulate test load 
conditions. Force set 41 is condition 
660.4 (retest). 

Thermal Load - After using NASSINDA 
to generate the SINDA model, thermal 
loads were added by imposing a 
temperature on the heat shield panels in 
the SINDA data deck. 

The first SINDA run had an error in 
Its input temperature load (a missing 
decimal point) causing one input to be 
read as zero and rendering the run 

incorrect. The second SINDA run showed 
unusual temperature contours around the 
leading edge. The CHEXA elements used to 
represent insulation were 1 . 5 inches 
thick, but the real insulation blanket 
was only 1/Q inch thick. Properties of 
the insulation material were adjusted to 
account for this. 

SINDA calculated temperatures from 
the third run show good agreement with 
test data in most areas. Several 
channels of thermocouple data appear to 
be in error. For example, the lower skin 
panel in the outboard forward corner 
shows a test temperature of 239.7 degrees 
F. This area is insulated, and should be 
closer to 101 degrees F. Similarly, a 
panel of the upper skin showing an 83.5 
degrees F test temperature In an 
uninsulated area should be closer to 240 
degrees F. For comparision purposes, an 
"assumed true" temperature was used in 
locations where test data was apparently 
incorrect, or was not taken. 

For most of the wing box, calculated 
skin temperatures are 10 to 15 degrees F 
higher than the test temperatures. The 
errors for spar and rib cap calculated 
temperatures are 50 to 140 degrees F too 
low. These errors give large fictitious 
thermal stresses. The cause of this 
error is the large mesh size used. Heat 
radiated from the heatshield to the skin 
goes to a thermal node in the middle of 
that skin bay. Heat can then be 
conducted to the spar caps, or radiated 
to the understructure webs. Since 
radiation is, in fact distributed over 
the panel, the conduction path between 
the panel and the cap is too long. Also, 
since the spar cap blocks backside 
radiation for 3 inches (1555) of the 20 
inch wide bay, these modeling errors 
combine to make radiation heat transfer 
from the skins to webs too high and 
conduction heat transfer from the skins 
to caps too low. 


There 1s also a radiation path to 
and from the caps which is ignored. 
Since the understructure webs are formed 
as sinewaves. their true mass is greater 
than the flat panel mass in the model. 

Calculated temperatures in the 
"transition bay" (BL 42.0 to BL 54.0) are 
higher than measured temperatures. This 
may be because the root attachment 
fittings were not modeled. These 
fittings are a sizeable mass of stainless 
steel, and they were water cooled. 

As a first attempt to correct this, 
eaissivity was decreased from .65 to .63 
on the next (fourth) run. Also, mass of 
the understructure webs was corrected and 
the water cooled root fittings were 
simulated by holding the nodes they 
connect to at a constant 80 degrees F. A 
comparision of calculated and measured 
skin temperatures is shown in Figure 7 
and temperatures for a spar are shown in 
Figure 8. These understructure 
temperatures are still not as accurate as 
desired. 

To test the impact of internal 
radiation on the cap temperatures, the 
grid was modified in two bays as shown in 
figure 9. The small strips were added to 
the edges of two panels of the upper 
skin. These panels receive radiation 
from the heat shield. They do not 
radiate on the back side, since that area 
is covered by the caps. Therefore, that 
heat is conducted to the caps. The 
temperature on the cap under the strips 
did rise about 40 degrees F. This 
indicates that this is a source of error 
in the cap temperatures. 

Because of the impact of mesh 
refinement on the cap temperatures, two 
new grids were laid out, as shown in 
Figure 12. This work should give us 
enough data for a mesh convergence study, 
and tell us what general level of 
refinement is needed to get meaningful 
resuIts. 

CONCLUSIONS TO DATE 

First, thermal analysis and 
structural analysis must be performed In 
close coordination and cooperation. The 
analysis grid must be chosen with 
consideration for both heat flux and load 
paths. Data transfer between the two 
disciplines must be automated to solve 
problems of practical airframe size. 

Secondly, radiation heat transfer is 
a tricky, time consuming part of the 
problem. Radiation view factor 
calculation is a major part of the 
problem. 

Theraophysica1 material properties, 
such as eaissivity, conductance, and 
capacitance, are not as easily available 
as mechanical properties. Often these 
are temperature dependent, making an 
exact solution nonlinear. 

Finally, several studies of 
structure this size and numerous smaller 
studies are needed before we can 
reasonably expect to release hot airframe 
structure for hypersonic flight. 


306 


n of Aerothena 1 
Inviscid Flow 
B«y, Earl A. 
Dechauaphi, R. 


REFERENCES 

’ " 

~l ^ ial ? Area during che X - 20 (Dyna- 
Soar) Progra n", Richard B. Baird 
Aerospace Structures Inforaatlcn and 
Analysis Center, AFWAL/FIBR. wright- 
Pattrson AFB. Ohio 45403. September 1986. 

M»r.K?i7 0na * Conversations with Dale 
Marshall and Larry Seth of the B - 58 
stress ana 1ysis team. 

4. “Structural Design of the X - 15 " 

Journal of the o nva i . * 

Roya 1 Aeronautical 

c iety, pages 818 through 63G, R l 

Schleicher, October 1983 . 

p' " ASA ITf® 420, ” NASA for Aerospace 

lane Vehicles - Progress and Plans". S. 
c. Dixon, May 1985. page 74 

6. NASA TW-8S292. "Effect of Element Sire 
the Solution Accuracies of Finite- 
Elenent Heat Transfer and Thermal Stress 

W t y3 l 3 ° f . !. he Space Shuttle Orbiter". 

• L. Ko and T. Olona, August, 1987. 

of Heft T P ' 2S i 6 ’ ” Com Pvtationa1 Aspects 
of Heat Transfer in Structures". H. M 
Adelman, Compiler, 1982. 

fooro^ch ™ _8e4 D 34 ’ " A New Finite Element 
Approach for Prediction of Aerothermal 

r! ad8 k "., Pro * rsS3 ln Inviscid Flow 
Computations". Kim S. Bey. Earl A. 

Thornton. Pramote Dechaumphl. R. 
Ranakrishnan. 

Ao»i' C °? Pled FloWl Thermal, and Structural 
Panels" 3 P f Aerodynamical ly Heated 
_ * F. A. Thornton and p, 

Dechaumphai, AIAA/ASME/AHS 28th 

Structures, Structural Dynamics and 
c ,," ial f Conference. Monterey, 

No. 87!070i. APr11 S ' 8 ’ 1987 ’ AIAA Pap * r 

10. Flow - Thermal — Structural Study of 

Aerodynamical ly Heated Leading Edges" P 
Dechaumphai. E. A. Thornton. A. * R.' 

Wleting. AIAA/ASME/ASCE/AHS 29th 

Structures. Structural Dynamics. and 

ateriais Conference, Williamsburg. 

Apr11 18 ' 20 * 1088, AIAA Paper 

No. 88-2245-CP. 

11. NASA TM - 85918, "Coaparision of 
Measured and Calculated Te.per.ture. for 
a Mach 8 Hypersonic Wing Teat Structure” 

5- ® Ui D nn ' R ‘ A - Fields, NASA DrydeA 

Flight Research Facility, Edwards. 
California. March 1988. 

12. NASA CR-127490, "Hypersonic Wing Test 

Structure Design, Analysis, and 
Fabrication", P. p. Plank, and F A 
Penning, Martin Marietta Corp, Denver 

Colorado, August, 1973. 

na^a "n*^** 6 ’ T Data Packa ** recieved fro. 
NASA Dryden, February 1987. 

14. NASA CR - 170413, "Development of a 

Thermal and Structural Model for a 

NASTRAN Finite - Element Analysis of a 

Hypersonic Wing Test Structure”, Jaap 

Laeeris, University of Kansas Center for 

Vo!! BrCh ’ Lawrence, Kansas, February. 
1984. 


"Coaparision of 
Temperatures for 


ACKNOWLEDGMENTS 

The author wishes to thank NASA 
providing the data on the HWTS used in 

p per, the thermo - structural 
analysis experts at NASA Dryden and NASA 
Langley for their helofm jL _ ASA 

the thermal analysis group at*" General 
Project th * ir F*rticipation in this 




307 














































HWIS SKIN TEMPERATURES - MEASURED VERSUS CALCULATED 


UPPER SKIN 


(105.0 


111.0 
115 I (114 8J, 

I A A 1 V .1 


[ 125.5 
(120 J) 


136.9 

(125.21 


1 w I ^ , i 

(109 JJJ(I n 9 jM 
19 <. IliwLjXj (549 1) ' ' 


2«.9 289.0 281.5 511.5 580.4 

(229 5) (290.9) (298.9) (559.0) (401.9) 


10NER SKIN 


fil'»H| 

7SU 

(II? IJ/' 


102.0 
iOI.I (122-8) 

'aR( 

11 (».j) 


|340.0| 


109.8 

(mj) 

459.8 

(122.9) 


126 5 
(1^1.9] 


(1216) 


253-6 542.0 417,1 453.1 

(291.4) (522.6) (567.6) (412.1) (179.5) 


255.6 261.5 511.5 514.2 566.1 

(226.6) (256.1) (294.5) (556.7) (585.0) 


258.9 286.J 534.8 585.J 424.7 

(286.2) (519.8) (362.8) (409.1) (462.2) 


m " ,CSI WERAIURE (XXX - SINOA CAICUIAICO lEIPERATURC (xxx) - ASSUMED (RUE VAIUf 
TEWERAFURES fOR C0N0IFI0N 550 4 (REFESI) A1 400 SECONDS 
_ cmssmir = .63, ns mass correcieo for sire »ave shape 

FIGURE 7 - SKIN TEMPERATURES - CALCULATED VS. MEASURED 

COARSE CRID MODEL GIVES LESS ACCURACY IN UNDERSTRUCTURE 
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ABSTRACT 

This paper addresses the weight minimization of a circular plate 
like stru«S?e which resulted in a 26% weight reduction. The 
optimization was performed numerically with the COPES/ADS program using 
the modified method of feasible directions. Design parameters were the 
inner°*thickness and outer thickness of the plate with constraint.. on 
maximum yield stress and maximum transverse displacement Also, 
constraints were specified for the upper and lower bounds of the 
fundamental frequency and plate thicknesses. The MSC/NASTRAN finite 
element program was used for the evaluation of response variables, 
original ? and final designs of the plate were tested g using *uXottra 
tension-compression machine to compare finite element resul ^®^° 
measured strain data. The difference between finite element strain 
components and Measured strain data was within engineering accuracy. 


INTRODUCTION 

Weight minimization of a 13.6 inch diameter aluminum piate-like 
structure with 37 holes was performed resulting in a 26% weight 
reduction. The original cross section had a uniform thickness of 
approximately 2 inches. Boundary conditions consisted of the lower 
outer edge being simply supported. The structure was subjected to a 
uniform pressure over a portion of the surface totaling 23.0 kips ( 

Figure 1). 

The purpose of this study was to numerically determine the minimum 
weight structure which would satisfy constraints on the following 
performance characteristics; fundamental frequency, maximum yield 
stress, and maximum transverse displacement. This I 

t-he aDolication of numerical optimization using the COPES/ADS 
optimization program in conjunction with the MSC/NASTRAN finite element 

program. 


PROBLEM FORMULATION 

The objective was to minimize the weight of the structure. Overall 
dimensions loading, and boundary conditions are described in the 
introduction and are shown in Figure 1. The design variables were the 
i-hiekness at the center and thickness at the outer perimeter of the 
plate with a linear variation in the radial direction. The thicknesses 
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were bounded from 0.1 to 10.0 inches to ensure that a phvsicallv 
meaningful solution be obtained (i.e. the thickness at any point does 
not take on a negative value). Constraints imposed on the design were 
as follows; maximum Von Mises stress be below the 40.0 ksi yield stress 
of aluminum, maximum transverse displacement be below 0.117 inches and 
the fundamental frequency be within 15% of a specified valve ' All 

conditioning WerS normallzed durin 9 the optimization for better numerical 

The weight minimization was performed with the COPES/ADS 
optimization program using the modified method of feasible directions 
pproximations were created for the objective and response variables 
using Taylor series expansions. At least three designs were required to 
generate a first order approximation. The original design was evaluated 
and two other designs were obtained by perturbing the design variables 
and analyzing them. This technique is not efficient for problems with 

large number of design variables, but works well here for this two 
design variable problem. 

FINITE ELEMENT MODEL AND TEST MODEL 

The MSC/NASTRAN finite element program was used to evaluate the 

i n ^ ^ "j o | u i . . , § ^ ^ ^ ^ was discretized 

r? LIUS wenty noded continuum elements, CHEXA elements in MSC/NASTRAN. 

J** t 2 1 p ° ssl ^. le to model the structure with plate elements because it 
f me ,f t , , a tei l to one length to thickness ratio typically used for 

Hi . . s e ^' , Du f. to ex i s ting symmetry in the geometry, boundary 

' and ?-° ading ' only one_ eighth of the structure was modeled 
with the appropriate symmetry boundary conditions. The finite element 

n2fnir» W f S suf ff c f ent fy refined to describe performance characteristics 

. It was necessary to further refine the model 

a r 5 fv 11 gage . locations for a more detailed representation of the 

strain at these points. 

-r„ T 2 ie 01 L igina l and final designs of the structure were tested using 
an Instron tension-compression machine to compare finite element results 
to measured strain data. Both the uniformly thick and tapered 

«iml!S^ r S S >, Wer Jf placed on a support ring to simulate the simply 

hox t ndar J conditions. A thick piece of rubber was placed 
between the structure and the load plate. The Instron load cell applied 

locations t0 load plate and strain data was recorded at gage 


DISCUSSION OF RESULTS 

OgtJjniaation of the plate-like structure reduced the weight from 
13.5 lbs to 10.0 lbs, resulting in a 26% reduction. Both the initial 
design and final tapered configuration satisfy all the governing 
constraints or was said to be feasible. Figure 2 lists the geometry and 

the® Center 1 -nT"?? 10 " f °5>, a11 SiX desi . gns {tl is the Plate thickness at 
the center and t2 is the outer thickness). Note that once the 

optimization was initiated (designs 4-6) each iteration has some weight 

reduction as well as satisfying the feasibility criteria. 
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For the original configuration the maximum Von Mises stress of 33.9 
ksi occurs around the center hole on the top and bottom surfaces. For 
the final design the maximum yield stress of 37.6 ksi has been shifted 
outwards due to the taper. The maximum transverse displacement for the 
original and optimized designs are 0.025 inches and 0.034 inches, 
respectively. The maximum transverse displacement for each design 
occurs in the center and the displacement field is radially symmetric. 
The fundamental frequency of the optimized model was within 15.3% of the 
required value. Although this design constraint states that the 
fundamental frequency be within 15.0% this was close enough to be 

considered acceptable. 

A comparison of finite element strain values and experimental 
strain values for the original design and final design are shown in 
Figure 3. The strain components are for a total load of 23.0 kips, 
however the load was applied incrementally to the plates. The test 
results were linear and repeatable for a second cycle. The difference 
between finite element strain components and measured strain data was 
within engineering accuracy. 
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SUMMARY OF DESIGNS 



FIGURE 2 
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COMPARISON OF RESULTS 


ORIGINAL DESIGN 


Gage 

Test Strain 
|l in/in 

FEM Strain 
Ji in/in 

Difference 

% 

1 

1928 

2147 

11 

2 

1754 

1873 

7 

3 

. 1180 

1390 

18 

4 

478 

462 

3 

5 

519 

541 

4 


OPTIMIZED DESIGN 



FIGURE 3 
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Abstract 

This paper presents the applicability of a biological model, based on genetic evolution, for 
engineering design optimization. Algorithms embodying the ideas of reproduction, crossover 
an d mutation are developed and applied to solve different types of structural optimization 
problems. Both continuous and discrete variable optimization problems are solved. A two-bay 
truss for maximum fundamental frequency is considered to demonstrate the continuous variable 
case. The selection of locations of actuators in an actively controlled structure, for minimum 
energy dissipation, is considered to illustrate the discrete variable case. 

Introduction 

Over the years, numerous techniques have been developed for optimizing the design and 
performance of engineering systems. Despite the wide variety of available techniques, no one 
method has proved to be entirely satisfactory across the broad spectrum of problems 
confronting a design engineer. 

Physical and biological systems are well known for their robustness, a balance between 
efficiency and efficacy necessary for survival under different environments. Features for self 
guidance, repair and reproduction are the rule in such systems, whereas they barely exist in 
most sophisticated artificial systems. Thus, where robust performance is required, nature does 
is better; the secrets of adaption and survival are best learned from a careful study of molecular 
evolution. The present work will investigate into the applicability of a biological model, based 
on genetic evolution, for engineering design optimization [1]. 

If one compares the biological optimization process with a mathematical optimization 
process, one can notice several similarities. The fitness function and chromosomes (genes) in a 
biological process are, respectively, similar to the objective function and design variables in a 
mathematical optimization process. Upon a close examination of strategies both the processes 
employ, one notices they have still more in common. The conventional strategy of 
mathematical optimization, iterative improvement, is just like evolution; its two elements, a 
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for matlwmatical^optimizatiorL “ '”**** ** W “ Mable “* 10 a be «- 

In this work algorithms embodying the ideas of reproduction, crossover and mutation 
R it ee ?- deVe ° P<! j J,” d applied to solve different types of structural optimization problems. 

the efficiency onhealgorltW 3 "^' 6 ° ptlmi2atlon problerns have beeD scilyed to demonstrate 

Basic Procedure 

two n^tTnT!trfnr tiC Th lg ° ri K hm COPying StriDgS ^ SWapp5n S P^tial strings between 

g mgs. Three basic but very important operators - reproduction, crossover and 

mutation - are used to produce new generations over and over again. Reproduction is a 

randomized selection process in which individual strings are copied according to their fitness (or 

survivLTof the fitted™ S '“‘ lar to tbe “ atural “lection process in which a Darwinian 
, h \ f t ™ 0ng , strin g creatures, the string with a higher fitness value has a higher 

k hd W l r v The probabilit J' of reproduction can be determined by dividing 

recomht , I neSS - by ““ 3Um ° f °f the current generation. Crossover or 

recombination) is a primary operator in the mating process which generates the offspring or 

selecttag e the°oo- J” 0 . 51 ? 5 ar 7° vol '' ed “ the crossover process. The first step is randomly 
reunion of thL^ Z , (crossover) between two mating couple. The second step is 

depends on thTdT n “* C ° Up ‘ C ’ “ nat,lral genetic theor >’i recombination fraction 

M?ondarv^ rou Hu b * t . w “ n , the chromosomes of the mating couple. Mutation plays a 

oded strinelrom o T“ alg0ritbms ’ M “‘ a ‘ion, changing a particular bit of 

coded string from 0 to 1 or vice versa, is a random walk through the string space. 


Illustrative Examples 


Example 1« 



indicated 6 ‘xhlTThl'V’ 1 ^ ^ ^ h ^ is “PPort ‘he loads 

dicated. The objective is to maximize the fundamental frequency of vibration with 

constraints on member stresses. The design variables are the cross sectional are^ of the 

members (continuous) with upper and lower bounds. The data are: E = Young’s modulus = 

on areas' - ~~ °'V b/i j ’ permissiblc stress = 2500® psi, x<0 = lower bound 

n areas-0.1 ,n xj > = upper bound on areas = 10.0 in 2 , p c = probability of crossover = 

u.8, p m — probability of mutation = 0.002, and population size = 50. 

th diff Ure V^ aQ f sh ° w the best ' of -g ener ation and average values of fitness indices for 

obWntd ff ustoe r a M j'iTi algori ‘ hm - T1 * *>Kd hoc corresponds to the optimum results 
38.545 Hr to l n“ b “ ed f ar2h P rc cedure. The three different runs gave values of 
* 9 1 anc * Hz for lo x which correspond to approximately 60% 

improvement "d “! ’S" ° f 2 J 4 '° 28 Hz gi ™ b ^ a b -d meS This largl 

whkh in turn makes it l th ® n ° n ; de P endence of genetic algorithms on gradient information, 
wmcn m turn makes it less likely to get trapped in a local optimum. 
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Example 2i 

Selection of Locat ions of Actuators 

The problem of determination of locations of actuators and sensors in actively controlled 
structures is formulated as a zero - one programming problem. The equations of motion of a 
flexible structure can be expressed as [2,3]: 

Mv+Cv+Kv=Du (1) 

where M,C,K and D are the mass, damping, stiffness and t£e input matrices and v and u are 
the displacement and the input vectors. Letting x T = {v T v }, Eq. (1) can be rewritten as 

i=Ax + Bu (2) 


where 



I 

-M~ l C 

. 



and 




The optimal linear quadratic regulator method is applied to design the control gain of the 
feedback controller for simplicity. Accordingly, the input vector u is given by 

u = - R" 1 B T P x ( 5 ) 


where P satisfies the matrix Riccati equation! 

A t P + P A - P B R _1 B t P + Q - o (6) 


where Q is a positive semidefinite output weighting matrix and R is a positive definite input 
weighting matrix. Since the input matrix B is a function of the locations of the actuators, the 
system equations (l) and (2) will be changed if the locations of actuators are changed. 

The inverse of the input weighting matrix R is assumed to be a diagonal matrix 
containing ones and zeros only with l’s corresponding to the locations with actuators and Os 
corresponding to those without actuators. Hence, the system equations will remain unchanged 
during the optimization process. Similarly, the output weighting matrix Q can be modified 
such that the system equations for the estimation part are unchanged during the optimization 
process for sensor location selection. For simplicity, the estimation part is neglected, and only 
the actuator location selection problem is considered in this work. 

The objective function (criterion) proposed to be used in the actuator location selection 
problem is the energy dissipated by the active controller which can be written as 
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Ec = 7 / q T ° c q dt 
^ 0 


where q is the velocity vector and D c is the induced damping 


matrix by the active controller. 


Let 


1 = diag L r ; 


r i r 2’ ' ' r, 


“of 1 binaryvariable denoting presence or 

selection problem can be stated as follow ^ ^ P robIem for the actuator location 

maximize E, 

ri,r 2> . . . ,F n ^ 

subject to 

n _ 

2 r i -m 

i -1 

and Fj = 0 or 1 ; i = l,2,...,n 

in K Fig ’ , 3W k C ° Midered *** ^ actuators. The 
respectively. Tta « » and 40, 

Conclusion 

opthnS^p'lSbi^T^r^^'X^h"^ and discrete variable 

are found to be very effective in solvin * +• ? U f slm P* e guided random search procedures, 
globai optimal If? ‘ «—■ «■* 

algorithms tend to find global oDtimal Qolnf +k function evaluations. Since genetic 

the gradient based ““ “ ° ft “ "P*** to those given by 
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Abstract 

One well known deficiency of LQG compensators is that they do not guarantee any measure of robustness. 
This deficiency is especially highlighted when considering control design for complex systems such as flexible 
structures. There has thus been a need to generalise LQG theory to incorporate robusness constraints. Here 
we describe the maximum entropy approach to robust control design for flexible structures, a generalisation 
of LQG theory, pioneered by Hyland, which has proved useful in practice. The design equations consist of 
a set of coupled Riccati and Lyapunov equations. A homotopy algorithm that is used to solve these design 
equations is presented. 


1. Introduction 

The linear-quadratic-gaussian (LQG) compensator has been developed to facilitate the design of control 
laws for complex systems, i.e., systems that have large order and/or are multi-input multi-output. An LQG 
compensator minimizes a quadratic performance index and (under mild conditions) is guaranteed to yield an 
internally stable closed-loop system. Unfortunately, however, standard LQG theory does not guarantee any 
measure of robustness. This deficiency is especially highlighted when considering control design for systems 
with many lightly-damped modes such as flexible structures and has necessitated generalizations of LQG 
theory that incorporate practical robustness constraints for this class of systems. 

In recent years there have been several extensions of LQG theory that have included some form of 
robustness constraints (e.g., [1-5]). Many of these results can be shown to be equivalent to enforcing the 
requirements of the small gain theorem for some system transfer function [6]. It is not difficult to show 
that controllers designed with these results will not generally yield high performance, robust controllers for 
flexible structures since they assume a very crude model of the uncertainty (i.e., complex as opposed to 
real parameter uncertainty) within the controller bandwidth. However, one result that is fundamentally 
different in nature is the maximum entropy approach to control design for flexible structures [1-3] pioneered 
by Hyland. 

The maximum entropy approach is a generalization of LQG theory that explicitly allows the consider¬ 
ation of a form of real-valued parametric uncertainty. The name derives from its apparently coincidental 
relationship to certain stochastic models. Controllers designed using this method have several useful fear 
tures. First of all, for certain structural control problems the maximum entropy controllers will be positive 
real in the controller bandwidth. This is extremely important for flexible structures since positive real con¬ 
trollers often allow high performance control even when there is significant system uncertainty. In addition, 
the maximum entropy controllers are often reduced-order controllers. Thus in practice the maximum en¬ 
tropy robustness constraint aids in choosing the order of the controller and is a numerical aid in controller 
reduction. 

The maximum entropy design equations consist of a set of four equations, two Riccati equations coupled 
to two Lyapunov equations. The coupling between the equations is a function of the assumed uncertainty. 
If no uncertainty is assumed the four equations decouple and the design equations become the two standard 
LQG Riccati equations. To enable this theory for engineering practice it is of course important to develop 
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33C 4 -*• d -*> equation*. This paper pra , at . „ ch „ 

it is based on theory thi^^bd*to nrtwT ° f * homotopy algorithm is that 

generally not dependent upon having initial conditions which ’are ‘clothe “ 

andis 3 P b “sr ~ on ° f bott -*«- 

scribes their derivation. Section 4 presents a flowchart desr-riK;,,??? tropy d# "p equations and de- 
illustrates some features of maximum entroDv controller. • * * homotopy algorithm while Section 5 

NASA Marshall Space Flight Center. Finally Section 6 offerllme'TolkdSgSart' ^ “ 

2* A Brief Description of Hoxnotopy Algorithm Development 

A “homotopy" is a continuous deformation of one function into another n„ n. 
homotopy or continuation methods (whose mathematic! h» • • i u “ ther - 0ver tte Past several years, 

have received significant attention in the mathematics literature an?hL aiC H° POl0gy r ai j 1 dlfferential topology) 
important problems (e a [7—811 . . have been applied successfully to several 

o f .w ffTiKSrs b “ ■ ho b ;r to 

very brief description of homotopy methods for findin* L 't J h P ^ rpose of th “ gectlon is to provide a 
reader is „f,„J to (9) f„ r I"*—- The 

»l»tTo»,' > “ k Pr,>bl ' m “ “ ,0 “ m *- G ' V ' n U “ d V » ®" *«d a mapping F: U-V. find 

n«)=0. 

continuous «nl (.(') J m K m’, a know, solution u, to H(,0) =. 0, (iii) there exi*t* , 

actual curve (u( 7 ), 7 ) 8Uc h that the initial solution ufO) is transformed? ^ * pr0C * dure to impute the 
0 = tf(u(l), 1) = F(u(l)). ' transformed to a desired solution u(l) satisfying 

There are two related methods of following the curve (uM *■,! 
methods. Continuous methods work by differentiating ! ’ r, * contmuoua methods and discrete 

differential equation 7 ll " g ^ = 0 Wlth ™ g P«ct to 7 obtain Davidenko’s 

dH du. 9H 

8u d 7 + = °‘ (2.2) 

S b h,d*l“d“ ) orutbn { „ 2 (S).' i ' fi "'‘ “ ‘" i *“ V * 1 “ P ' 0bUm wtlch b X numerical integration from 0 to 1 
Discrete method, work b, partitioning the interval |o,l| to obtain a fi.i„ chain »( problem* 

■N(“.7fc)=0, 0 = 7o < 7l < ... < lN = j 

fh^ ,b oi. l ,"T.r“l,Th“ ( l^ * * '«*' ion scheme with „(-,*) „ 

the homotopy path from u(0) to u(l). ‘ lr * C * Ulte f rat ' on °f Davidenko’s equation, it does follow 

ciob^i^ri,"^^^ aCH^HirT, r d *r. Mk ““ s 

the discrete homotopy uses continuous homotoDies to ^olv f •* C ?. Ca ^ lteratl0n scheme which advances 
subset, of the mani enfropy""".. .,?.^“dlriM b.W. " 0 " W “ *' g ' br “ C « 
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S. The Maximum Entropy Design Equations 


Consider the system 

i(t) * j4x(t) + B«(t) + «'i(*)< y(t) ■ Cz(t) + (3.1o,6) 

where x € IR n *,u € IR”*,y € nt n »,u>i € IR n * is white disturbance noise with intensity Vi > 0, and 
u»a € IR n » is white observation noise with intensity V 3 > 0. 

In the standard LQG problem we desire to design an nth order compensator, 

x e (t) s= A e x e (t) + B e y(t), u(t) = -C e Xc{t) {3.2a,b) 

which minimises the steady-state performance criterion 

J{Ac,B c ,C e ) = lim E[z T (t)fiiz(0 + u T (t)* 2 «(t)l ( 3 - 3 ) 

' !“♦ oo 


where x e € IR”, Ri = R^ ^ 0 and Bj Rj > 0. 

Define A and R as 

• 4 r A -BC, 
A ~[B e C A c — B c DC e J ’ 



0 

CjRiCc 


and let Q be the closed-loop steady-state covanance, i.e., 

0 = aq + Qa t + v. 


(3.4,5) 


(3.6) 


Then, the cost can be expressed as _ . . . 

J(A c ,B e ,C e ) = trQR (3- 7 ) 

and the solution to the LQG problem can be obtained by using Lagrange multipliers to optimise (3.7) subject 
to the constraint (3.6). 

The standard LQG equations do not explicitly incorporate any robustness constraints. Thus, it is 
important to find generalisations of these equations that allow the synthesis of robust controllers for flexible 
structures. One such generalisation is the maximum entropy design equations, whose name derives from 
their coincidental relationship to stochastic modeling. 

We now assume that the A matrix of (3.1) is in the form 

A = block-diag{A^ f A* 3 *} (3* 8 ) 


where A^ represents the nominal dynamics of the uncertain modes and is in real normal form; for example, 



block-diag{ 



< 4>1 

-"l. 



0*3 

- 1/3 


(3.9) 


Also, assume that the only the modes with complex eigenvalues (corresponding to the 2x2 blocks 
are uncertain and that the uncertainty patterns A, € IR n » xn * are of the form 




Ai 


block-diag{0, 



1 

0 


,0,...,o}. 


(3.10) 


Notice that for lightly damped modes essentially corresponds to frequency uncertainty. However, in 
practice this representation of uncertainty can also be used to account for uncertainties m the damping and 

mode shapes. 
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The ME arc develop^ b, laying lk . tvuaom (J _ e) u fo|bw>: 

o = A.Q + QAj + V + Y'AiQA? 

t=l 

where n„ is the number of uncertain modes, 

h = block-diag{^, 0 „}. A.=A + ijrA*, , 

Optimisation, utin, *. contain, action (3.11) titan yields a. loUcL, of 

0 = A.Q + QAT + V d - «C t K,-C<3 + £«? A^T 

t = l 

°" il * Tp + ^ - PBR^ 1 PB t + jr a tA<PA? 

«=1 

0 = + <$,4j + QC r Vf 1 CQ 

o = a%P+Pa q + pbr^ 1 b t p 


(3.11) 


(3.12,13) 


where 


(3.14) 

(3.15) 

(3.16) 

(3.17) 


A, - A+ A? 

tsl 

V 4 =V i+Y^ *UiQA?, R fi = R 1+ jr aUJPAi 

izl 7^ 

^ = At ~ BR 7 1 B t P, Aq = a, - QC T V~~ l C. 


(3.18) 


(3.19) 

(3.20) 


The controller gains are given by 

A.-A- Bgj l B T P - QC r Vj-'C, B, = C.-^B^P (J . 21) 

^ ° th '“ (3 ' U) “ d < 315 ) d “°"P k '">» (»-••> (3.17) and bacom. lh « lQG Ricci 

4. A Homotopy Algorithm for Solving a. Mexico Entropy Deign Elation. 

«.fa.'thl “ d e °“ idCT * k ' «■.«*•»". which ar. „« d to 

° = » + «“«U?w + y^h, - g<‘ + .) C Tvcg<*7.i + M 

0 = A 7 h)pl*«) + P'^'U.h) + R«) h ) _ + 7 £>?ATp(,-*-,) A (4 . 2) 

0 = r ( 7 )/XW.| + ^. + t ) ^* + ., W+p(1+l , 

(4.4) 


where 


^.(-y) = A + 7 ^ q t X? 


(4.5) 


327 


(4.8) 


vk k) M - vk+•» £ 

t>l 

4 fc) (l) = Ml) - BR£ 1 B T P^ k \ 


R { ^(i) = Ri + iT, a *^ p{k)Ai 

1*1 

A% ) (',)=A.{' 1 )-Q< h) Cf T V 2 - 1 C. 


(4.7) 


Also, define 

A< fc) h) ± A.(y)Q<*> + g< k U7(7) + V< fc >( 7 ) - Q^C^CQ^ +^^A i Q^Aj (4.8) 
W W *»1 

a£> (*,) 4 A7(7)P< fc > + PWA.MRPh) - P {k) B T R; l BpM +1 £ a?A7^ (fc U (^9) 

» = 1 

A (fc) h) 4 aS? } (-r)<5< fc > + 0 (fc) 4‘ )T (7) + QWc'Vf'CQW (4.10) 

AW( 7 ) 4 Ajf )T W^ fc) + P {k) A {k) (l) + P {k) BIS l B T pW. (4.11) 

Equations (4.l)-[4.4) are identical in form to (3.14)-(3.17). In the homotopy algorithm the matrix 
functions A^fr),A^fr), A< fc) (-r) and defined respectively by (4.8)-(4.11) are considered equation 

errors. 

The normalised norms of the equation errors are defined by 

«gi 4 lAj'Mlt/IKjMl.. .?> * lAlf'MIU/IIM-OlU («•“) 

,w 4 |!A^ l h)|U/!|«""c T vr‘C4"' l lA, .]?' * l|A^h)|U/||? l ‘ ) BR,- I B T P < ‘ l IU (< 13) 


where 

||Af||x = max|miy|. 


(4.14) 


The maximum normalized error norm is denoted by emlx(Tf) and defined by 


e&M = maxfe^W.e^hJ.eWhJ.e^h)}. (4.15) 

A 

x 

Figure 4.1 presents a general flowchart of the homotopy algorithm. The outer (j) loop corresponds to a 
discrete homotopy. The discrete homotopy is advanced by the iteration scheme described by the inner (/) 
loop. The inner loop requires the solution of (4.1) and (4.2) using continuous homotopies. The integration 
schemes we have implemented to advance the continuous homotopy use Euler integration with a Newton 
correction. 

The algorithm assumes that for some positive integer N 


0 = 70 < 7i < ' • ’ < IN-1 < 7iv = 1 


(4.16) 


The sequence (ey}^ 0 of “»n>all" positive numbers determines how closely the algorithm actually tracks the 
homotopy curve. 


5. Illustration of Maximum Entropy Controllers 

This section illustrates some important features of maximum entropy (ME) controllers. The results 
presented here were developed while designing decentralized control laws for the ACES structure located at 
NASA Marshall Space Flight Center (13). This testbed has been used to conduct experiments on structural 
control and is especially suited for studying line-of-sight (LOS) control issues. 
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b .y.r r ‘ri j ”T yiht " im ? c ° Mr ° i Tt ' ■*»»'■ ^ <■« 

* 1 *”“- ii«-ui. m .hi. 6t ™ : G t » d bStoo-y ' 

for each loop^we^nalw o^ly ^^e^deTl^thm ^.kceTh H ^ ‘TT U th * contro ^ de8 S* 

D«. to -ifniBcut unc.rt.inty fc th . d., igI1 moitlt tu ME L °? || p ^ rf ” m "“- 

high performance control laws to achieve the LOS objectives. ntial m de81 ? nin ? 

Figures 5.2 thru 5.4 demonstrate some of the kev feature* nf tii. h/Tr 1 __ .. 

phase of the LQG and ME controllers in the controller bandwidth While the LQC* / 8 *n * 5 ’ 2a ^ ow * tlie 
widely the ME controller* became positive real in thiTeg “n ^ 

“ Crt “‘^ Thu *' *■“ ME F"»** tl. ...biUty robo.tn.as il lh. con.To^ 3 

that^F 3 8h ° WS magnitude ° f the L< 3 G “ d ME controllers in the controller bandwidth Notice 
compensator magnitudes are much smoother than those of the LOG controllers thus nrovW 

ssSaSSSSSsSSSSS5 

6. Concluding Remarks 

and h« p P rese*nted a hlm b ! d *** T 1 * 3 ??™ * ntT0 W dwi « n «!««<>»• for robust control of flexible structures 
the d^rete ^omotopy < paramet^^° ntbm “S'*” *<“*’“■ Th ‘ *««" scheme used to JvZ 

Riccati equationiL^The c««ibUi^s^of*the C ai ntm,, iv n8 T*™ *° ‘° Ive a cerUia P* of modified 

designs were illustrated bv stndvin i j°” 80me “"Por 1 *® 4 features of the maximum entropy 

Center. by ‘ tUdymg C ° Dtro1 de81 * n for the A CES Structure at NASA Marshall Space Flight 


329 


References 


1 . 


2 . 


3. 


4. 


5. 


0 . 


D. C. Hyland, “Optimal Regulation of Structural System* with Uncertain Parameter*,” MIT Lincoln 
Laboratory, TR-551, 2 February 1981, DDC#ADA-09911l/7. 

D. C. Hyland, “Maximum Entropy Stochastic Approach to Controller Design for Uncertam Structural 
Systems,” Proceedings of the American Control Conf. pp. 680-699, Arlington, VA, June 1982. 

D S Bernstein and D. C. Hyland, ‘The Optimal Projection/Maximum Entropy Approach to Designing 
Low-Order, Robust Controllers for Flexible Structures,” Proceedings of the IEEE Conference on Decxsxon 
and Control, pp. 745-752, Fort Lauderdale, FL, December 1985. 

S. S. L. Chang and T. K. C. Peng, “Adaptive Guaranteed Cost Control of Systems with Uncertam 
Parameters,” IEEE Trans. Autom. Contr., Vol. AC-17, pp. 474-483, 1972. 


D S Bernstein and W. M. Haddad, ‘The Optimal Projection Equations with Petersen Hollot Bounds: 
Robust Stability and Performance via Fixed Order Dynamic Compensation for Sy T^os* 

Real Parameter Uncertainty,” IEEE Trans, on Autom. Contr., VoL AC-33, pp. 578-582, 1988. 


A. Packard and J. Doyle, ‘Quadratic Stability with Real and Complex Perturbations,” IEEE Trans 


Autom. Contr., Vol. 3, March 1990, to appear. 

7. J. H. Avila, “The Feasibility of Continuation Methods for Nonlinear Equations,” SIAM J. Numer. Anal., 
Vol. 11, pp. 102-122, 1974. 

8. L. T. Watson, “Numerical Linear Algebra Aspects of Globally Convergent Homotopy Methods,” SIAM 
Rev., Vol. 28, pp. 529-545, 1986. 

9. S. L. Richter and R. A. DeCarlo, ‘Continuation Methods: Theory and Applications," IEEE Trans. Cxrc. 
Syst. Vol. CAS-30, pp. 347-352, 1983. 

10. P. T. Kabamba, R. W. Longman and S. Jian-Guo, “A Homotopy Approach to the Feedback Stabilisation 
of Linear Systems,” J. Guid. Control Dynamics, Vol. 10, pp. 422-432, 1987. 

11. Y. S. Shin, R. T. Haftka, L. T. Watson and R. H. Plautt, ‘Tracking Structural Optima as a Function of 
Available Resources by a Homotopy Method,” Computer Methods »n Applied Mechanics and Engineering, 


Vol. 70, pp. 151-164, 1988. 

12 S Richter and E. G. Collins, Jr., ‘A Homotopy Algorithm for Reduced-Order Controller Design Usmg 
‘ the Optimal Projection Equations,” Proc. IEEE Conf. Dec. Contr., pp. 506-511, Tampa, FL, December 


1989. 

13. E. G. Collins, Jr., D. J. Phillips and D. C. Hyland, “Design and Implementation of Robust Decentralised 
Control Laws for the ACES Structure at the Marshall Space Flight Center,” Amer. Contr. Conf., pp. 
1449-1454, San Diego, CA, May 1990. 

14. J. N. Juang and R. S. Pappa, “An Eigensystem Realisation Algorithm for Modal Parameter Identification 
and Model Reduction,” J. Guid. Contr. Dyn. Vol. 8, pp. 620-627, 1985. 

15. J. N. Juang and R. S. Pappa, “Effects of Noise on Modal Parameters Identified by the Eigensystem 
Realisation Algorithm,” J. Guid. Contr. Dyn., Vol. 9, pp. 294-303, 1986. 


330 



_ l y° s 

Q a P a p( k ) 

$ = $(*) f P = £(*) 

. I 

f END ^ 


Figure 4.1. Flowchart of the Homotopy Algorithm for Solving the Maximum Entropy Design Equations 
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ags-y to bgyro-y 



Figure 5.1. One of the two mejor f«edbeek loop. n»ed to de.ign 
Structure at NASA Marshall Space Flight Center. 


vibration control law. for the ACES 



Figure 5.2. Maximum Entropy design 
real in the performance region. 


rendered the compensator, for the AGS to BGYRO loop, positive 
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f° r tJ ”, AGS *° BGYRO loop* Maximum Entropy design smoothed out the compensator 
magnitudes in the performance region, thus providing performance robustness and also indicating ^hat the 
robust controller, were effectively reduced-order controllers m<iicating that the 



Figure 5.4. For the AGS to BGYRO loops Maximum Entropy design robustified the notches for the high 
frequency modes by increasing their width and depth. 
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Ahstract 

An algorithm for solving constrained optimization problems is presented. First, design of 
experiment techniques are used to survey the design space. After evaluating the objective and 
constraint functions, as specified by Taguchi orthogonal arrays, analytical _ 

functions are generated using a least-squares regression analysis. Next, a nonhnear programming 
package is used to optimize the analytical model. Based on the optimization information, the 
design space is reduced so as to close in around the minimum, and the enure procedure is repeated 
untifconvergence. An important feature of the algorithm is that function gradients ^ not rMpured, 
therefore, for problems in which gradients would have to be estimated using fmite-differences the 
number of function evaluations required for the optimization is significantly reduced, when 
compared with traditional nonlinear programming techniques. In addition, there is no requirement 
that the gradients must be smooth and continuous. 

Introduction 

Nonlinear programming techniques provide the solution to the following optimization problem: 


minimize F(X) 

subject to XL < X < XU and CL £ C(X) £ CU. 

F(X) is the nonlinear objective function, X is the vector of design variables, and C(X) is the vector 

of nonlinear constraints on X. The lower and upper bounds on X are XL and XU, respectively. 

Likewise, the lower and upper bounds on C(X) are CL and CU, respectively. F(X), C(X), and their 
derivatives must be smooth and continuous. 

NPSOL (Ref. 1) and ADS (Ref. 2) are two optimization routines that have successfully solved 
the stated problem, but the dependence of these algorithms on constraint and objective function 
gradients reduces the efficiency of the algorithms. Objective and constraint functions are often 
generated numerically by computationally intensive analysis programs, resulting m the need tor 
finite-difference estimations of the gradients. The use of finite-differencing increases the number 
of function evaluations required for the optimization, making some problems prohibitively 
expensive The requirement of smooth and continuous derivatives is another limitation. When 
data is loaded into computers in the form of tables, linear interpolation between points in the tables 
results in piecewise linear functions. This adversely affects the convergence of search methods 
that are dependent on gradients. 
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exn/rim^fn^op?^ developed *° address *«? limitations. Statistically based, design of 
expenment <gOE) techniques and response surface methodology (RSM) were combined to create 
an interface between a nonlinear programming algorithm and the optimization problem. The 
complete package of subroutines that was developed is designated CODES (Constrained 

DOFlSh^l of Experiment Surfaces). Commercial software is available that uses 

UUh methods and RSM for optimization in an interactive environment (Ref 3) CODES differs 

from tiie commercial software in that it allows the optimization process to be fully automated (i e 
CODES can be Imked directly to any analysis program). In addition, unlike the commercial '' ' 
optimum C0DES ltenmve methods attempt to yield a solution that has been verified as a local 


Experiment al Design 

CODES employs DOE methods to determine which points in the design space to use when 
performing the regression, pie goal is to use the smallest number of points that will produce the 
rS W ?? S1 - 0n Tf 011 (moated by the correlation coefficient). Experience has shown that D- 
Optimal designs (reference 4) best satisfy these needs, but the inability to create D-Optimal designs 
for large problems (greater than 8 variables) led to the use of Taguchi orthogonal arrays (Ref. 5)* 

Response Surface Methodology 

The objective and constraint functions are modeled using nonlinear least-squares regression The 
regression equations are of the form, 4 & h on ‘ A ne 


F = ", + ^ V P 3 X , 2 + »4 X 2 + W 2 + * P 7 X 3 ♦ P e X,X 3 ♦ P 9 X 2 X 3 + ?10 X 3 2 + ... 


( 1 ) 


and are generated as follows: 


Define, 

P = designanray° f **** points (function evaluations) specified by the experimental 

t = the number of terms in equation (1) 
v = the number of design variables 

Xjj = the value of the ith variable for the jth data point (by definition X 0 ; = Xjn = 1) 
Y j = value of the objective (constraint) function(s) for the jth data point. 

The solution, {p), of the linear system. 


[LHPMRJ 

is the vector of coefficients from equation (1). 

Matrix [L] is of size txt and vector {R} is of length t. They are generated as follows: 


L 


qr 



-I 


H 


M M 

qj r j 



(q=1.2.t; r*1,2.t) 
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where [M] is a matrix of size txp and is given by. 


M 1j” X 0j X 0j’ 



M 2j* X 0j X 1j’ 

M 3f X 1j X 1j’ 


M 4j“ X 0j X 2j f 

M 5f X 1j X 2j- M 6f X 2j X 2j' 


• • • 

M krVvr 

M k+lf X 1j X vj. 

Wvj . P) 


CODES was developed so that only the interaction terms (such as feX, X 2 ) that are specified by 
the user are included in the regression. For example, if the term Ps x i x 2 was excluded from 
equation (1), M 5 j would assume the value of M 6 j (equations(2)), M 6 j becomes M 7 j, etc. 

Optimization 


A collection of nonlinear programming subroutines is used to minimize and maximize the 
analytical representation of the problem. The actual objectiveand constraint f^ns are then 
evaluated at the optimum points of the regression equation. This is done m order to venfy that the 
minimum (maximum) of the analytical model decreases (increases) the actual objective function 
when compared to the points used in the regression. The verification is also used to ensure that the 
SSSsfiti If, during the search, a feasible point has not yet been found, the 
point that minimize s the largest constraint violation is used as the current estimate of the minimum. 


Reducing th e Design Space 


The design space is reduced by decreasing the search range for each variable. The goal is to 
close in around the optimum as quickly as possible in order to speed up co ^Sence, although, 
reducing the search ranges too quickly increases the chances of eliminating the true mirumum from 
the design space under consideration. This elimination can occur because the analytical model does 

not exactly represent the actual problem 


The strategy depicted in Figure 1 shows the design space reduction process. It consists of two 
primary steps: 


(1) Reduce the search range for each variable so that the current estimate of the 

minimum is at the center of the new design space. 

(2) If necessary, move the limits so they are within the previous search range. 


The lower bounds on the variables X, and X 2 are XL-,(1) and XL 2 (i), respectively (Figure la). 
Likewise, the upper bounds on the variables are XUi (1) and XU 2 (i). The search range for X-j is 
changed by moving the lower limit to XL 1 (2) (Figure lb). XL! (2) is found by bisecting X 1Fmax 
and X lFmin and XU,(2) is chosen so that X lFmin is at the midpoint of the new range. In order to 
ensure the search range is reduced, the upper limit of X, is reduced to XU! (3), the initial bound on 
Xi (Figure lc). The search range for X 2 is reduced in a similar fashion except XU 2 (2) is chosen to 
bisect X 2Fm j n and XU 2 (l).This particular technique was chosen after trying several schemes, 
although it is possible there is a more efficient method. 
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XU 2 (1) 


a 2 Fmin 
*2 Fmax 


xL 2 (n 



XL, (1) 


*1 Fmax 


*1 Fmin XU, (1) 


1 a 



1 b 


XU 2 (3)_ 




XL 2 (3) _ 







XL,' 

(3) ' XUi 

(3) 


Figure 1 - Design space reduction process. 


-UK Almithm 

aleoriX? ° f ** numericaI Procedures are integrated to form the optimization 

same SSltf SSh?? lnll?? S J?, lteratl0ns thc “uumization of the analytical model yields the 
same results, within a specified tolerance, convergence is assumed Analvcic nf th* u 

range for each variable indicates the validity of the solution. If the value of a variable is driven to 
eliminate^frtm the design ra ” g '' ‘ » of d.'SSSStS" '° 
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Set search ranges for each variable 



Evaluate the objective and constraint functions as specified by the 
experimental design (Taguchi arrays) 


Generate analytical functions from nonlinear least-squares regression 


Optimize the analytical model of the problem using a nonlinear programming algorithm 




Exit 



Reduce the design space 


Figure 2 - CODES flow chart. 

The availability of analytical equations that represent the problem is another advantage of 
'ODES. Users of optimization software will (and should) always be suspicious of solutions 
enerated by a computer. Analytical equations allow for greater visualization of the problem 
iiroueh computer graphics. This builds the user's confidence in the solution. In addition, the 
nalytical models can be used for sensitivity studies at very little cost in computer tune A measure 
if the sensitivity of the objective and constraint functions is often just as important as the tinal 

olution. 


Optimization 

Technique 

Objective 

Function 

Design Variables* 


Number of 
Function 
Evaluations 

Take-off 
Gross Weight 
(lbs) 

Wing 
Area 
(ft 2 ) 

Engine 

Scale 

Factor 

Aspect 

Ratio 

Wing 

Thickness 
(% Chord) 

Leading 

Edge 

Sweep 

(deg) 

Traditional 
Methods ** 

32.834 

379 

1.16 

2.80 

3.5 

42 


364 


CODES 

32,752 

385 

1.15 

2.79 

3.5 

41 


58 i 



* Subject to 9 performance constraints 
*• Not directly aided by optimization software 

Table 1 - A typical aircraft design synthesis parametric study. 
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techniques. No^thanhe"saJn?we^w^o^d^hto’dh i ?y h Ie ? ientin8automated optimization . 
resulted in an excess of 80% time savin es^Afi n^i ***mxpcs , but the use of CODES 

CODES’ potential to find globSoS° f t* I ^ thods Panted here is 

how DOE techniques evaluate points throughout the design^spTce^ Ei^dH^ CrSt °^- by c . onsiderin g 
regression using a second order equation ensures that the the 

not have many local optima. 1116 mat hematical model of the problem does 


Conclusions 


problems using the 

manpower requirements to analyze and verify the results ter run time along with reduced 

encountered so far is the maximum !S,5 "f, *L 171(5 ^ significant limitation 

Preliminaiy indications place this limit in the rangeof 30 toJ^variSes^th^r 6 thesemethods - 
being the size of available experimental design arrays. ab es Wth ** 11111111118 factor 


1.) Gill P.E. et al.; User's Guide for NPSOL (Version 4 0)- a photo a \ id, a 

Programming; Report No. SOL-86-2* Dem of Ooerarinnc p?f 7V? ^o Pac c ka % e f or Nonlinear 
University, California, Jan. 1986 P of ° perat,ons Research, Stanford 

^ No. 172460,’ 1984!’ ADS " A Fortran Pro 2 ram for Automated Design Synthesis ; NASA CR - 

3 } ^988 S ° ftWare Cor P- ; RSI 1, RSI Explore, and RSIDiscover User's Guides, DEC. 

4.) Federov, V. V.; Theory of Optimal Experiments, 1972; New York: Academic Press. 

6, ) W87°N E Y P ': wue^ apcr ’ NOnMn R ' Em P irka ‘ Model-Building and Response Surfaces, 

7. ) Draper, N. and Smith, H.; Applied Regression Analysis, 1981; N. Y.: Wiley 
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Abstract: With structural design in mind, a new unified variational mode 1 has been 

developed which represents the mechanics of deformation elasto plasticitywi un 
lateral contact conditions. For a design problem formulated as maximi“ tion of 
load carrying capacity of a structure under certain constraints, the unified model 
aHows for a simultaneous analysis and design synthesis for a whole range of mechan- 

ical behaviour. 

1 INTRODUCTION. In order to express structural optimization, it is ne< - es *®^ 
have an appropriate expression in variational form for the related structural 
ics analysis With structural design in mind, a new unified variational 
presented which represents the mechanics of deformation ^ 

tact boundary conditions. The basic formulation of such problems is most natural in 
the form of a mixed variational model, with structural state expressed in terms of 

(independent) stress and displacement fields. However, a pure s " ess (f °^ C ® ) ^^°d 
can also be obtained, and this constitutes the basis for the unified method developed 

for the formulation of a load carrying capacity design problem. 

This paper constitutes an extension of earlier work on a unified model o(elasto- 
plasticity that encompasses pure elasticity, elasto-plasticity, and lim J 

sis (rn. r21). The general model provides a monotone relation between the evolu 
of plastic deformation and contact and a global measure of system energy. Forthe 
optimization problems the variational formulation is usually added as so ^ca_ 
equation constraints by including a set of necessary conditions for ^variational 
statement, using both stress, displacement, plastic multipliers and contact p e 
as state variables (see e.g. Refs. [3] - [6] for sensitivity anaiysisand designfor 
the case of contact. an<) Refs. [7] - [9] in the case ofeiasto-p astic .^ v . i ° u r| fi 
The approach advocated in this paper, however, treats the analysis Problem in 
original variational form. For certain design problems it is demonstrated that^more 
direct approach can be taken which combines the analysis and design goals into one 
broader variational statement. For a design problem formulated as maximization of the 
load carrying capacity of a structure under certain constraints, the resulting °P 
mization problem becomes especially transparent and gives rise to very interes * 
relations between so-called design constraints and unilateral constraints ar ng 
from the plasticity and contact conditions. 

It should be stressed that with a view to perform simultaneous analysis and design, a 
mixed variational model is less attractive because it implies a max-min formulation. 
Our goal has been to develop a pure max or jxire min formulation such that state- 
design quantities can be treated as simultaneous uarlables in the computational pro¬ 
cedure. This is a potential advantage in terms of computational cost relative . 
e.g.. usual schemes where the equilibrium equations are solved exactly for each 
step of redesign, although, at the intermediate steps of redesign, this is not neces¬ 
sary because the design may be far from the optimal solution. Although th *™ et ^ 
proposed in this paper involves treatment of all the variables at the same ‘ lred 
computertime may be reduced due to saving of a large number of iterations required 
fo7 sequences of "exact” solutions of the equilibrium equations for intermediate 

designs. 
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——VAKIATIO NAL MOriFT Q For r 

structures (FEM discretized continues true "™)'^ Si | " pllclt 3 r we consider truss 
variational model in bar forces o sJd ?■ ' , F ° r the problem, a mixeS 

(cf- [10]): ° ces and nodal displacements x can be expressed as 


max min 
q x 


in |x T Bq - I q T Qq _ f T x j 


where B denotes the compatibility matrix O rh» ^ • it 

the complementary energy) and f the , "" " " atrlX 2 * 

““ *» extended to elas.o-plastlclty »Hh“f 1 f ° rC<!S ' lhI * m,xed f »™la* 
by adding yield constraints of the form ionless contact at nodal points 


K /A i I • i = 1.NB 


»lth conditions'”"” S "' SS ' *“* ™ the " umber ° f »ars. along 


X J 5 X J ■ 1 * 1 ."C (3) 

for the unilateral contact constraints. In (31 v < 

nodal points and DotenM > X J * given initial gaps between 

joints and potential contact surfaces and Nr .u 

tions. If no contact surfaces are stw.r(f<«ri’ ,v * s tbe nun| ber of contact condi- 

Bd = f . and .. have the .“l-SU^e^ of hllo^ ‘f' 10 " ° V " x ln <» *"*U.s 

Known case of holonomic elasto-plastic analysis ([11]): 

”‘ n {? qT,5d | »*» - f - I "i/AjI io. I . 1.m) . {4) 

(Cll'S) structures, the 11.1, load problem plays a key role 

EH*- 1 * ^Vi!. «-•. KB}. (5) 

A mixed form of this problem is 

T -in (x T B, | f T x = i ; l q l/* 1 U;. . m ). (8) 

one unified ^imizatio^pr^blem^cf! a RefI Pl [i]J C f 2 ])? r ° blem (4) ®“ be combIned into 


max 


{“ I Bq = af: J qTQ q * q i/Aj < a . i = i. m j . 


Hi r —- %^ss=rs« 
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I . (7) is an elasto-plasticlty model, and ». have a monotone relation between the 

increase in the load carrying capacity a and the global measure a of system 
energy. 

If we now include the contact, condition, the displacement variable X 

froTm by use of conjugate duality (A. Ben-T.l; private communication). In the case 

of symmetric bounds on X . i.e. |Xj I < . 1 • 1.NC ... get a formulation 

max { a - 2 x. 1 (B, - ctfjjl || « T Oh i I* 1 ! ^ A t | 4 5 . i-1.»*} < 8 > 

a, q ^ 

where we set it. = « in the case of no contract condition. If the constraint on 
complementary energy is not active .« have defined a limit load problem for plasti- 
city with possible contact. 

u PORMI H ATTON OF UNIFIED ANA tYSIS PROBLEM BY WEAfiS OF CASTICLIANO S TWE0I1EM 

The pure minimum and maximum character, respectively, of tte v^iational formulations 

of the analysis problems (A) and (7). may be Preserved even */ “^““splacement 

considered, if we make use of Castigliano s achieved in the formulation 

conditions (3) in term, of forces^ A .l.llaradv»tage ^hievedin^the^fo 

(8). but we now consider one-sided bounds (3) on . an 
tion on principles of mechanics. 

Let us denote by r the possible external contact forces exhibited by frictionless 

plane surfaces that may constrain nodal displacements of the truss. If 
curs, the equations of equilibrium changes to 


Bq = f + ar 


(9) 


where the matrix a projects the contact forces onto the d *^ tionS ° f f^ctionl«s 
nodal forces f . The potential contact forces are orthogonal to 

contact surfaces and taken to be nonnegative. 


r j >° 


j = 1 a ... • NC . 


( 10 ) 


when directed along the outward normal. Non-zero contact forces r. imply a change 

in the complementary energy | q T Qq through (9). and according to Castlgllano-s 2nd 
theorem the nodal point displacements Xj in the directions of the external forces 

r are simply given by 


X J = 


a(| q T 0q) 


-51 a J = 1 . NC ' 


(Hi 
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Since 


rj and hence Xj Is directed asay fro. the contact surface, the kinetic 
contact condition (3). where the initial gap x is eiven <« n 

of forces. J giVen * 1S now expressed in terms 


[ ^ 


J = 1.NC 


( 12 ) 


fact that r ^ “d ^r]’=*0* ^pecuiely^ d^ P ^ blem 18 charact erized by the 
n2 ) is s„Jt< a J ,. y ' d * P * ndlng on » h «her the condition 

condition for the cont“ ^bl^^Lve'' 1 ’' 311 '’'' 1 ’ >US ’ “ “ additionaI governing 


j( (^] ‘ 0 • 


J = 1.NC . 


(13) 


^nei^H^d'a^'f onows'^o^low Pr ° blem (4) ^ ^ b * 


^n{2d T 0q |Bqef +ar: IVljlo, 1.1 .KB: r. 1 0 , 

J 

- a^-] 0? 1 Xj . rj • [ JL-] Q, * ^ .0 . j . l. NC } . (M) 

the 1 ‘iImUof elaVto”: 

"ax < a Bq = af + ar; ^ q T On < I 2 . / * | v - 

a.q, r ( 2 q ^ S £ ■ I 1 7 A j I i o . i = 1.NB; 

r J ^ ‘ ( 5^ ] «q * x j • fj • [ ^ ] CM - Jj .0 . J . i. N } (15) 

SU1 tahle'^rr™ 1 of ctliViT anT' ^ ? •*««- * 

redundant and redundant forces (cf. [ 13 ]) dltIon 31141 separation of forces in non- 

truss In Fig. 1 '^'"spMl^^riLJlch^^^^'lfXeVs^ the jJ la ” e fiV ' _l f r 
* *■ f• • - — — a such It elastUity p“ 

hand nodal ^"c^Tor'VlVa^ui"““‘t^^ 1 1<>ad f ‘ « '»« upper. right 
with the 1nif( , - ^ frictionless contact surface is defined along 

is depicted in t^fi^re tLouS n The 0 den he d SOlUti0n C ° th * elastlc contact Problem 
forces q , i — i 1 thr ^gb the dependence on the load parameter of the bar 

, 1 . 5 ’ and the horizontal displacement h and vertical dis¬ 

placement v of the upper right hand nodal point. 
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CONTACT ANALYSIS (PURE ELASTICITY) 



NO CONTACT CONTACT 

4 ---*+•- 



4. DESIGN FORMULATION. 

The variational statements of maximization of the load carrying capacity constitutes 
a natural basis for the formulation of a unified analysis and design problem (see 
Ref. [12], Chapt. 10 for a discussion on the advantages of such a setting). Denoting 
by A. the cross-sectional areas of the bars in a truss, a combined problem formula¬ 
tion. with A. , 1 = 1.NB , as design variables, takes the form: 


344 



a 


maximize 

a, q ,r *Aj 


so : 


{ 


Constraints of variational 
problem 


Constraints on design* 
NB 


i=l 


li A i = V 


A ^ Aj U 


This problem maximizes the load carrvine canacitv „ 

compliance and for a eiven volume Fnr - ^ j , a given structure, for a giveen 

^“ r c r;T' ls in the 

ro a „|«M J t 1 * to ® contact force and an active stress constraint eives rise 

allowing the stnl^re^o^eld 0 ^!” 1 ultia ]* te l °od carrying capacity. 

tact forces Tf ^T^ L K t to e5cplore the possibility of advantageous con- 
j. ci rorces - if displacement and stress constraints are to be included as Dart of rh~ 

^Th^ e f U t "o n ; r num‘/ 1CatloM nM V° h* lnclud ' d *» '•>* ■£*£?££?£ 

stra/nw (cf [ 13 ]) y COntaCt forc ' s ««• Pl«tlc deformation from such con- 


Fig. 2 shows results for a case where contact is 
ependence of the optimal load carrying capacity 

value e and the volume constraint value V 
crease in volume the structure moves from the limit load 


not present and illustrates the 
a on the compliance constraint 

respectively. Note that for an in¬ 
range through an elasto- 


plastic ranee ro rK- .l-os-d , , “ loaa range tnrough an elasto- 

fore scttTtnc tn ,k , \ range “d through yet another elasto-plastlc range be¬ 
fore settling in the elastic range. The Intermediate step ls caused by one of the 


design constraints A. £ A becoming active. 




fig.2. 
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Improving Stability and Strength Characteristics of Framed “ T " / 

Structures with Nonlinear Behavior 

by - 

Shah ram Pezeshk " c / 
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INTRODUCTION Memphis State University, Memphis, TN 38152 / ' b 

structures. Thrdesign^hodolo^ p^mS here^^lUpie obi^t- he ° Ver311 perf ° rmance of n °n»near framed 
hmctions involve the buckling eigenvalues and eigenvectors ofThHtrSre whose ob J 

design variables is used in conjunction with an optimalitv criterinn annm k constam voIume with bounds on the 
so,™* complex tfeslgp protons and genera,* fends ,o*s lra «„rTS^ “•»* 

geometrically finear analysis is empfoyedwMi the™nsMuence tta slnic,urB - ■» most applications 

Direct* optimizing the limit load of the structure wouldtLuire a full Mnhnel/f ”‘1* °' ““ d4,i, “ “ ° v "“>imated. 
be prohibitively expensive. The objective of this paper isut develon an ^ ™ ,u “ “ Ch iteral ‘°" which would 

geometrically nonlinear framed structures while avoiding the nonlinear analysis” Ca ” lm|,rov ' Ihe lim ii-load of 

multipleloading ”<2^' £ IT “ “™ures unde, 

be applied ,0 the structure simulhtneTuSy or^X* k * U 0r ”» *“ <* «»* ">*• can 

cotnplicawd'to carryout^ buuhef^ehfitK^gh^hncfreaft^hav^r'of^ie'^ 1 ^ d * menS '° nal P-«- are more 

problems that might appear in plana, S pr^Sire suTas n! TT htl P avoiding some of ihe 

Although researches in the field of structura® eSrii,. ,he °“J O"t-of-plane buckling constraint, 

building frames especially in the seismic regions would be beneficial ? 0p I | imu,n desi « n of three-dimension 

research in this area has deal, with the opfimim, Mos '° f “» 

FORMULATION AND DEVELOPMENT 

To improve the limit load behavior and stability characteristic nf a i r» t 
conditions, we need to consider several ingredients to eenerare a „ rJ? 3framed s,ructure under multiple loading 
the limit and post-limit behavior of elasto-plastic frames Hielmstad?'^ UnC uw’ ased on observations made on 
model of nonlinear behavior of framed structures. From the^odel the! otaSS* ^ deve,oped . an approximate 
of a structure can be improved by maximizing the linear hucirtino bat tbe overa ^ stability and strength 

applied by Pezeshk and Hjelmstad (1989) to improve the nerfn? 8 genvalu f s of the structure. This concept was 
successfully. Thus, in order to improve the limit-bad and r£L lim?^h° f P ^ framed structures w hich worked 
the buckling eigenvalues in the objective function. To hand?muh ° f framed S,ructures we must include 

loading conditions directly in the objective function We faX??* ??' ng we also P ur Pose including the 
become important to the objective function if they cause displaceme^T^T 26 **1 thC l0ading conditions should 
the design subspace. The proposed formulation then seeks T'm ' 0 3 bucklin « eigenvector which is in 

the work of the various load cases going through mo^al dfcpl«iSS^^3^ < 3SS“ ^ ^ S ‘ rUCtUre 

to comblrlhTm ‘in ^adrafic fom^^only sSmiw", T of an ob J ective Auction would be 

buckling eigenpairs used in the objective^^^nctbn b nm 8 a , < J uadratic form *• that the number of the 

Therefore, it is best to consider a quasi-quadratic form such as ^ 10 1 C numb er of the loading conditions. 


N L 


XX Pji, where p.. - \f . <f,.\ 

I j < V * J r i 


oHiidex ^uennThe'range fLN] whh one^o one > co^^M COn d ,t,0nS, 3nd ^ “ 3 ^ 

The dimension of the set is equal to the number of loading conditions (L). ^o" e^amplf bUCkhng eigenvalues ’ 
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( 2 ) 


N 

n-2,3 leads to -* 

i-l 

Therefore, in order to improve the stability and strength characteristics of a framed structure we define the 


following optimization problem: 


N L 

Maximize 

t.i >-i 

(3) 

M 


Such That A(r,)fl. - T 

i-i 

(4) 

X .. < X.. < X,. 

(5) 


where /i|=/th elastic critical buckling eigenvalue; T=given weight of the structure; Aj—area of group i. 

In this paper the members of the structures are assembled into M distinct groups. Each group is associated with 
a set of design variables which describe the geometry of the cross section of that group. For example an I-beam can 
be described by its depth h, flange width b, web thickness /, flange thickness t r Consequently, the I-beam has four 
design variables (v=4, where v is the total number of independent design variables). A rectangular cross section has 
two design variables (v=2): the width b and the height h of the cross section. The vector of design variables will be 
designated as x * {x„ x* ..., x M } and Xj is the design vector for group i where x, = {jt^, X& ..., xj. x,, is the/th design 
variable for ith group. To simplify notation, we designate the specific weight of the mth group as the weight per unit 
of cross sectional area of the entire group 

pA < 6 ) 

i€m 


» 


where the length of member i is L it and its density is p,. The sum is taken over all members associated with group m. 

The optimization problem considered here is atypical of multi-objective optimization problems because all of the 
objective functions have the same nature and yet are conflicting. For example, maximizing one buckling eigenvalue 
might result in a decrease in another one. A good survey of different generating techniques can be found in Atrek, 
et al (1984) and Cohon (1975). Since all the objective functions are of the same nature, a weighing technique is best 
method to generate the noninferior set or Pareto optimal set. One of the advantages of the formulation developed here 
is that all the weighing factors are determined automatically, eliminating the principal difficulty inherent in a general 
weighing solution technique. 

Using Eq. (3) and Eq. (4) the Lagrangian functional can be cast as 
L(x,0 - £ £ /i.(x)0^(x) - £ 

i-l j-l 1 

where £ is the Lagrange multiplier. It should be pointed that the constraints on the size of elements given in Eq. (5) 
are not included in deriving Eq. (7). Constraints on permissible sizes can be handled efficiently by treating them as 
passive constraints in the sense that whenever an element violates the size constraints, the design variable associated 
with that element adopts the minimum or the maximum permissible sizes and is placed in the passive set. Allwood 
and Chung (1984) have suggested that if a design variable is moved to the passive set in two consecutive iterations, 
it will probably will be passive at optimum. In principle, the method suggested by Allwood and Chung was followed 
in the computation reported in this paper. However, it was found that in the early stages of optimization it is best 
to keep all the design variables as active and follow Allwood and Chung procedure after few optimization cycles when 
the algorithm settles down. 


.w 


E4W - r 


i-l 


(7) 
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ra “" 5 in .h“ op,'taam y 2,eTkw“^ «!»•' » zero 


'mn 


- 1 w-l, .... M and n- 1, ..., u 


( 8 ) 


In Eq. (8) there exit two sensitivity terms: sensitivity of B. and u with resnect to th* • u, 

sensitivity of 0, is a function of sensitivity of eigenvectors Thus sensititi* of hSh ^ g " vanables - The 
needed. Determination of these sensitivities are discussed in the following sec^on eigenvectors are 

EIGENVALUE AND EIGENVECTOR SENSITIVITY ANALYSIS 

Evaluation of the optimality conditions require knowledge of the sensitivity or rate of rhan»<> n r ,u k . ,• 
eigenvalues and eigenvectors with respect to the design variables Pmced,,™ <?’ f hg ’ of the bucklm g 

been known for some rime, bn. efficient me,hodsof3=Zto^,„S“oTe ouZTZI *•« 

Jmble™''" 1 d ' SCUSS ' 0n 0( lhe proble,n has •*“ by Dailey (1989). Consider ihTfo'ltaSj eiJXne 


K<t> - 


(9) 


.a,iab.es and some maihemaiica, njpniaiions i can 


/ til* - nfi% 

Hi - - ‘ 




and 


4>- 


4>j[K‘ - n i G']4> i ! 4>‘,G'4> 

2~f --- -<P, -- .d>. 

(H-dMGtj 2 <t>'jG<t>. ‘ 


( 10 ) 


where a prime indicates differentiation with respect to the design parameter. 

RECURRENCE RELATIONS 

The optimality criteria are used to modify the design variables in each direction in >*r 
similar to that proposed by Khot (1981): rection in terms of recurrence relations 


so. 

mn 


- x ; 


mn 


1 1(~ - n 

r i 


( 11 ) 


pa^LtefrS^ the co'nstminUt mTyrnece^^Tncf^S M^der't' 061,(15 °“ 

~ « SHE 

EQUATION TO DETERMINE LAGRANGE MULTIPLIER 

muiuXT^i 3 ^,™ rsK* ’ssssxv has 1 “ 1 *• *-—• «w 


- CM . £ £ J£ ( , . 0 


m«] n-1 


ax 


( 12 ) 
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The Lagrange multiplier can be obtained by satisfying the linearized constraint equation at the new iterate x** . 
Substituting for the appropriate terms and simplifying, one gets 


€ - 


M » dA 

E E 

m-l fl-1 






mn m 


(13) 


A aA , 
rA + V—J 
m ti dx. 


mn 


fl - r r 


since the constant volume constraint is an equality, £ can be either positive or negative. 

SCALING ™ < : ieration tQ satisf y the constraint relationship, it is necessary to scale design variables to bring the 
volume of the structure to the level of the assigned volume constraint T. Scaling is necessaiy to insure that the design 
at each iteration is feasible. The following is a development of the scaling procedure for rectangular members. The 
same procedure can be developed for I-beam cross sections. 

The weight of the structure after each iteration can be divided to three groups depending on which design 
variables are passive and which are active. Thus, the total weight is given by 

(14) 

r - w" + w* + 

where Ws are various weights. A superscript "a" indicates an active design variable, superscript "p" indicated a passive 
design variable, and there is one superscript for each design variable in the group. The weight of the structure is scaled 
after each iteration by scaling only the active design variables. The scaling factor v , such that*,, is determined 

by the equation: 




f •y 

2 


r - w* 

+- 

w* 



w* 

2W" 

k J 



W* 

2W“ 


(15) 


The scaling equation for n design variables per group is an nth order polynomial. Higher order polynomials can 
be easily solved by Newton’s method. 

In the following sections the optimization procedure is applied to an, irregular framed structure. The purpose 
of the example problem is to demonstrate the performance of the optimization procedure. 


SETBACK FRAME EXAMPLE . 

It is often difficult to identify the design changes necessary to improve the performance of a structure, especially 

when the structure is irregular and the response is nonlinear. The frame considered here is a two-story setback frame 
as shown in Fig. 1. The topology of the frame was picked from a report by Cheng and Truman (1985) and redesigned 
to meet ATC-03-06 earthquake design recommendation (1978). 

A preliminary design was performed using full dead and live load in all members, using approximate coefficients 
to determine maximum moments in girder sections. Because setback is an irregular structure a modal analyse 
procedure was employed to determine earthquake loads. The following seismic coefficients in accordance with ATC- - 
06 were used: effective peak acceleration (A,=4); effective peak velocity-related acceleration (A=0.4); soil profile 
characteristics of site (S 2 =1.2); reduction factor to account for effects of inelastic behavior (R—4.5); seismic Category 
c- and seismicity index of 4. The loads on the structure were: dead load: 80psf, and live load : 40psf. A set of eight 
combination of load effects, as recommended by ATC-3-06, was considered. The critical load effect due to the 
application of seismic forces on the building are determined as a combination of prescribed loads: 100% of the force 
for one direction plus 30% of the force for the perpendicular direction. The eight different loads were applied to the 
building and the stresses and the displacements of each load combination were determined. Members of the building 
were checked for the worst loading case and were redesigned if necessary. This procedure of analysis and redesign was 
carried out for several iterations until all the requirements were satisfied. The member properties of the Gnal design 
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- — - — o f 

™Tf S SS;:^;sr i ' ! “"-“o" >• ^ 0 ^ of op.,^ 

initia, design fitter >J *** mt a “ ' hd 

as.nmlure^indersome‘diSn?aremen?^e»“».»« set » minimize ihe volume of 
used ,o limit displacement of a design "o SS d,Ze ' “™T ° P “ mlZa,i °" "“'"ods have been 

Unfortunately, such an approach does not assure overall s^ructJrafstabilitv Under^ 8 " t0 m the elastic ran « e - 

the displacement constrained optimal design may not have desirable global“»bn.^ n "^ L '°^°^° l,ll<lom - 
this point, the initial setback design was optimized with a single displacement coUtSl • T demonstrate 
compare its performance with the optimized design based on stability. optimization procedure to 

The weight of the structure was minimized with a top displacement nf t o i„oi,« .a 
casts I and II, resulting in an optimized structure of the same weight as thole b S tkm ° f ^ 

of the optimized design under displacement constraints alonu with th P ,- 5v f stab,1, *y- The properties 
stability arc given inW I. ■&. non^ 'T? 

structure optimized for stability performed better under both loading condition better than the initial d« F ' 8 ' i'u 7116 
load carrying capacity and about the same post-limit behavior On the other hand thi n ? gn Wth better 

was suffer and stronger than initial design under load case I but quite poor comnared d P la “ r " e " t constra,nt desi S n 

procedure in improving global sutbility and strength of a structu,"'under muh^e’toadfog^*' ‘ h ' S ‘ al> “ i,y d “‘ 8 " 
CONCLUSION 

With better overall'u-ength a^STr^^ a " d •“*■* prodd “*»“■>• **" 
can improve the siab4 ^ 

optimization procedure is SDeciallv effective fnr tail u ® multiple loading conditions. The 

optimized here is nou .au S ^^o»to?m^^S^ , • fe0 “ e '!? ,,s , "" rarom ' n * “<^ck frame 
characteristics of the building fame P pr °“ dare ,m P roved “« «« performance and the stability 
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applications S is V welf known. ^nlfkLnt'wSfandcolh' 71 a r Craft structural 
developing structurally tailored 9 conceDts and effinJSf 1 b ! nef,ts are achievable by 
material and manufacturing technologies The DrnnncaH nte ® ratm ^i tbem with suita ble 
efficient concept for application to primal fiSr deSCribe such a " 

Wing 

ply lay-ups of the panel are Bsted in Table ^ln'" 9 s,ru ? ures - The dimensions and 

sizing of this wing structure subjected to several rit-uiM °^!. a ' ne ^ * rom preliminary 
preliminary desian was conctrainawh * k severa f,l 9 ht ,oacl conditions. This 

The predominant loading at the location o*f no® 8 ?? an ? stren 9 th conditions only 
compression (N x ) and skTJJZ in figure ^ is '"P< a ne 

skin design and a tailored skin desian. ThlZ^rl t 9 ^ Were studied ’ 3 uniform 
18/36/36/10 (percentage of O/45/-45/90 niipci n i»/ id S m a 9 0ns * ar, t thickness 
0/45/45/10 ply lay-up with the 0° plies shifted to tha^nf' The tailored skin has a 
and prebuckling stiffnesses were constanHor thlto^g^ 3 ^ We ' 9h ' 

^fPonses'ustng theMte^eme^meTho™ ^^ranlM^"" 9 and P° s,bu <*ling 
T800/5245C graphite-bismaiP.miHl ™i/° d '. The panel des, 9ns utilized the 

used in the analysis to simulate a re p re sent ati ve load! nn P ' # dis P lacerT| ents were 

N X y=1000 Ib./in. The three comhinaEnnc t admg of N x= 1000 Ibs/in. and 

and N X y=0), N x +0.5N X y (N X =1000 Ibs/in and^'^nn^ r®? Nx (N * =100 ° 'bs/in. 
(N X =1000 Ibs/in. and N X v=i000lbs/in 1 Th^h^.' 500 bs/m ) * and N x +1 -0 N xy 
show that substantial gains are possible even^th^M 08 ^ summarized in Table 2 
loading conditions. The burkiinn few ®° f ° r the Nx+0 * 5 N xy and N x +l .0 N xv 
load to the imposed load 9 ° r presented ls a ratio of the predicted buckling 
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The postbuckled results obtained from the analysis '.hajfth’e^n ^orm 

Dane! stiffnesses are better retained into the postbuckled regime t initial 

S ^el stiffnesses. For example, for the NxjMNj, fading oo»d« «l 

respectively compared to the prebuckling stiffnesses for the uniform skm panel. 
Sr?estondin“reductions for the tailored skin panel are » and 10 percem .1 K» 

S p^Xm The predominantly ±45° ply lay-up (soft skin) for the tailored stan 

^e^performa^etmprcnreme^ts'oHhe^aitored^Wn design indStefh^ stiffness 
Storing of this type may be very effective for optimizing structural designs. 
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Figure 1. Wing Configuration and Panel Detail 




Table 1. Geometric and Ply Lay-up Details of Panels 
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INTRODUCTION 

regularly applies^ptimizatio^te h 3 ” 7 ° ther industries, 
which reduce cost maximi 70 »■* * chniques to develop designs 

The desire to minimise weight*!* 0 !**!!?^ ■ a "? minimize "eight. 

limit the allowable weight of a coSpSnent^r^yStJ^ 11 ’' 1 ® 8 ° ften 

optimization 6 ©! papar P^sents the 

mass. The goal of this work i« generation system for minimum 

optimization techniques on £ rial? ?? raonstrate the use of U1U 

system. The power reallstlc and practical engineeri nrr 

thermoelectric devices to convlrt^llt*? 0 ! 117 ! in Figure 1 uses 9 
heat source for the svstom ,' e t heat into electricity. The 
rejected from " aSta haat “ • 

succe«m!y e e Pa ^ y | 5 a “ e P «^h r y- thermoelectrics have been 

a variety of missions. To date th! ! 1 Power to spacecraft on 
thermoelectrics in space primary use of 

t£r m ° e ^ eCtric gene «tors ?RTG? a R?Is h II be r i n radi °is°tope 
thermoelectrics to convert the'°P erate by using 

such as plutonium-238 into electricit!?* 3 *™^ ? rad ioisotope fuel 
missions employed rtc<s ari j icity. The Apollo lunar 

Voyager missions whilh'ellioriri-h ® 06 ^ 17 RTGs were used on the 
Saturn, m all of thes! Sl^?l h ^ planets of Jupiter and 
requirements were in the 100 ?tTl 5 S« LI,”, siectrical power 

required power level^inlreMe^ Future 1 ! sophisticated, the 
are expected to require lookw to I f acecraft in the 1990's 

uee of RTGs to meet thlse powe! le^ls power - The 

Alternative power systems such as thi%£ iS? longer Practical, 
considered for this task. The aim^I Ik ” 1 ! 0 system ar e being 

pSe a a^?-LSi? b ^O P S!l module 

Power system which J JT&.d^ the 
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overall characteristics of the SP-100 system. 

To perform the oJTsvstem^^developed'which evaluates 

steady state performance and correspondin' g is : 'representative of 

the e simpU?ied S ^s?ei°Sefinition in the initial design phase. 
SYSTEM DESCRIPTION 

As indicated in Figure 1, ^®. S g|^g n ^ S r eceives a portion of 
number of identical segmen s. reac tS r and produces a portion 

the thermal power output J r °™ Realistic system designs have 

iS ? S of^the 

total^systen^can 5 * a single 

segment. 

Each segment of the thermoelectric P^generation^system 

contains two pumped loops whi (hot) and secondary (cold) 

loops are referred to as the primary (hot^ana^ s i pply 

loops. The P rim 5 r y 1 °°P the h low temperature heat rejection 

IS: Both S primary^and°secondary loops use a liquid metai^as^the 

rK tMjg. iSi^ri^rW hot 

rainimun^temperature! *As the 

reactor, its temperature ^ increased^lt^ ^ pr loop 

a^it^flows through°the pump and heat exchanger. A portion of 

theraoelectri^devteejL^Th^remaining i^^^The**secondary°loop 
this heat is dumped into . . - t minimum temperature and 

f 1 ^ nto U the 6 pump.^Afte^exiting the pump, the secondary loop 

f fi^ S irsplit i P nto two paths through tt . 

exchangers. 4 He f .i s f ^° r : hro i h the pump and heat exchangers. 

primary 1°°P) * i- rejoined after flowing through the cold 
The secondary loop is rejoin + x. he radiator at its maximum 

side heat ondar^loop fluid temperature decreases as 

temperature. The second y P. heat is removed from the 
it flows through the radiator, since heat is remove 

fluid and rejected to space by radiation. 

Thermoelectric deV j‘g S ^ e ^ e f lo^throug^th^thermoelectrics 
a°temperature gwdieAt is established across ^ thermoelectric 

S— efficiencies 
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T*° Ct ti C !nt S3StS?dLSi^ 1 S u ae tTOic "“*’ from 4% - 

performance of thermoelectriSs is proSded^f ^"and^^ J. 

«9Mn?, t SrtoiS and momen^losses^ause throu 9 h th = 

each loop. The pump is emnl overt *° s ? es cause pressure drops in 

loop, and thus maintain the pLper flocates!* 6 pressure in ea °h 
SYSTEM MATHEMATICAL MODEL 

components or subsystems^r^identified 1 ”^^' several system 
created for each of these subsystem^ 1 a se P ara te model is 

in the present work are thermoelectrioe^h s ^ bs y st ems considered 
radiator, pump, reactor, and^ipinaf The®** e ? chan 9 er / 

ihr- f ° r I ,Ulated by lin )cing all of P thIse subSvf?^ 1 ®^ system ®°del 
through an overall system he*i- K J bese subs ystem models together 

model describes the p^lorSanoe aid"^, T |; e resulti "9 system 
entire system. nd ® ass characteristics of the 

algebSic^aUonl! °Lncl TeT^ltlon^ J".* set ° f "—linear 

solution of the system is not str^nhff 11 Set ls non “linear, the 

algorithms are required to itorafi ^® rwarc ^ and numerical 
solution. quired to iteratively determine the system 

snown m Figure l, including th^idln^ 5?*^ SyStem se< 3*ent is 

th^h primary and secondary loop fili^i?" ° f f tate poin ts 
the heat source for the system 7 anrt P ,'5 l0W p f bhs * The reactor is 
primary loop of each segment. ' ° d At su PP lles heat to the 

temperature y in^refse g of h the°p?ima^ t l inPU ^ int ° each se 9» e nt, the 

reactor can be calculated ?Ms temnfS/ 1Ui< ? throU( ? b bhe 

This temperature increase is given by 


QRCT-PLs/n SEG = nipCp [ T P1 - t P3 ] 


“ here: W " ro^ps 1 ^ 16 rea ° tor *“* i"Put to the primary 

“T - the primiryToop wfrkina r f f^* rtS in the s y st *™ 

=p - specific heat o? 

Pi* 6 . P3/Sl?fs3 ^are d^&TIs^ -ate points 

unknown? PUb/ ^ 311 ° th - state T » 

in each segment, the primary loop working fluid flows 


( 1 ) 
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directly out of the ^| c ^°f m a?5°loop into'the 1 seiSnda?y P loop.^ 
is transferred from the P rim Y P .. thermoelectrics in the 
portion of this heat is; “ nve £ h / a ^f« e nce between the heat lost 
pump into electrical po . aa 4 ne a bv the secondary loop is 

KeSS ^rTro“It^^he b Up. An expression for 
this power quantity is 

_ . - - rrn _ *P_. 1 ( 2 ) 


mpCp[T P1 - T p2 3 - Pe-pump + % c st T s 2 ” T si] 


where: 


p = electrical power produced within the pump 

e pump seC0 ndary loop mass flow rate , 

c‘ ; specific heat of secondary loop working fluid. 


After exiting the pump, the primary loop working fluid ^ 

enters the hot side heat exchanger (HX).*l e rred from the fluid, 

hot HX, heat from the primary ? . the secondary loop fluid, 

throuah the thermoelectrics, and into tne seconua^ ^ 

The heat flowing through the “ e ™°®^“t?ic devices. The 
temperature gradient across th primary loop heat input 

thermoelectrics convert portion of heat 

into electrical power. within the HX package of each 

travels into the secondary loop. Within “e"* p \ he primary 

segment, the 1 ^o^ary loop is the electrical 

loop and the heat gained by th relationship for this value is 

power generated by a segment. The relationsnip 

given by 

m p c p [T P2 - Tp 3 ] - P E -TE + % c s[ T sj - T s2 ] (3) 

where P E . TE is the electrical power produced by a single segment. 

The ouantity of heat from the primary loop that passes into 
the secondary loop must be rejected from the system as waste 
heat. The amount of heat rejected per segment, Qrej-seg* 
determined by 


Qrej-seg m s Cg[T S 3 T S i ] 


(4) 


heat exchangers, pipings, airadiator mist be determined. Once 

ss-sss 

p?essSrfdrop AU P of those arc ^pressure 

drop°equations^and P linking e them together. The details of this 

phase are provided in [1]. 
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input 636 ! 3 ” unkn °"ns S and the^emaining 0 ^? 190 P ara ”eters; ej 
input. m general the lnput par ^«9 101 parameters are system 

Material e properties^of f svste Ce -dements 

3 . Dimensional specifications of ^“e^ components 

°v a So e us" a t“m e pe a ^er h el i* the s ^ ta » total 

drops are also calculated. P Ures ' heat flux, and pressure 
OPTIMIZATION ANALYSES AND RESULTS 

design variabLsEutEfEoyEJstem ? ara ® eters were selected as 
k 1 and cor *sidered to have siani??)! tS Z f They are iisted in 
to th^ aS6d ° n en 9ineering judgments'^nd^t-n”?^ ° n total system 
pper and low er boundson the^^f ^ tlons ‘ In addition 
which represent physical constrainf 6S ! design variables, most of 

manufacturing, two additional consfra^f t0 ass embly and 

effii” Valid system * The first constraint J r ® * m P° s ed to avoid 
££2*?? ° f a thermoelectric that the 

exceed the maximum theoretical 0**4 f? Wlthln the system does not 
device [3]. The second f 6nCy ° f a thermoelectric 

in the cold secondary loop remains l ? SU v» S w tbat the working fluid 
temperature to be gr^te^T^ ^g^o 1 *?^^ *?■ 

design wasEstablishedEy Eki!? Ptin,i ? atio ? studies, a baseline 
produced a total system mass ofEEls"^ 1 ^ 9 ^ udgitl f nts / which 

,oi:> K 9 as shown in Table 2. 

^JmEJidnration I is t Eried tU wh f f °E y the desi 9 n variable 
remain fixed at thei^bSSXi v!£Es 1 ° ther de3i * n v^i^les 

interdependenciesEetweenEllEfEh E cons ider the 

not produce true optimum d^sin^ th S design variables, they do 
worthwhile endeavors si^ce A*n V ®5 they are still 
problem and also the sensitiSitvEf p 5 ovlde some insights to the 

area) 1 ? —ive“ti ^5!=^?“ 

^et h &ctric subsyst^ mass ?s er ^i ned E®" the ^crease of 

^ ad iftor and pump masses. Fr^ Fi aurt i™?** by the de crease in 
penalty associated with decrEni^EK l J 13 seen tha t the mass 

° re SeVEre th “ tha P- a ^y reia n ?ed th t e o h f“ r e e a X s C ?n g n9 ? h r e a a rP e a a : S 
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. , « f „ f ; nn a multivariable optimization program 

Mnl tivanahl * Sed SS^d Gradient Method was used to optimize 

th^systei^producing a design having totai^ase^.OS^Kg^ The 
and i I n reIpiSi?el^ Ue it a is noted that most of the mass reduction 

increased. 


CONCLUSIONS 

A mathematical model was created to simulate a space power 

system, with 13 variables chosen as design variables 

^ional Par-etric study and multivariable c OP veness ^ 

optimization tfcL^es »n a realistic and practical -rgy^ ^ 
system. The Parametric studies also Pjavide^ ^ ^ variations 
the problem and ^sensitivities J f the mathematical 

of design parameters. Further reii , . variables is 

model combined with increased number of design variables i 

suggested as future study. 
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Figure 2 

HX Face Area vs. System Mass 
(Parametric Study) 

Table 2 

Multivariable Optimization Results 


Variable 


Baseline Value 
0.4 


Optimum Value 
0.253 


d p 

cm 

2.0 

3.65 

d * 

cm 

1.5 

3.25 

d re 

cm 

0.6 

1.5 


m 

0.2 

0.424 

1 c 

m 

4.0 

5.0 

m 

« 

kg/s 

0.79 

0.648 

m 


1.0 

1.26 

A 

mm 2 

18.75 

19.7 

v . 

cm 

0.2 

0.374 

v e 

cm 

0.15 

0.227 

v . 

cm 

9.3 

0.404 



1.0 

0.88 


Total System 

9515 Kg 


Varlabl* 


Table 1 

Selected Design Variables for Optimization 

lbU 0«cHptlan " TZ! - - 


Sound* 

low Upper 


NX foe* «r«« 


UilCt 

.2 


d P 

Prfmry loop pip* dim. 

0.5 

4.0 

c 


Secondary loop pipe dim. 

0.5 

4.0 

oa 

*10 

D«pth of th«mocotpi.« 

0.5 

1.5 

oa 

l £ 

Radiator evaporator langth 

0.1 

0.5 

• 

l C 

Radiator condanaar langth . 

2.0 

5.0 

■ 

*1 

Secondary loop mat flow rat* 

•*% 

1.2» 

p 

fcg/a 

■ 

reaUtanca ratio 

0.5 

2.0 


A 

Ar«a of a tingle thermocouple 

10.0 

30.0 

m 2 

V M 

Mot KX postage height 

0.1 

5.0 

a. 

v c 

Cold KX pataage height 

0.1 

5.0 

a. 

v l 

Radiator djct pattaga halght 

0.1 

5.0 


$ 

Thermxoupl# lag *r«a ratio 

0.5 

2.0 

• 


Component 


Table 3 

Component Mass Per Segment 

®^seline Optimum 
— Case _ Design 


Wiermoelectric Power , 

Conversion Subsystem 62 * 7 29 *5 

Hot Heat Exchanger 5,9 ^ 

Cold Heat Exchanger 13.4 8 ? 

Radiator , , 

138.6 111.7 

Pump 

432.8 27.0 

Primary Piping system , 6 ^ ? 

Secondary Pi ping system 9.9 20.9 

Total Hass per Segment 672.9 Kg 218.2 Eg 

Mass of 12 Segments 807S Kg 2618 Kg 

Mass of Reactor 14.0 v „ , .. 


29.5 

4.7 

8.7 

111.7 
27.0 

15.7 
20.9 


8075 Kg 2618 Kg 
1440 Kg 1440 Kg 


4058 Kg 


Total System Mass 


9515 Kg 4058 Kg 
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Abstract: The optimal topology of a two dimensional linear elastic body can be computed by 
regarding the body as a domain of the plane with a high density of material. Such an optimal 
topology can then be used as the basis for a shape optimization method that computes the optimal 
form of the boundary curves of the body. This results in an efficient and reliable design tool, which 
can be implemented via common FEM mesh generator and CAD type input-output facilities. 


1. Introduction 

Traditionally, in shape design of mechanical bodies, a shape is defined by the 
orientated boundary curves of the body and in shape optimization the optimal form of 
these boundary curves is computed. This approach is very well established (cf. review 
paper by Haftka, (lj) and commercial software using this method is available. The 
boundary variations methods predicts the optimal form of boundaries of a fixed, 
a priori chosen topology. However, it is well known that the topology is a very 
important element of the final performance of a mechanical body. As an alternative to 
the boundary parametrization of shape, a mechanical body can be considered as a 
domain in space with a high density of material, that is, the body is described by a 
global density function that assigns material to points that are part of the body. By 
introducing composites with microvoids, such shape design problems appear as sizing 
problems for fixed reference domains, and a prediction of topology and boundary shape 

is possible ([2]-{6]). 

The material density approach should be seen as a preprocessor for boundary 
optimization and by integrating the two methods a very efficient design tool can be 
developed. In an integrated system, common CAD-style input-output facilities can be 
used as well as a common mesh generator for the FEM analysis. Interfacing the two 
methods by a CAD like (based) module added to the input facility for the boundary 
variations method, allows the designer to actively control the information used and 
such interactive possibilities have been found to be very important. 
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2. Topology optimization 


or the topology optimization we minimize compliance for a fixed, given volume of ' 

Z T’J" d USe “ ° f matCTial “ thC deSig " Variable ' The da " si ^ of material 

and the effect,ve material properties related to the density is controlled via geometric 

vanables wh,ch govern the material with microstructure that is constructed in order to 
relate correctly material density with effective material property. 

The problem is thus formulated as 


min L(w) 

so: a D (w, v) = L(v) for all v g H 

Volume < V 



where 



f v d Q + 



t v d r 



a °( w ’ v ) - J n E ijk|( D ) tjj(w) t kl (v)dfi . 


(3) 


ere, f t are the body load and surface traction, respectively, and ,,, denotes 

.near,zed strains. H ,s the set of kinematically admissable deformations. The problem 

,s defined on a fixed reference domain n and the rigidity E ijkl depend on the design 

variables used. For a so-called second rank layering constructed as in Fig. 1, we have a 
relation 


E ijkl 5 7, #) 


(4) 


Where p, j denote the densities of the layering and t> is the rotation angle of the 
hTvT'” g The relatl ° n <4) Ca " computed analytically ([3]) and for the volume we 


Volume = \iP +7- m) dfl (5) 

The optimization problem can now be solved either by optimality criteria methods (131) 
or by duality methods, where advantages is taken of the fact that the problem has just 
one constraint. The angle D of layer rotation is controlled via the results on optimal 
rotation of orthotropic materials as presented in Ref. [7]. 
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II turns out that this method allows for the prediction of the shape of the body and it is 
possible to predict placement and shape of holes in the structure. 


3. Integration 

In order to finalize a design obtained by the material density approach, it is reuired to 
optimize the final shape of the boundaries of the optimal topology. The choice of initial 
proposed form for the boundary optimization methods is usually left entirely to the 
designer but the material distribution optimization gives the designer a ration as 

for the choice of initial form. 

Interfacing the topology optimization method with the boundary variations method 
problem of generating outlines of objects from grey level pictures. A procedure or an 
automatic computation of the proposed initial form for the boundary variations 
technique could thus be based on ideas and techniques from image analysis and pattern 
recognition. For the examples presented in this paper, the outlines for the initial 
proposed form were generated manually thus mimicking a design situation where t e 
ingenuity of the designer is utilized to generate a 'good' initial form from the topo ogy 
optimization results. The term 'good' in this context covers considerations such as ease 
of production, aesthetics etc. that may not have a quantified form. A reduction of the 
number of holes proposed by the topology optimization by ignoring relatively sm 
holes exemplifies design decisions that could be taken before proceeding with t e 

boundary variations technique. 


4. Boundary optimization 

Once the optimal topology and initial boundary shape is defined, the objective is to 
refine this initial shape, such that the von-Mises equivalent stress in the body is 
minimized, subject to a resource and compliance constraint: 


min max a tq 

0<D x€fi 

so: Equilibrium 

f dn < v 

Compliance < ? 
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Here D denotes the set of admissable boundary 
geometric constraints. 


shapes, defined through local 


™ sp“ ™ For 1“ teChniq “ e ' WUh Shape S “ 8itMte via 

required and/o^thL reason eTTK^ ^ P " d " * 

for the Hu w k- ■ ’ S eqw ibnum ,s defined via the stationarity condition 

™ ple ?• "r a ^ n,,ed 

for the mixed analysi! probLm TUs ““ ^ pr ° redure 

of the boundary optimiaation thus “ emP ' 0,,ed “ ^ iteration ste P 

shape modification process [5].' In order to camrfoT^e n T ,hr0Ugb ° Ut 

predicted hv th* ^ i 1 1 f the non ~ sim Ply connected domains 

.“rrrs ysrrr - - <—. 

boundary onti mi „,' / nemeshmg ,s a crucial element in the 

allows for the to d “* “ d t0gether With the use of 4 mixed FEM method, 

nodes alone the d T m ° ve ™ents to be parametrized by movement of the FEM 
noaes along the design boundaries ([8]). 


5. Examples 


ma 8 tenIl 2 d^ h, Sh0W structures optimized through the 

ZZ aC ” me,h ° d “ * ,he variations techniqL, as 

for tto toit’ thC t0P ° l0Sy ° ptimi2f “ ion resuits i” very good initial forms obtained 

Changes occur dtinlT'lT ‘ eCh ° iqUe - Generally ' on| y small and localized design 
uianges occur during the boundary optimization. 

lttt„ y ’so l mer imiZati0n k 0f ‘ he StreSS leVe ' <iUrinS the ""“tar opinion also 

tTetl'alTrmt: ;” the bUt thiS iS “* —ted as the drawing of 

... me topology data constitutes a not insignificant pertubation of 

the minimum compliance design. 6 Pertubation of 
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MICRO-SCALE 2 


FIG.1. Construction of a 
layering of second rank. 



FIG.2. Optimal design of a beam. A: Optimal 
topology with outline showing reference 
domain. B end C: Initial and final design 
using the boundary variations method. Two 
blocks are used for the elliptic mesh 
generator. Only the boundaries of block 1 
can move. The maximal stress is reduced 
by 55. 7 % and the compliance by 7.3%. 

Block divisions are shown as hatched, 
bold lines: design boundaries as bold 
solid lines. 
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INTRODUCTION 

The Cosmic Background Explorer (COBE) Spacecraft, developed by Goddard Space Flight 
Center (GSFC), was successfully launched on November 18, 1989 aboard a Delta 
Expendable Launch Vehicle. Two of the three instruments for this mission were 
mounted inside a liquid helium (LHe) dewar which operates at a temperature of 2 
Kelvin (K). These two instruments are the Diffuse Infrared Background Experiment 
(DIRBE), and the Far Infrared Absolute Spectrophotometer (FIRAS). They are mounted 
to a common Instrument Interface Structure (IIS) and the entire assembly is called 
the Cryogenic Optical Assembly (COA). Figure 1 shows the dewar and COA arrangement. 



Figure 1. Dewar and COA 

As part of the structural verification requirement, it was necessary to show that 
the entire COA exhibited adequate strength and would be capable of withstanding the 
launch environment. This requirement presented an unique challenge for COBE because 
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jocted%o“launch {300 . K) ' cooled to 2 *• and ther 
not be done because of facility limitatin 9 ^ ° f the entire C0A at 2 K coulc 
the strength verification of the COA byanalyst er ° f ° re ' Lt waa decide d to perforr 

totaled.^However, K ^lTdBr\o%LnT^ d iJ'dL }* UnCh loada to arrive at the 
transient cooldown event had to be eon*in® - H at 2 ,, K ' P ossible loads from the 
thermal/structural analysis was undertaken tn ^ a ? d eva luated. a combined 
temperature distributions and resulting®* ami " e tho cooldown event. Transient 
concern at the three major stwctur^ i"^ " dU ® t0 cooldown were of 
IIS/DIRBE interface, and the iS/fS * Z ^S/Dewar interface, the 
bolted connection that relies on friction + fa °* . Eac . h of these interfaces is a 
analysis to be a viable approach fo^^ j ° int ±”tact. i„ order for 

loads be predictable. The cooldown even? had^the^r '°\ ?, "V nec ® 33ar y that the 
temperature gradients which could result ^n ioin? 141 f ° C ge " eratin ^ large 
interfaces during cooldown would introduce* 3ldppa 9 e - Slippage at the 
the analytical predictions .3 Vu ? L „ ^ i condition and invalidate 
analysis. The cooldown analysis was und®?*J* Pproach f ° r strength verification by 
no slippage occurred, therefore, no unpedicttol/Ios^ would ' h,t 

overall tem^erat^e^ra^ u^e^f* ?*" * C ° mpleX ta3k ‘ The large 
properties for both the thermal and *tr- «?* ? temper ature dependent material 
temperature dependent of <?• *"*lyaia. The 
as well as from specific in-house P te . t i n „ * obtained from References 1 through 7 
transient temperature distributions throuehM^h"*™* ”1®, t* 1 * 1 ”*! analysis provided 
incorporated the results from the theS * whila tha structural analysis 
loads. the thermal analysis and then determined interface 




Both a transient and steadv-statn , j 

study determined the COA time-temperate ^ro/il* 7"* conduct «d. The transient 
from room (300 K) to LHe (2 K) tenJXrature* rtf-^ d t" 9 5*® * roundh °ld cooldown 
cooldown were provided bv the Crvnrron • * e c * owar boundary temperatures during 

b.s.d on flight d.w.r UlSncTt’ £?? •“Propulsion Branch at th. GSrc and w.e 

staady-stat. ««p.r.tur. distribution uithWSh 
thermal models 

^randT'Ih^ni^^th ^ode 1 * S^l^the*^alysis were a geometric math model 

temperatures, and material properties determJeV^ . 

negligibi^.'^'Howewr? n ^radiation ' f “? radiatio » exchange is 

for a temperature range of approx^telv 7 ?£\ 00 ^ ^ ^ tran3fer ^twork 

the COA had to be generated in order to accuratelv r^d^l ^hToH , r *P«sentation of 
processes which occurred in this curately model the physical heat transfer 

this purpose was the Simplified Snfr® d ^ Th ® con « :,u t®r program used for 

(Reference 8) assumes tSt tht radiation'Thermal^ Analyzer (SSPTA) . SSPTA 
determines configuration factors^based on ^h? mortal 00 p#rcent SSPTA 

proporti.. sr. th.n introducd to"htlirlh. 0 l.<^lio„ 0d cVup?i*„ 0 ,T" y ' 

wiJss/cUSus 3 ~d , .\ir c ' u ii«s i ?i!' c !* iis ' dirbi! ' •“ ««« mo 

from FIRAS, the upper and lower Since the IIS photon cover separates DIRBE 

thoceby educing th. co^ut.t tun 
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are shown in figure 2. Emissivity values of 0.75 and 0.10 were assumed for all 
black anodized and bare aluminum structure, respectively. Based on the results of 
a preliminary cooldown analysis (December 1983) most of the primary structure was 
black anodized to enhance radiation exchange and thereby reduce gradients. 



rigure 2. Thermal Geometric Models 

The approximately 400 node TMM, which was used to predict temperatures, was 
generated in the Systems Improved Numerical Differencing Analyzer (SXNDA) format. 
SINDA (Reference 9) is a finite differencing program which defines a thermal 
network, manipulates solution arithmetics, and specifies output of results. The 
program requires the user to specify a network of thermal modeling elements unique 
to the physical problem. These lumped parameters include nodal thermal masses, 
conductances, internal power generation values, radiation couplings, and boundary 
temperatures. In cryogenic modeling the conductivity and specific heat of materials 
are highly temperature dependent. Interface conductances are also functions of 
temperature. Values, determined by testing, are stored in arrays which reference 
them to the associated temperatures. The correct material properties are determined 
during each iteration by linear interpolation of entries in the arrays. 
Conductances of critical paths were verified during COA cryogenic testing. 

The solution network routine specifies the type of finite differencing technique and 
convergence criteria to be used. For the steady—state analysis "STDSTL" was chosen. 
In this routine the finite difference equations are solved iteratively by the Gauss- 
Seidel method. For the transient cooldown analysis "FWDBCK" was used. This routine 
uses a forward-backward differencing technique with the general quartic formula. 
Convergence for both of these routines was based on both a temperature relaxation 
criteria and a desired energy balance with maximum values of 0.5 mK and 0.1 mW, 
respectively. 

THERMAL RESULTS 

suits for the cooldown analysis were generated in the form of time-temperature 
profiles of all SINDA nodes. Of particular interest was the gradients at the 
IIS/Dewar, IIS/DIRBE, and IIS/FIRAS interfaces. Figure 3 shows the average 
temperature gradients across these interfaces. The cooldown profiles, along with 
steady-state prelaunch temperatures, were used as input for the NASA Structural 
Analysis (NASTRAN) study. 
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NASTRAN MODELS 


STRUCTURAL ANALYSIS 


variety of en5ineering P pJob!Lr iCh i n US o e r S d ^ finite eiem * nt method to solve a wide 
model of the structure in question ? ° rder . to »»« this software, a finitl e!.^ 
and COBE instruments were obtained t 3 r ®piired. NASTRAN models of the COBE d» 

—~ ss s£ 

dissimilar vertion^ o/nastwu? fl ?h different organizations, they were formatted • 
Analytics Incorporated (nf ^1, * models had to b ® converted into t h«^ “ 

model coupling technique was used” '° f *** STRAN 3in ce a UAI/NASTRAN (Referenced) 
aubstructuring, allows fn P , h * * d the analysis. This techniiu! v 0> 

COA structure had been analyzed. C th if one lar g« NASTRAN model of the 

rigtd e ere h men 0 t d 3 el wer“ elen » nta -“eh as bar offsets or 

-Sc^ * 

exceeded. Also 9 / Zf *° a ” Ure “t*±* stiffness^^ior^re^ 

ele^t expansion, rigid body motion TtYffnesV’r^iTh e “ Ch model to verify proper 
elements. The final check was to verlft' Zt eq “ ilibrium a «d adequate geometry of 
grids for connection to the other modeJ ® 61 contain «d the appropriate 
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Dewar lUmAM IMtl 


Dim NASTIM Mil 



APPLYING TEMPERATURE DATA 


Time-temperature profiles from the thermal analysis were provided to the structures 
aroup. These profiles were utilized to predict the appropriate time »t«P s to 
perform the structural analysis. For this analysis, the temperature distributions 
at the time steps of 5.5 hours, 6.083 hours, 19.25 hours, 28.5 hours, 30.5 hours, 
and 34.5 hours after start of cooldown were applied to the combined COA model. 
These time steps were chosen by reviewing the temperature gradients across the 
interfaces and taking into account the thermal expansion coefficients of each 
material as it varies with temperature. In addition to the six time steps chosen, 
one case was run which applied a temperature of 2 K on the entire structure. This 
run was used to check the interface loads that remain after the completion of 

cooldown. 


To properly apply the predicted temperatures to the structural models, a direct 
mapping of the SINDA thermal nodes to the NASTRAN structural grids was performed. 
The geometric equivalent structural grid was assigned to each thermal node and then 
the node's temperature was applied to that grid. The thermal and structure groups 
worked together to select and assign the mapping equivalence. 


A FORTRAN program was developed which simplified the procedure of reading the 
temperature data, searching for the corresponding grid, applying the temperature 
data to the grid, and formatting the information into TEMP cards which could be read 
directly by the NASTRAN Thermal Analyzer {NTA) . The NTA (Reference 11) was used to 
interpolate between known temperatures and calculate the temperatures of all the 
other grids in the structural model. Non-linear temperature interpolation was 
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chosen since the thermal conductivities * 

temperature. The NTA produced a t-tzt of each "“terial were input as a 
graphics plots were developed In t ^ eratur ® distribution for ea!£ tile \len ° f 

^ trlb “ tion5 applied to the models. * These^lots u ” dorscandl ”« °< the teaqUrature 

p and - a sulc„„ pl l”ph”r=7 £??&*.■3S the PATBAN 

interface loads computation 

Once all the temperature distrihnt-i 

arranged into UAI/NASTRAN substructurin« Wer * knOWn from the NTA > the models were 
IIS/DIRBE, and IIS/FIRAS interlaces a^k , 1 ° ° btain the loads at the HS/lewal 

dewar translat ional DOF connection, except th- 1 ^ lo f atl0na were represented by a 
dewar external tank which was fixed in aii ^? war 1x1681:1141 tank interface to the 
“” d *" th ‘ analysis were input >11 material ^ 

Table 1 lists the maximum interface i , 

each interface. The maximum loads we™ ™ ° b . t *f n * d b » “MTRhN during cooldown for 
l.t.r .1 load, for each bolt. TableT V th * ~ot-sum-squ.r.d of tS two 

at the maximum load occurred and the tenner**- catea the time «tep during cooldown 
The maximum loads for the IIS/DIRbe on either side of the interface 

maximum load for the IIS/Dewar interface i IS/ J IRAS interfaces are low whereas the 
du8 to a large temperature gradienf^n substantially higher. This is pria^rilv 

th| £ ^rt 3 ^ * nd contain s slightly different LS/f t0 an interface "hich has larg? 
the Iis is Aluminum 6061. a plot at m “Aerials. The dewar is Aluminum 5083 »L 

temperature for the IIS/Dewar^ IIS/DIRbf" 13 * 1 ^ al . lowable interface loads versus 

figure 5. Kith this figure and the load^.' IIS,F ™ S interferes is shown S 

loads calculated from the analysis Pr ""“ d ln “ble 1 . It is clear th.TtS 

lnt."f.*c. 0 S lc:L* f'oVti". c.^. SSrS .«*“• 

•». load, were found to be quit, low and\”e"£f“o” 


interface 


IIS/Dewar 


IIS/DIRBE 


IIS/FIRAS 


Table 1 . Maximum Interface Loads 


MAXIMUM LOAD TIME AT MAX 
(lb) LOAD 


1236 


300 


483 


6.083 Hr 


20.5 Hr 


6.083 Hr 


HUtMU MTnsifw 
- UM 


TEMPERATURE 

(Kelvin) 


IIS-241.8 
Dewar-225.4 


IIS-77.9 
DIRBE-90.9 


IIS-244.3 
FIRAS—255 .2 


KELVIN LOAD 
(lb) 



T» TT K 
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test discussion 


Several codldowns of th. COX ”” ,£*££” 10 "^ £U,ht da'-a^ 

culminating with the cooldown of the C °* * x Un i t (TS U) of the COA in a 

The first cooldown was done using a ns/Dewar interface was instrumented with 

LHe instrument Test Dewar (ITD) . The . , ll¥ £or t he first cooldown, the 

taaparatur. sensors tor .11 cool^wno and oddi^onally, ggges Ih . 

TSO/COX ».a »ith .ddroion. «*P ^ cooldo>m curv . that had been 

intent for this first test was w rate proceeded more rapidly 

used in the analysis. However, the initial ^abilized for a long 

than anticipated. After about our . the IIS/Dewar interface showed 

period before continuing. ^^ na ^ ion i n the predicted interface load 

a maximum temperature gradient that percent. Locations that were 

exceeding the allowable to preventby^ perc^ ^ pQunds p. E sq uare 

instrumented with strain gages “^owed s £ approximately 3000 psi. Upon 

inch (psi) compared to the model fictions of *PP^ x nation Y showed no signs of 

removal of the COA from the 1 » V . ns/Dewar interface. Based on the 

structural damage or evidence of slippage a eoo iciown enhanced procedures and 

operational experience learned from the ^“t ^oldown, enna p dewar were 

methods were adopted and all subsequent «°ld°w"» £ Re used for the analysis. 

performed at rates that were less * han 1985 ITO cooldown, the analysis 

Figure 6 shows the cooldown curves for the April 1985 ITD co 

sSrs ;S 

allowable gradient which would cause slippage 
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Figure €. Cooldown Curve* 


CONCLUSION 

Th. cooldown analysis prodicted t^TcoT “S^Tn lit 

areas related to the structura v r _ taken to better control the cooldown 

results of the cooldown analysis, step gradients and interface loads, 

process which in turn minimized in u ® flioht dewar provided assurance that 

The very slow cooldown of the condition, strength 

no unpredicted loads would be present ! !n!«eptable approach, 

verification by analysis was considered to be an acceptaoxe w 
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DESIGN OPTIMIZATION AND PROBABILISTIC ANALYSIS OF A HYDRODYNAMIC 
» JOURNAL BEARING 

, 1 ALEXANDER G. LINIECKI 

MECHANICAL ENGINEERING DEPARTMENT 
SAN JOSE STATE UNIVERSITY 


Abstract 

A nonlinear constrained optimization of a hydrodynamic bearing was performed yielding three main 
variables: radial clearance, bearing length to diameter ratio and lubricating oil viscosity. As an objective 
function a combined model of temperature rise and oil supply has been adopted. The optimized model of 

the bearing has been simulated for population of 1000 cases using Monte 5 s ^ ca . 

appeared that the so called “optimal solution” generated more than 50% of failed bearings, because their 
minimum oil film thickness violated stipulated minimum constraint value. As a remedy change of oil 
viscosity is suggested after several sensitivities of variables have been investigated. 



Marks an^others Auth ° rs Mc. Seircg, Ezzat, Bartel/ 

“ncnon involving heat generation, bearing size, temperanl nsc eiJ ^^ t0 minimize some objective 

£3 of engineering design problems and includes 

perfotmance of modem h?gh speed[rSng C ° mplex relation ^ips The 

journal bearings. Each one of them presents a comokx thS^m^i ^ ? tent on P^Iy designed 
many competing objectives. Using computer JdSflmnrr,t^ J aniC ^ system 1x1 which there exist 
engineering constraints which should not be violated One Sf rSf®”* ““SS? 8 w e encounter many 
numencal optimization based on equations devdoSd bv«T known tech niques is the 
parameters from Raimondi and Boyd’s numericalMlufen g thc D numerical solutions of various 

hydrodynamic bearing. This num^id^SI^bS^iSSl™ 5 fold’s equation of 

automated^earch foToptinuifdesign 1 use^mddydete^^^ 1 * 1 co ^Son^fjoSitfSSngl *Tht 

stochastic behavior. It showTthefrtdity of t^^ l! bCaring model with its 

the main parameters is ignored. As an example a journal iK? ? esi {? 1 ^ th e probabilistic variability of 

bad W = 3 °0° ihs., nominal di ameter D .4 P in ;J d roteri^d s^an? 1 n CtC< ! ^ afwedconstant 
Three design independent variables were defined: spced at N = 80 rev/sec. 

!• Xj = L/D - length to diameter ratio 

2. X 2 = C r - radial clearance 

3. X 3 = ^ - absolute viscosity of lubricating oil 

There are several objectives which can be pursued in bearing design: 

1. Minimum oil temperature rise in the bearing 
3 01 flov T rate re Q uir ed for adequate lubrication 

3. Minimum power loss in the bearing luoncanon. 

Maximum of the minimum oil film thickness. 

objectives 1 and i*" 0 ” f ° r opdmum desi gn has been selected as a combination of two competing 
The objective function model F = AT + 8Q includes minimum oil temperature rise A Tin th 

weighting faotor^fg! ^ ° f ^ Q ^ duel hydrodynaJi: llagl * iT” 

^w&fSlow^ of oil flow and temperature 


1. 

2 . 

3. 


T°^^°n 5 in WherC: h ° iS thC minimum oU flJ m thickness, 

ql 002 inhere- 1, ^ ** highCSt lem P eratu ^ of the lubricating oil in the bearing, 

Cr = PB-Ps 
2 

Dg - bearing diameter 
D s - shaft diameter 
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4. .25 £ L/D <, .50 where: 


L - bearing length 
D - bearing nominal diameter 


5 p <, 4000 psi where: is the highest oil pressure developed in the lubricating oil film, 

6. .5E-6 reyns where: |i is the absolute viscosity of the lubricating oil film 

7. h Q £ .15 C r for adequate loading of the bearing 

8. .15£S £ .01 where: S is the Sommerfeld number, a nondimcnsional reference variable in the 


form: 


S= f-D-\ /-UH 


where the new parameter P is the load per unit of projected bearing area: 


p = _W_ 
DL 


(psi) 


There are 6 other constraints of minor importance. 

Seireg and Ezzat [1] presented a series of curve fits for the full 360* bearing as : 


.0922 


.913 .655(L/D) 

h Q = 1.585C, (IVD) (S) 
for minimum oil film thickness, 

.139 

374 .695/(L/D) 


(inch) 


AT = .5/(L/D) (P)(S) (*F) 

for temperature rise in the oil film, 

.62 .24 

P max = p /- 76 (L/D) (S) (psi) 
for maximum pressure in the oil film, 

.47 

.048 .1(UD) 

Q = DNQL/.256 (L/D) (S) in 3 /sec 

for the quantity of oil fed to bearing. 

These equations are valid for the range of Sommerfeld Nr in the range: 

O £ S £ .15 

The objective function and all constraints are extremely nonlinear. The optimization process was 
performed using numerical code based on the Hooke-Jeeves pattern search method This method which 
includes step size acceleration-deceleration and flexible penalty funenons has been developed by C. . 
Radcliffe at U. C. Berkeley. 

The initial guesses of independent variables were: 
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Xj =L/D = .300 
X 2 = Cr = .002 in. 

X 3 = 4 = 1 .E -6 reyns 


with objective function evaluated as: 


Here temperature rise was: 


F = AT+ 8 Q= 119.13 


and oil supply: 


AT = 90.55* F 


After 629 function evaluations the 
independent variables as: 


Q = 3.64 in 3 /sec 

converged soludon reduced the initial value of F and established 


F = 92.66 
L/D = .3694 
C r = .002836 in. 

4 = .7997E-6 reyns 

The oil temperature rise has been reduced to: 


AT = 40!38*F 

but the oil flow has been increased to: 


Q = 6.535 in 3 /sec 

None of the 14 constraints has been violated. 


high risk of bearing^failure'exists^FOT optimal 


i D came out as: 

h 0 = .00035 in. with eccentricity ratio: 

£ = .8766 


stS d hTh P °^ nt Procedure has^n apph^na^i^ toe^timi^ !* cnfomial ly con duded. Now 
stochasuc behavior assuming a large se riesof be^ngs^'thepS^p^"® W “ tCStCd for its 

to obtain the variabilityS^S has ^ Performed in order 
following tokr^ic« have^en establishedT 13 ^^ 5 ^ assumed for th e optimal design case. The 
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L/D = P-L/D ± 5% = P-UD ± 3a UD 

C r = |J. Cr ± 10% = Pc r ± 3<?c r 

P- = Pmean ± 10% = ^mean ± 3 °p. 

Each tolerance field encompassed 6 standard deviadons which ^slated into numbers gave the following 
normally distributed set of independent variables at optimal solution. 

X! = L/D = NQW Cud) = N(.3694; .006156) 

X 2 = C,. = N(p. Cr ; G Cr ) = N(.00283; 9.453E-5) 

X 3 = p = N(p mean ; G^) = N(.799655E-6; .26655E-7) 

At the same time minimum oU film thickness h 0 became a stochastic funcdon of above mendoned 
variables: Xi, X 2 , X 3 . 

1 .0922 

.913 .655X, 

h 0 = 1.585X 2 X 1 (S) Where: 

S ‘ («) M 

For each variable two independent random numbers R,™. Rj® were generated 1000 dmes in the ranges: 

0< RjO) < 1 
O < Ri® < 1 

and then used in each variable X, normally distributed. From Gaussian probability density function for 
variable Xjt 2 

_ 

20: 2 


f(Xj) = 




the inverse transformation for X| has been used as: 

x = ji i+ V -21u RjW 1 cos (2n R^>) Cj where: 

jl‘ - mean value for i-th variable. 

A histogram of h 0 was generated from the population of 1000 cases of produced bearings ( figure 1). 


382 



Bounds on X 
Louer = 3.093914E 

Upper = 3 -842S46E 


.00035 in. 

I nterva. 1 

figure 1 


From this histogram the range for h rt is: 


-04 

-04 


3.0939E-4 h Q < 3.8426E-4 inch 
2 S ^“S“L' hat m ° re 50 * ofthe P-duced bearings wt„ have to be rei 


rejected because the 


h 0 £ .00035 has been violated that many times. 

That would produce an economic disaster fXr k- • 

distribution has been achieved by modifieatin f 5 manufac,urer - The improvement of the h. 
which the sensitivity of h 0 wlsl htberi *,■ *2- *3 for 

At the optimum point for objective function: 


^*min AT + 8 Q 


sensitivities were numerically determined as: 

dh n 

d(UD) 


= 1.4710E-04 
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_2_ = -2.2914E-02 
9(C r ) 

= 327.8 

9(H) 


. . . the elected oil viscosity affects mostly the of h Q population of 1000 bearings. 

Required corrcction'of the oil viscosity can be found from the simple relationship obtained from the first 
term of Taylor expansion: 


Ah 0 _ d h o A(A so that 
d)A 



Here the value of correction Ah 0 is found from the difference: 

A ho — 3.5000E-4 - h 0 ^ 0W j 


selecting new low value for h 0 as. 


h = 3.2000E-4 the oil film thickness correction is: 


Ah 0 = 3.5000E-4-3.2000E-4=.3000E-4 inch 


and correction in viscosity of oil: 


Ap = ^nnOE-4 = 9.1463E-8 reyns 
327.8 


The new mean oil viscosity became. 

Hncw - Hold + ^H = 7.9970E-7 + .9146E-7 = 8.9U6E-7 reyns 


with the standard deviation: 


a = .29705E-7 reyns 
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Once again performed Monte Carlo simulation 
significantly to the right (figure 2) so that: 


revealed shifting of the range for distribution of h 

o 


3.36690E-4 < h 0 £ 4.09534E-4 inches 

with mean value: 




h Q = 3.73740E-4 inches 
The new modified temperature rise is: 


AT = 39.83 *F 

and required oil supply 

Q = 6.494 in 3 /sec. 


f f(h ) histogram 



Bounds, on X 
Lower = 3.: 

Upper = 4.1 


is Interval 

figure 2 

-04 

:-G4 




i 


Results of numerical optimization and stochastic simulation are displayed on Table #1: 
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TABLE #1 


Initial mean 


Optimized mean 


Stochastic Improved 


Par 


L/D 

.3000 

.3694 

.3694 

c r 

.00200 in 

.00284 in 

.00284 in 


l.E-06 reyns 

.7997E-06 reyns 

.8911E-06 reyns 

AT 

90.55*F 

40.38‘F 

39.83*F 

Q 

3.57 in 3 /sec. 

6.53 in 3 /sec. 

6.50 in 3 /sec 

h 

3.20E-04 in 

3.50E-04 in 

3.74E-04 in 

o 

S 

1.280E-01 

7.058E-02 

6.268E-02 

e 

.84 

.88 

.87 


1 The optimization of a system based on a single case of deterministic mean values of its parameters is 

mvcals the necessity of changing of some resul, parameters 

of optimal design for improved performance of the population. . • simulation delineates a 

3. Using modem computing power in two areas: optimal design and stochastic simulation, delineate 

powerful new research area in design. The whole process can be fully automated. 
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Approximate Minimum-Time Trajectories 

for Two-link Flexible Manipulators .~ 

-‘z-'-t / ' 

G.R. Eisler, D.J. Segalman, R.D. Robinett 

Engineering Analysis Department ± 

Sandia National LaboratoriesAlbuquerque, New Mexico 

/ / 

Abstract ^ 

b ~» “”<■ *».pp-in,... ml „ im „ m . liint tlp 

modeled with e<Beie.tLeTefemen.!e7meT. P „ttrZZ Tb ' £ 

plane. Constraints on the trajectory include boundary Pftn/ iv’ J S 7f tem w,th bendln g only in the horisontai- 
straight-line ...eking between bo^ptZ^ fc * ■-*«- — 

-———»■ — b « 

Introduction 

.. .oZT;LloZrZe h t“e’’fo'e^Zulit Z\ m 'T !*“" C ' >n ‘ , ° 1 ' ‘*“" 8 1> 

functions do no, lend themselves to li 'Jlt fiZZ' TZ“‘T<' ’T* MW P “" 
applied controls do take advantage of thTboundf io ZIZT" ^ rf ^ One would hope that the 

does not exist at the present time. P ormance, but a clear analytical directive for this 

fo. swZ^eVhZrZ^L^ Z"' 10 , l‘” l, ” i? ‘” Hi P '°; id '“PP' 0lim “' PP“”>*1 Porform.nee solutions 
them solution teeh».,„e" ,h“ 7Q uZ.U?7 constrain,,. Of 

proven to be . robust too fo, . - V » '"> b » di ' d » U» rod, VF02AD, 

dr.wb.ck to this o, other b ' “" d h ‘ hi> ■‘“ dp - ^ 

of the performance index .nd constraint, with respect to the parameter, °” 8 '* dl '"‘ * pp, ° xi mations 

op,im j c= e p d r,:::„7^Z;z.‘ h ; f zzLttzz fo "°~ d * 

experiment. ncludes with the results of a computational 

coJZe7,zttrrLZt d .i"« r/uir, r„ rrr-“ * 

irzr,*r,t::ritdZZ^ 

study i, d/1. The complete m.nip„.,„, |, .bon, { .ill, (_, Ztd “" d “ ‘ h “ 

The Structural Model 

[11]. ThrprVwem"“,7,e b ZrZlZ!lThit\ d ^rZL 0f! 'd m “ I * li " 8 ,h ' °f rotating structures]#] [ 10 ] 

of *», order impo,.„ee in the prZZZtZlZcl ISZ’^ST " " , ;r*‘ i " 8 P '° b "”“- b ”‘ b ''””' 
the flexible link problem which must be satisfied- m «*s ^ d ^ tonall yi tbere are constraints inherent to 

of Unk, i..lt.ched to . st.Uon.7hub' Zfh ESKTT £S2i* P '- « ™ d pt lb ' ' b *>» 

.oo,di.'.r.,tr;: ! r.:'mZ d d m7.itz.t f7ri° 77'“°? ?■ cm r M <-• 

elasticitity [12], Further, the kinematic variables are selected so that J '* “ *! tradl “ 0na ! a PP roach ^ nonlinear 
motion, and non-extension) are automatically satisfied geometric constraints (fixed hub, planar 

as t^“^r^;^:;: : h piane - a * s ^rr d that the ei “ tic iin « ° f ‘ h ' ^ «we., 

——- - SCCtl0n8 ^ llC In the 5ame P ,ane - E « b «oss section is identified by its arc-length 

DE-ACoVrflDPootr" 1 “ S “ di * N “‘ i0nal L ‘ bOr,l0rie * WM * Upporttd b r ‘ke U.S. Dep^t me », of Energy under control number 
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distance from the hub, so that the orientation of the center of the cross section , at time t is 

= co*(0(*,t))i + *in(0(5, t))j 

of the above unit tangent vector: 

*(M)= / fat)** 

Jo 

Similarly, tha ..lodty .1 the corn radio. . at Urn. < i. obt.i.ad b, infcgr.Uon of th, lima dariv.tiva of f (.,'): 

i( #) t) = f e(i , t)f(», t)di Where y{», «) = -«»(*(«. t))i + eot{9{$, t))j 

into a system of fuUy-coupled, nonlinear algebraic equations. Since all spatial integrals are with respect to 
convected coordinate, s, those integrals are configuration-independent and need be done■ only once. A new nonhnea 
system must be solved at each time step, but the quadrature process can be done in advance the dyn 

S,m ThTgoverning equations of motion of the are obtained from the variation of Hamilton’s integrand: 

6KE{t) - 6SE(t) + 6WE(t) = 0 ( ! ) 

for all ii < t < tj, where KE is kinetic energy, SE is strain energy, WE is external work. , . r 

The kinetic energy is that of the flexible links plus that of all concentrated masses and concentrated moments 

inertia: 

„ inertia# 

KE(t) = - / p(»)*(«,<)• *(*i0^* + 5 S Af**(»*>0 •*(*»>*) + j S ^( ,, ’ < ) ’ 

2 Jo L k =i 1=1 

where p(s) is the mass per unit length measured along the length of the arm; M* is the magnitude of the hth point 
mass' 2 L th. convected coordinate of the fcth point mass; It is the 1th point moment of inertia; and is the 
convected coordinate of the It h point moment of inertia. 

The strain energy is that of the flexible links: 


SE(t) = \ J k(», t) 


80(s,t) 90(i, t) 


where «(», <) is the curvature at cross section $ at time t. 
The virtual work due to externally imposed torques is: 


ft* _ 

6WE(i) = / f (*, t) ■ {0{t, t) x 60(», t))d, 
Jo 


where f(s, <) is the imposed torque. . X 

Discretisation along the rod of the above energy terms is obtained by discretizing the tangent vector 0 as. 


node$ 


0{t, t) = &»(<)p«( 4 ) 


where the shape functions, p n , are nonzero over intervals that are small relative to the anticipated radii of curvature. 
The shape functions used were the traditional tent-shaped basis functions, and assure compliance with the condition 
of nonextension. Since these functions are bases for 0 the resulting elements take on p.ece-wise circular shape with 
continuous slope between the elements. Joints are defined by co-locating two nodes so that the tangent vector 0 may 

be discontinuous there. 
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The resulting energies are: 


nodes nodes 


KEW ■ i £ ■MXU. ■ «( 4 - i EE/MO ■&(<) 


m = l n = l 


and 


m=i n = l 


(3) 


where 


6WE(t) = n f; ? m (t) . is 9l 

m= 1 


'm (A = i x j) , 


(4) 


/*^ manei 

m ' n= / *•>«-<•)»><.)*+ E ".*.<•»)*.(..)+ E, 


«id are He topological mess „d stiffness matrices respectively’ h th ' “ m '' lnd 'P tn < lt "‘ matrices, 
After appropriate integration bp parts, the integrand ofe".Z"tco m es, 

nodes 

^ m( fm(<) 0ni i )Mm, n ■ 0 n (t)K m ' n + jc . r n (t)6 h (m,n)) = o ^ 

nodes 




actuator torque histories”to Leompl'i'shTngT'tul w'th’Slrimlf'tirTri Wi ‘ h ° pl ! , " i “ tion ‘"hniques to generate 

'* to ' nininiile *h« of a feedback controller whkh will be leeTJ t " *" performance - A «condary objective 
A minimum-time tip trajectory was . n ~ ded to compensate for modeling errors. 

completing a rest-to-rest maneuver, tracking a specified TatTfim °" a tra > cto ^ include: 

end svis o D 'iz ^ at the finai - *■ —« 

an actuator torque limit, are constants. Torqn, limit, can be integl.M L 

n,:(<) = ki,i„..|sinai, a (t) 

accelerations are also to be seMed^TheTrXm cante ^ "* ° f th * ^ magnitude - Final 

minimize: J = tj 

- finite element model 

subject to: - input actuator torques, r lj2 (t) 
known initial conditions 

constrained by: 
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j=u 


yup{tf) ~~ 

c ( t ) = 0 /o' (yeip(*»i|»( f )) - !flin«(*«iF( < ))] dt 

- KE(tf) 

_ 51?(f/) 

0;<rint l(^/) 

, _. 7 0j<rini 2(^/) 

_ -* 3 — *** 

,. . . * -r, f rtPTml Ut«d as an integral. In addition, equality constraints on energy 

i'"l «m have profound effect. on .ho example trajectories to be geneeated. 

Parameterization of the Controls 

at equal-spaced fixed times, U, for both joints were chosen as parameters, or 

oi(ti), Qi(i<)> » = l. n 0<t*<</, 

which results in 2 n control parameters. . • . .. , nf control history definition would result 

However, since the final time is changing due to minimisation, the loss of con rol history c.e 

if lh« time, at whieh the eonteol parameter, ... defined renown fixed mt abeolnte een.e, To eoeeeet lh,., a,., 
specified at equally-spaced, nondimensional node points, <i - <</*/. whete 

8 „i.“.e IppeoximaUo,.. In eompn.in, the.e app^m.tion. eomplet. ^id o,t! 

both" tSKS. 4! evaluated 0 »e, the current nominal tor,u« histone., non.e.o. 

Results 

The following finite-element structural model for the mani pulator was used to produ ce the sample trajectories. 

ITEM I LENGTH MASS El 

__ (m\ (kg) (newton-m 3 ) 

joint-1 bracket .0635 .545 10 

linU .5040 .640 10 I ,10 3 

1st joint-2 bracket + .1070 5.415 10* 

joint-2 

2nd joint-2 bracket .1040 .830 10» 

link 2 .4890 .313 10M0 3 

Totals: 1 1-2875 | 7.743 | 

Brackets were modeled with 1 element and considered rigid (El = 10 s ), and links were modeled with 3 elements 
f 1 x 1*1 of o elements The two values of stiffness, El, for links 1,2 represent the trajectory comparison for tlus 
lludV Point moments of inertia were used to define mass distribution for the brackets. No payload was used m t is 

comparison. The joints were assumed to have no compliance or damping. _ nu T 

The two trajectories computed on a CRAY-XMP, were integrated for 100 time steps, where At - .01(/. 
iccJ, . r..Z fo. gradient compulations executed in 0.76 tect. Th. „«) hi..o,i« fo. each jotnt comp«rf 

onT'tabula, value., wh.ee eh< = .06. Toe,n. bound. cbo.en a. ±1. ±4 new.nn.m (n-m) fee jot... 1 and 7. 
The oath to be tracked for this study was the line connecting (*, y) pairs, (0.0,1.13) and (1.13,0 0). 

£ 2 .hows the n profile.. These retain much of the bounded appearance of ..itching funet,on. fo, purely r.g.d 
configuration!^lIoweveMhey' begin and end near .ero in.te.d of the bound. (±16 n-m). Th„e .o„ue profile, ex.nbrt 


1GTH 

m) 

MASS 

(kg) 

EI 

(newton-m 1 ) 

.0635 

.545 

10* ” 

.5040 

.640 

10 3 ,10 3 

.1070 

5.415 

10 s 

.1040 

.830 

10* 

.4890 

.313 

10 J ,10 3 

1.2675 

7.743 
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very simihar behavior, except at the intermediate switch point Other than th, r ■.» • . , 

case, this region is the major difference between the configurations Note " Ppl “ f ° r the EIlink ‘ = 100 

end in an attempt to quiet the structure. Also note the very sliuht ch* • e a tuptness of lhe controls near the 
torques showed minimal activity for most of “ S ° ftei ” Structure ' Thc * 

S tate. Again, very little “torquing” differencewas3kh£ S r “ d 1D ° rdct *° the rest 

configurations. 8 R ° icd f °' lhe otder of magnitude change in link stiffness between 

The straight-line tracking error in millimeters (mm) is shown in Fi<? 1 Roil, * ,. 4 . 

the error to less than ±0.5 mm except near the end where »]„ F g ' 3 ' ® .? ‘° rqUe hlstor,es appear to limit 

drawback to the integral formulation is that it can relax\r«ckin« —* i“ CSC . apeS ” to about 2 mm - One 

yield a reasonably low residual (« 0) for C 3 (t.) It may be neif 1 j! ,solated parts of the trajectory, yet 
this error. 7 y necessary to add interior point constraints to decrease 

■*«« a. semi-rigid .„d taw. 

flexible-link configuration contains a 17 Hr mode with a sizable* incre COn . tain a hlgh fre< l u ency ripple), while the 

changes in both cases, mirroring the sharp r, chances in Fie 2 AI *u '"'J 87 magnitude - Note the abrupt 

constraint at the end. 8 ' g 2 - Als °’ note the e «^«ment of the SE(t,) = 0 point 


Conclusions 

approximate^’ de- win* mane^ ^ S “ CCeSsfuUy emp,oyed to generate actuator torque histories for 

manipulator. The pa^ con aining continuous and point constraints for a Mink flexible 

the maneuver. Perturbations were made to ,* or eac in * were tabular values at fixed node points during 

efficient formulation of the finite-element model " t0 appr ° x * mate final time and constraint gradients. The 

applied most of the input in a manner resembling^igid-Iink torauinc T™ h'T ,n * hl * * tudy ’ joint ' 1 
configurations even though link stiffness varied by an order of magnitude wd the / ^ ? imiliar between 

the same. Energy and acceleration constraints were effective in l,;,”!’ h * f perforrnance ind « w « virtually 
also demonstrated that final energy constraints do not r, i j k glng Restructure nearly to rest at t t . It was 

use of the manipulator will dictate whether or not thisTl hindrance. 1011 ’ Unng ^ Sl ' W ' Th ' intended produc ‘ion 
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Figure 1: Sandia two-link manipulator 



Figure 3: Straight-line tracking error 



Figure 2: n joint torque histories 



Figure 4: Strain energy histories 
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Improved Approximations of Displacements for Structural Optimization 

Uri Kirsch 

Department of Civil Engineering, Technion, Haifa 32000, Israel %'S ~3/ 

l.INTRODUCTION v 

fo most structural optimization problems the implicit behaviour constraints are evaluated for successive 

in thC d ^f lgn * F ? r cach tri . al desl S n ^ analysis equations must be solved and the multiple 
repeated analyses usually involve extensive computational effort This difficulty motivated severalstE 

on explicit approximations of the structural behaviour in terms of the design variablesr 1-81 Thr. latter 

approach can considerably reduce the amount of computations, but the quality of the approximations mieht 

^^i SUffiC 1 n nt K Many -° f ^ a PP roxknate ^our models proposed S Ae paT^ S onlTfoJ 

dianges^n the desi^rf CS “ ** dCSlgn vanables * ^ of the results is often insufficient forLge 

The object of this study is to present efficient and high quality approximations of the structural behaviour 
sbo 'y n ^at the quality of the approximations can greatly be improved by combining scaling of 
the initial design, using intervening variables and scaling of a set of fictitious loads. Integrating these 

f introduced. In addition, the errors in satisfying^ aLdysis 

^ach S ° 1 " ti0n methodolo » “<* 

2.PROBLEM FORMULATION 

Jffnfc? ble 2 Ur S* r c °n si deration can be stated as follows. Given an initial design X *, the corresponding 
stiffness matrix K and the displacements r*, computed by the equilibrium equations 8 

K* r* = R /j\ 

Z h ?rf: ? • i i, the lo *? v ®f tor * whose elements are assumed to be constant Assume a change AX in the 
design variables so that the modified design is 6 c 

X = X*+ AX m 

and the corresponding stiffness matrix is ' ' 

K — K*+AK 

hiah re n„ti^ iS the changein the stiffness matrix due to the change AX. The object is to fuuiefficient and 

wriihCSr*j;P ro f m . atlons ° f * 5 .modified displacements r due to various changes in the design 
variables X, without solving the modified equations ** 

. (K* +AK) r = R (4) 

Tng Scal i ng operat i on will be used in this study to improve the quality of the approximate 

displacements. Two types of scaling will be considered: 4 y approximate 

a) Scaling of the initial stiffness matrix K* by 

K.jOC* ( 5 ) 

where p. is a positive scalar multiplier. From Eqs. ( 1 ) through (5) it is clear that the precise 
displacements after scaling can be calculated directly by ” 

r = p.* 1 r* 

b) Scaling of a ficticious load vector. Denoting any approximation of r by r a , a corresponding 
fictitious load vector R a can readily be calculated by Eq. ( 4 ) 

= (K* + AK) r a ^ 

It can be noted that r a are precise displacements for the stiffness matrix K=K*+AK and the fictitious 
load vector R a . Scaling of the loads R a by 


R s = n R a ( 8 ) , 

will give the precise displacements r s due to R s for the given stiffness matrix K, where 

r s= n r a ( 9 ) 

Taylor series expansion is one of the most commonly used approximations in structural optimization. 
The first order approximations of r about X * arc given by 

r a = r *+ r x * (X-X*) (10) 

where both r* and r x * are computed at X * The matrix of first derivatives r x * can be computed by 

A ®aj° r problem in using Eq. (10) is the accuracy of the results. The discrepancy in 
satisfying the equilibrium equations (4) due to the approximate displacements is given by (Eq. ( 7 )) 
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AR = R a - R = (K*+AK) r a - R (11) 

Evidently, AR = 0 for the precise displacements. Thus, AR can be used to evaluate tire quality of the 
approximations. This criterion, combined with the two types of scaling discussed earlier will be used now 
to introduce improved approximations. 


3.IMPROVED APPROXIMATIONS BY SCALING 
Scaling of the initial stiffness matrix may improve the quality of the approximations, if the known 
mfvtififtH displacements (Eq. (6)) provide better initial data then the original displacements. The approach 
proposed here is suitable for various types of design variables (such as geometrical variables). For 
illustrative purposes it is assumed that the displacement are homogeneous functions of X. 

Homogeneous functions of degree n in the design variables are defined by 

r(pX*) = p n r(X*) (12) 

where p is a positive scalar. Euler’s theorem on homogeneous functions states that 

r* x X * = n r* (13) 

The derivatives of homogeneous functions of degree n are given by 

r x (pX*) = ^ n * 1 r x (X*) (14) 

These properties of homogeneous functions can be used to obtain simplified approximations [2]. 
Substituting Eq. (13) into Eq. (10) yields 

r a = (l-n)r* + r x * X (15) 


Assume a point X along the scaling line 

X = pX* (16) 

Expanding Eq. (15) about |iX*. we have by substituting Eqs. (12) and (14), 

r a = (1-n) p n r* + p n ‘* r x * X (17) 

It can be noted that precise solutions are obtained by Eq. (17) along the scaling line (16).The multiplier p 
can be selected such that the approximations are improved. Further improvements could be achieved by 
assuming intervening variables. 

Intervening variables . Assume intervening variables of the form 


Yj = Xj m ( 18 ) 

The displacements r in this case are homogeneous functions of degree N in Y, where N=n/m. 
Therefore, the first order Taylor series expansion (Eq. (15)) is 

r a = (l-n/m) r*+ r y *Y (19) 

This equation can be expressed in terms of X. Substituting Eq. (18) and 

r y * = m'l X* 1 '™ r x * (20) 

into Eq. (19) yields 

r a = (1- n/m) r* + irf ^ r x * X*^' m X m (21) 

Expanding the series about )iX* , this expression becomes (see Eqs. (12) and (14)) 

r a = p n (l- n/m)r* + p n * 1 m* 1 r x * X* 1 ' m X m (22) 

Snecial cases. For any given n, the values of p and m can be chosen to improve the 
approximations. The following special cases of Eq. (22) might be considered: 

-No scaling or intervening variables }i-m=l (Eq. (15). 

-No intervening variables, only scaling m=l (Eq. (17)). 

-No scaling, only intervening variables fi=l (Eq. (21). 

-The usual cross-sectional variables, only scaling m=l, n=-l 

r a = 2 p'V + p‘ 2 r x * X (23) 

-The inverse variables with scaling m=n--l 

r a = - p- 2 r x * X* 2 X* ! = p‘ 2 r* Y (24) 

-The inverse variables, no scaling m=n=-l, {1=1 

r a =r y * Y (25) 

Since r y (pY*)= r y * (Eq. (14)), the approximations (25) are precise along the scaling line Y=p Y*. 

This illustrates the advantage of using the inverse variables for approximations near this line in truss 
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structures with cross-sectional areas as variables. 

R esign PTftCfdiirf ,. The multiplier u. can initially u a 

Assuming for example the criterion M ** sdecled bascd on geometrical considerations. 

4= (XXi 2 / )0.5 

origin will be identioK tMjorSjwbadfof 1 th 411512006 between jiX* and that 
not taken into consideration. Another criim.™S ^ n nature ° f “* stmojd behaviour is 
dKplacetnencs Evaluating r a by Eq. (22). 

fictitious loads can then be scaled by Eq (8) such that L ^ , CalCuIatcd by ^ l*ter 
improved.The^iscrepMcym^ti^fym^theequiUWumwtntU^tns^^^^by^^^Q l))™ <** ®» - 

Definmg the common measure of smallness of AR(Q) by the quadratic form ^ 

Q(«) = («R a -R) T (nR a -R) 

and retting there^ulT^ud ^ 1S H^^ized. Differentiation of Q with respect to Q 

fl = (R a T R)/(R a T R a ) 

TS 2 ??? 1 SSrSiSts—'“ 

01 l he approximate displacements r a are evaluated (Eq (22)) 

c) The values of R,®,.™ q (Eq. (29)) and Q (Eq. (28)) are calculated. 

* lscheckedfor °P li maliiy: M and m are Uten modified and steps b,c am repeated 

example. SY a me ertectiveness of the proposed procedure are illustrated by the numerical 

4JVUMERICAL EXAMPLE 

Constder the truss shown in Fig. 1 with four cross-secdonal area design variables Xi fi-l at a 
the initial design X-1 n „»•,!, f k. ^ , t* 6‘v<»naoies ai ( 1 -I... 4 ). Assume 

elasticity is 30§00k ° pven ^^'acctnents r* T .( 1.818,1.604,1.107) (the modulus of 

changes i“ *™dSign f n ^X^d3^f n g f |i™ 0l it‘ran b^mSKha, dcnK ;" sm,te<i “ Table 1 for various 
for changes in the variables up to +900% (cases'a-d) and9lT(c!Ss't“) 1 rcSU " S tave becn obtai " Ki 

I ( 5 . W.ot whe'm fe'chLge ^dS^vSSbfe MO^iw 8 ^ 818 ” XT=(5 0 - 10 -°. 

relatively large. The precise solution and results obtrinS kl t«. 11 * JL 1S ’ magnitude of AX is 
^? s ‘ 20(1 (26)), and Inverse variables formulation (Ea (2^ (^^’.^dal scaled design 

l^c^mStoeb^nXta^Sc^ (21) ) see Table 4 >- 

are sensitive to changes in these parameters ^tiie JptS?^ 4 &nd “ Valucs - How ever, the results 
5. CONCLUSIONS 

Approximations of the structural behavinur in >•»» ,i . . 

of large structures, where the time consuming anX m£t ^ CSSCn A tial 01 optimization 

syzfis&stfr “ y used app^^^s^LT^y^ 

inhi^ s^nM^rM^^i^^clIin^^^^a^jaPP^^bons is proposed in dtis study. Scaling of dm 
effiemm and high quali V approxLadons. 


395 


equilibrium equations due jo the of thl 

at! exact analysis. A simple examp ejUus^csUmsolmonmeumMogy design 

presented procedure. It is shown that very good rwiuts have beenootamcotx illl)OTative 

£££££ functions have been assumed. The following observations have 

‘So?^ jg—£ 

-The results can further be■Jgjowjta «^ g w f^SKiLrtSZnix provided poor 
S/nS^fSni can be applied such that the emirs in satisfying certain equilibrium equations 

s£SS£3!ff^'SKdbener un&standing of structural behaviour models. 

?; Ab^Sm,A C ^ld Topping, B.H.V. (1987) Static reanalysis of structures* review, 

J* ^troc*- AS 51’ v?b? ^nosQ') Generalized approximations of homogeneous constraints in 

of smictums (Eds. C.A. Bmbbia and S. 

“ , II S SSS'g B (« Approximate roanalysis for modifications of structural geomeny, 
4 ° Kitsch?Approximate behaviour models for optimum smictutal design, in New directions in 
TS^Hd ^quall^wrorimationrof forces for optimum structural design, 

^TS^.^TAVprox.^rmodcls for structural optimisation, presented in NATO ASI on 

g^clSdU^A'iSftrSfB. 09?“'Some approximation concepts for structural synthesis, AIAA J. 
11,489-494. 
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-12.5 
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5.58 

5.48 

5.51 

5.79 
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548 
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*a 

0.00 

0.00 

0.00 


0.217 

0.206 

-9.9 

-3.8 

0.221 

0.212 

0.196 

ss. effe 

0.172 

of u 

ft 


92.90 

91.10 

88.63 


1.100 

1.098 

1.097 


Ra T 

100.00 0.00 104.52 

106.50 0.00 106.50 
113.22 0.00 108.18 


4.99 

4.78 

4.64 

5.06 

499 

478 

464 

506 


3.63 

3.32 

3.31 

3.37 

363 
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100.00 
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100.00 
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0.00 
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0.00 

0.00 

0.00 
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Ra T 


100.00 0.00 100.00 


97.80 

100.00 

102.80 


100.00 0.00 
98.80 0.00 


ft R a T 

0.00 102.20 
0.00 100.00 
0.00 97.20 


104.52 

80.95 


ft 

0.978 

0.939 

0.903 


97.80 

100.0 

102.30 


ft R a T 
0.00 102.20 
0.00 100.00 
0.00 97.70 
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L Parallel Structural Optimization with Different Parallel Analysis Interfaces 

v Mohamed E. M. El-Sayed and Ching-Kuo Hsiung 

Department of Mechanical and Aerospace Engineering University of Missoun-Columbia, Missouri 65 

ABSTRACT | ?ene f| ( 0 f structural optimization techniques is in the application of these techniques to 
large structures such as full vehicle or full aircraft For these structures, however, the sequential computer s 
time and memory requirements prohibits the solutions. With the recent existence and rapid development of 
parallel computers, parallel processing of of large scale structural optimization problems is ^luevable. In 
JSpaper we discussthe parallel processing of structural opumizauon problems with parallel structural 
analysis. Two different types of interface between the optimization and Analysis rouunes are developed and 

tested. 

1* INTR< For J tSl^ge-scale structural design problems, repeated finite element calculations consume a lot of CPU 
time and makes theoptimum design procedure slow and intractable. Because of this, ^joussaucuiral reanalysis 
tftchninues have been developed. State-of-the-art reviews of reanalysis techniques can be found in [1 ij. 

The fifth generation computers, which were introduced in the 80s, have several advantages over the fourth 

generation machinist higher speed of computation bigger central memory, and a 

these advantages allow the researchers to move further in the structural optimization area. Venkayya [4],vecto 
some Finite element programs and utilized the vector processor and huge memory of the Cray-1 to get an 
improvement in computational efficiency of almost two orders of magnitude. In addition, various parallel finite 
element methods have been developed; however, none were applied to the structural optimization area. 

Since all optimization methods require design sensitivity analysis, it plays an important role in 
optimization procedures. Due to the repeated finite element analysis, the design sensiuvity analysis becomes one of 
the most time-consuming parts of structural optimization. Although there are many papers addressing design 
sensitivity [5,6], articles describing design sensitivity analysis using parallel computers could not be found. 

Since the amount of time spent in evaluating the gradient of the constraints tn the opumizauon problem is 
computationally expensive and the computation of the gradient at each iteration involves a number of uncoupled 
calculations, Sfciotis and Saoutna [7] spread the job of constraint gradient calculation to four Apollo worksrations to 
reduce the calculation burden of one machine. This resulted in a relatively low overhead with an achieved speedup 
dependent on the size and nature of the problem, and the system configuration. The speedup increased with the 

problem sue design of modem structures usually involves a large number of variables and constraints. 

While mathematical programming techniques provide the designers with the tools for optimization, these tec lques 
can not handle large design problems. To overcome this weakness, the decomposition method was introduced [8,9]. 
The method depends on decomposing the original problem into a number of smaller subproblems and solving each 
subproblem separately. Since the subproblems after decomposition are coupled, iterative calculations become 

Una ° Some of the most applied decomposition methods are the multi-level optimization approaches. In a 
multilevel optimization approach, the original design problem is decomposed into a top level design prob'ernand 
some uncoupled subproblems in the other levels. The top level is concerned with the overall optimization problem 
while the detail design problems are handled by the lower levels. The optimization results are obtained by iterating 

between ta¥B ]xen pr0 posed for multilevel optimization. For example, based on the state space 

formulation of the optimum control technique, Govil et al. presented an algorithm for structural optimization by 
substructuring [12-14]. Kirsch used the model and goal coordination methods [15] in the multilevel structural 
optimization [16-19]. Sobieszczanski-Sobieski et al. [20] proposed a general multilevel optimization method which 
not only considers the structural design but also takes into account 

Recently, other structural optimization methods by multilevel decomposition have been also proposed [21-23]. In 
[22] a three-level structural optimization procedure is illustrated by a portal frame. The portal frame is decompo 
into several beams, and each beam is decomposed into plates. The bottom level in the multi-level optimization 
handles the plates, the intermediate level handles the beams and the top level handles the assembled structure. 

This work represents a study few the use of parallel structural analysis method in solving structural 
optimization problems with two different types of interface between the optimization and Analysis rouunes. 
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2. FORMULATION 

«SS£*SS=?“ :: = ;s: ~--- , ‘ 


Minimize: 
Subject to: 


F(X); X = [xj,x 2 .x n ]T X e rN 


Where 


ASXSB 
d> k (X) > 0 

'F, (X) = 0 


k=l,2,...,K 
1=1,2,...X 


fi*® objective function, usually the weight of the structure. 

* : The design variable vector. 

N ; Total number of design variables. 

^(X) : K inequality constraints function. 

^(X): L equality constraints function. 

^ ' The vector of lower bound on design variables. 

B : . The vector of upper bound on design variables 

« * «■—-» 

the fmite C,Cment “**"■ ^ 10 to P^ 0 ™* in order » eva luate 

l“ a "! , UCC *** ComputaUonaJ CPU time of *e structural optimization process the 

modification com P utauon ****** with separate substructures developed in [24] is adapted with a minor 

The main characteristic of the parallel finite element analysis technique developed in [24] is that the finite 

‘““r * Pr0CCSSCd oo—icai iJs 

the structural optimization algonthm developed here is that whenever it is necessary to use the finite element 

“* '<** *•* <• sp-cad » every «*«| prcc^*. 

processor and associate processors, will handle the structural analysis calculation of its own assign^ substructure. 

3. ALGORITHM 

anrt ,. approach ’ , one processor - callcd main processor, is chosen to execute the optimization calculations 

finite e *f ment of one substructure. The other associate processors are used to analyze the assigned 

substructures. The major steps for the main processor are: 

StCp 1: Sta ? thc o pti mization calculations. When there is a need to do the structural analysis, the main 

ele "“ , “ ^ ^ ^ -«** »«■ •»*.»*. 

«**•«»•* subn "* ^ "* suff ““ - 

“* «"«*«• '*»«>** "Odes and send d»e dm » to courting 

Step 4: Continue the calculation of constraint-related data of the assigned substructure, such as stress and 
displacement, and receive the constraint-related data from the associate processors. d 
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Sm 5- After the constnint-rekued dm of 0* complex stmctum am collected. check the converge . 

convergenerfisobtained then stop, odKnviee go to S^.. 

m major steps variables from the main processor, start the finite element 

aml Jl in ES££5-A- - * «— * «“ 

“"“•W back to the mip™— - tan the main pmcessor. continne the finite element 

2 „r£ £zs£- -—- - -—- ^ , — 

me a*, of sntp 2. dm associate protestors are kept idle until the nest finite element computation. 

4. INTERFACING METHODS BETTOEN computational loads 

. me optimisation sofiwam and Fume 

They are usually independent of■ ‘J* L m Xated The interface problem between optimization 

software such as NASTRANand ANS ^ important [25]. In this work, two different kinds of interface 

software and analysis software, th«e ■ software have been developed and tested. 

between optimization software and finite elwnent software na e optimization software and the finite 

The first Method is a multi-reading mterfa^ In tos metn [26] and the data file. Instead of creating 

element analysis software communicate vmthenMn^r^s ^^mization software transfers the new desipt 
an input file for finite element analysis Jf ^ ^ needed for the finite element analysis software 

2SSSS Uie finite element analysis software is also transferred to 

*• Sd fiSSBt»»£ SS £ SSSfiSSTiSS- of 

optimization software and the finite element soft* wwk h teen done to extract the input data and store 

£s — - ■- 1 *• ^ ~“* 

just one time. 

5. TEST CASES . n ,. r _ v x.wp f our -nrocessor supercomputer. The results obtained are 

1rr ^ggsges££sa the same machine. The input darn and condidons on both 

i*"" IS £££ In these test cases, dm suucure is divided ink, two. three 

and four substructures. 

Turn Substn irmres Case: it at ioints 34 to 42 and 57 to 61. Members 1 to 

ss sssassa 

Thrrf Substructures Cass: , ctniptines bv optioning it at joints 34 to 36,20 to 28, 50 to 59, and 

42u,44f am i Snuctum LMemhemMD.W-.M-1B — 

substructure 3. The rest of the members are in substructure 2. 

"rgs as*. >»«» 

STuSiT. — 3. tv mp ,.e, heumgs. 

substructure 1. 
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of the truss and can be reduced using s^ledesignvarL^irddn iJfa cross ' sectional ^eas 

members 106 to 200 are linked to dSign 1 * “>5 and 

placed on every member of the truss. The design data for this structure is giS Tatle 1 constraints were 

reading i2££ “ ^SSSStf.?* using mold- 

problem using single-reading interface with two^rocessors. ^ °" ame 211(1 ^eednp vaiues for the same 

was 

28.44.61. The members of each substructure were then linireTIc « ’ • u, ^ * *2-direction at joints 

speedup values, fo, d«s« ■«, cases “ 


Table 1 The design data for 200-member truss structure. 


Modulus of elasticity 
Density of material 
Member-size constraints: 

Stress constraints: 
Loading condition: 


3.0 x 10* ksi 

0.283 lb/in 3 

0.1 £ Xj is 1,200 

-30.0 ksi S a S 30.0 ksi 
one kip acting in the positive xl 


Table 2 Performance of 200-member truss structure 
Two substructures, 2 design variables 


Sequential calculation 


CPU time (sec.) 
6.239 


Speedup 


Table 3 Performance of 200-member truss structure 

Two substructures, 2 design variables 


Sequential calculation 




CPU time (sec.) 
3.319 


Speedup 



Table 4 Performance of 200-member truss structure 
Two, three and four substructures, 20 design variables 

Da. a 1 — I • • . a ° 


Sequential calculation 
Parallel calculation 

2 processors 

3 processors 

4 




CPU time (sec.) 
13.518 

11.964 

11.286 


Speedup 


1.13 

1.20 
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Figure 1 200-Member truss 


6. DISCUSSION with para H e l structural analysis has been developed. In this method, a 

J5SSS * on. J S »oc^. re , H. oOwr *.n » 

S5SSd4SSS m.lhod shows an advanlag. war llj. 

SESSSK 


402 



7. REFERENCES 

783-802,' 1976. SurVCy ° f structural reanalysis techniques". Journal of Structural Division, ASCE, No. 102, pp 

No A 1 13 K ^ 1 ia29-1045. and T ° PP,ng ' B ' V " " StadC IBanaIy * i,; a review "* Joun »al of Structural Division. ASCE, 
EfcmemHan’dL^ ° H ’ (edi '°' s) ’ Fmi “ 

;o^oU7^„^ ^ Optimization", AIAA 

^ Hang. E. J.. Komhov. V. and Ooi, K. K „ "Draign Sensidvity Amtlysis of Structural Systems". Academic 

Computera 4 “ * KtW °* o! «’**' worksmdona". 

VtSn: Sohi^Tl Wh » *«*••• *»™> * «• Structural Division. ASCE. 

Sttucturai DivL'omAScS'VoS* No. ST?, ^^24^267.taJU^Sn “"° S “ bstr “ c “ res ‘- Joun,al ° f “* 

jouraVo^S: 

4 S tnicS res .Vd7pp50r 515 , mf” f0r ° pUm * 1 sm,c,ural desi 8" Hr substruchiring". Computers 

4 Snuoires. 'gt^StltU!)®^' " 0pUmal (ltsig " of wing antetures with substructuring". Computera 

Smameivol'l^pto; “go" 3 ' 18 ' E ' 0pdmal desi «" of fl ™« with subslracturing", Computera 4 
5f ;““ » larse 

«. *2k S: Ne " Y °*- 

207-212,1983. K reuuorcea concrete structures , Engineering Opumization, Vol. 6, pp 

iwSS: U - " MU " il ' Vel Sy '“ hCSiS ° ! ““ ““»« *"*»»«•. Engineering OpUmizadon. Vol. 7. pp 105- 
123-144^*19^5. " A i '" Pr °™‘ "’“ IUI ' Vel S “ UC “ n ‘ l synlte “ louraa] of Snucutral Mechanics. Vol. 13, pp 

decomposition and muSdiriSS,' CASE,' ^sS^^outo^TS^"!^ 8 ' V SrSlemadc 

no b , rjstiz 

optimization by generalized, muliilevel 
PP 349-364. OriaSdTSi^nsiM 7 W M SmKams - Sma ™> Dynamics and Material Conference. 

°p^tTorp^^:cm .x f/usaf Ad ™~< swdy 

publish^^by*Computws^Stractures. Pa ' allel Fl " ,le Heme "‘ Comp "' aUon wilh SepaniB Substructures", to be 

|ftwS"'‘cLp^Sc^: v2ln.No C iwvw %^ xmsanalysi!soflware “>opriniization 
26. Cray Research, Inc. Named-Piped Routine Manual, Mendota Heights. 1988. 


403 


ii 


RECENT EXPERIENCE WITH MULTIDISCIPLINARY ANALYSIS AND 
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INTRODUCTION 


The task of modem aircraft design has always been complicated due to the number of intertwined 
technical factors from the various engineering disciplines. Furthermore, this complexity has been rapidly 
increasing by the development of such technologies as aeroelasticity tailored materials and structures, 
active control systems, integrated propulsion/airframe controls, thrust vectoring, and so on. Successful 
designs that achieve maximum advantage from these new technologies require a thorough understanding 
of the physical phenomena and the interactions among these phenomena. A study commissioned by the 
Aeronautical Sciences and Evaluation Board of the National Research Council has gone so far as to 
identify technology integration as a new discipline from which many future aeronautical advancements 
will arise (reference 1). Regardless of whether one considers integration as a new discipline or not, it is 
clear to all engineers involved in aircraft design and analysis that better methods are required. In the past, 
designers conducted parametric studies in which a relatively small number of principal characteristics 
were varied to determine the effect on design requirements which were themselves often diverse and 
contradictory. Once a design was chosen, it then passed through the various engineers disciplines whose 
principal task was to make the chosen design workable. Working in a limited design space, the discipline 
expert some time s improved the concept, but more often than not, the result was in the form of a penalty 
to make the original concept workable. If an insurmountable problem was encountered, the process 
began over. Most design systems that attempt to account for disciplinary interactions have large 
empirical elements and reliance on past experience is a poor guide in obtaining maximum utilizations of 
new technologies. Further compounding the difficulty of design is that as the aeronautical sciences have 
matured, the discipline specialist’s area of research has generally narrowed as more sophisticated 
methods are developed in the specialist’s area of expertise. The results have been a decrease in the 

awareness of the impact of his decisions on other disciplines. .. , 

On the other hand, advances in computer technology have greatly increased the capability to solve 
complex problems, display and manipulate data in more suitable engineering formats, and computers 
have become much more user friendly and easier to interact with. The modem workstation in particular 
enables the engineer to run several computer programs simultaneously, conveniently display results, 
interactively modify data, and, in general, efficiently proceed through a series of calculations. 
Workstations provide a dramatic increase in the capability of an airplane designer to generate and modify 
numerical models of the vehicle-a capability necessary for advanced aircraft design. 

After assessing the environment just described, NASA Langley Research Center made a commitment 
to improved multidisciplinary research at the Center. A high-level Multidisciplinary Research Advisory 
Committee was formed and subsequently the High-Speed Airframe Integration Research (HiSAIR) 
project was initiated. HiSAIR focuses on the High-Speed Civil Transport (HSCT) design activity as a 
case to foster the development of methodology to improve multidisciplinary analysis, design, and 
optimization of aircraft systems and to develop a computational environment favorable to such an 
activity. This paper will outline the progress and problems encountered in the analysis, design, 
optimization sensitivity analysis, mathematical modeUng, and configurations control and the means by 
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coping with that dilLma'fifite j|'y and desi « n mi the means for 

new"coW for doing business in an toregra,^^ a 

ORGANIZATION AND STRATEGY 

discipUnercMarcMs tep^dp^^^^ “ d “ chnolo W development in 

along discipline lines in older the suecessfuUy^accomnHsh tMs^nh- 0 ^' S'"'"; 1116 Cemi!ris ° r 8“ized 
aircraft so the role of multidisciplinary research is somewhfSff bJ u' Ungey do “ not manufacture 
of the aeronautical community. SataTneLT! u ifferen ‘. th “ that in much of the remainder 

are technology evaluation and identification of high-payoff trohnotorie? ?“ * research institution 
for programs and allocate resources An eouallv wbch serves to help advocate 

a technology when its interaction with othw dfsciplS^ ronside^ ^ P ? ba , bl ' app,ication of 
developing the proper data bases to exoediteZ Su™ considered. The second role aids in 

project was organized to strengthen Limglev'e .knir* , aD ° °! techr “ lo 8 ies b y mdustry. The HiSAIR - 
analysis, and optimization studies. 8 * V 10 conduct such multidisciplinary vehicle design, 

authority, fid is conduct^ romewhatofhnadSoc pr0J , ect has "° fonnal tow management 
Division and the InterdiscipUnaiy Research Office shared^ "'“S' 81 ' ve1, Tht Advanced Vehicles 
together. These two o*antoati™s hfvlCcS^.?! f Sp<mSlbll,,y for Piling the activity 

improved multidisciplinary optimization methods, bufare iSd to Sfc^t'Sd'r’’*™* StUdi ' S 
aerodynamics and structures A stferintr mm ™;» c j- . . aica m “Cerent discipline areas— 

scheduling of the research. There is a loose tie with the v? v!°e d oversees the Action and 

a vehicle focus for the research The HSR Proeram ^ esearc ^ (HSR) Program to provide 

Transport. Die vehicle f<™ for h!$atI ^ C ® ordmates rcsearch « *e High-Speed Civil 

actual vehicle design problems. Experience tends to inrT^^K^ S ° methods 3X9 developed to solve 

best developed to solve real problems then eeneraliV/^ C *** multldlsci P lin aiy design systems are 
an informal tie to Lewis to encompass other vehicle types. There is also 

management works because of the commitment of Lanafe , pulsion s y stem data. This informal 
multidisciplinary desip and optimization. ^ V S SCm ° T management to improving 

toe B ' Ca0SediSCipline reMarch «*»«* to a, Langley. 

equipment. The fa. L» h7 s Z k ‘ i ® advancements m analytical methods and computer 

transfer to form a rapid high fidelity Stiysto eSp “? ally m 8 eonBB y methods and data 

order methods) limited optimization using sensitivity Ifal^to ^ “f Uty (higher 

this symposium (references 4 and 5) The longer A bject of papcrs 111 

capability with optimization methods “ *“ SyS “ m Opdmiaatioa 

approximate schedule for toe 3 steps is to accomplish toe goals toTa 'Sd C ° UP g/0p “ mizado "- ' n,e 

d 7 lo 7« interfaces and data 

encoumMsdOTtoe^'^rick'wtol^^ ^u^pne^Htire is v^^tite breadth 
toe 1988 Multidisciplinary Analv^^u c ^ “ 11 was dcsclib « I b y Sliwa and Abel in 

subject of later StoZ " *"“ Opmilaaaoa Symposium (reference 2). This dilemma is the 

PROGRESS AND PROBLEMS 
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surfaced grids —ally used ^ 

the design process. The nme required . hn1 . n[ svs „ m (ANVIL 5000) was used. Twelve weeks 

TVelve weeks w«* requir*I«-U gTheZinautic.1 Surface 
for numerical modehngis of OT^cu P ^ ^ * ' epresenls a collection of programs that 

Typology Analysis R °“'"'^ S urface ^ id Func tions sudTas spline fitting, surface intersections, and 
SE 5 c'onmo. are " “ “ £s"“ 

zs^isssss 

enrichment will be accomplish^tld^usmg an mtOTC^nve Aerospace Research Tbol) to 

ASTAR will also useelement^J^“ d a pSn^ design surface geometry software package 

deVeloped^ - Space Systems Division at 

» mm optimization system. 

such^ffiSA^^epends onth^dataV ^^^^Q^™ a ^^^^^^^stem^tich placedan 

"grr SiXcTe^her or requiredsignifican. c hanges to hi. rnerhodsof dar» interface. 

was likely to meet with less than cot^lto success ^^^^^Xlication 
constructed around software developed y 8 < y ^ systems. EASIE provides an executive 

- ^ a • levefdata base manager The EASIE executive function provides configuration 

management and an operating 

;=,“=Srrr Unctions are as transparent as posstb.e ro tite 
^rcom^o^T^d«—~^om« higher tnder analysis codes more appropriate to 

SI—veU«1m^S and 

j a , »k. x«ta -YrhnnfTft between 19 computer programs used in the design ot a supersonic 

Is=s5assas^ 

no i^pm rel ii uirera * , l l ^^^^^ a ^ a , ^ e ^^^^o S minhni^e a the S riurnbCT of ^^*bac^ d Theresiilts of 
example mission require • ^ u ., + ^ feedback loons were eliminated and 

Se Sl^o^mSfiow eSished.' Note Sat eliminating all feedback loops U and 

not occur in .more sophisticated multitociplinaor design process, butDeMAID wril 
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of figure 6 more clearly indicates ^significance of the reraifc ° r'h <S “ reference 3) ' The left “do 
initiate the process, then programs 11,18 10 8 and 13 can ha ° f programs - Program 14 and 7 
program 16 completes the design The 19 !!“ ™ n and so on until . 

example, the insight gained “viable InST? “* “ 8 *«!*• Even for this simple 

multidisciplinary design problem faced bv theWc a to U Wld> muc ^ mo re complex 

obvious. sgnpt faced by the liSAIR team and the value of a tool such as DeMAID is 

obse^Sytro^a Due^nS ° f 1 “ 8 inreraction was 

research lines, each organization had becomeU^E^““"geSlS^fp eVe " S “ bdisci P line 
vanous structures groups exercised aerodynamic codes tn ^1!? ° f ? For mstance > ^ 
nothing wrong with this, especially in the research mode hnH^ d J ei f own ^ad distributions. There is 

load definition and control surface effectiveness calculations ?l! t0 ? ke advanta S e of superior 
If nothing else, HiSAIR has alreadyaerodynamic codes, 
multidisciplinary understanding will h#*in im , ® creased awareness at Langley that a 

Conclm^rerSZTmuWdS^ », T “-P 10 ^ *> »es. 

discipline interacdon and turnaround time the HiSAIR Mm 1 ^°"“ ’ll* ™ precedented level s of 
multidisciplinary optimization An a • AIR 1S . researchin S more difficult problem of 

process cente^mfnOTWwarchial'decompMifion withOTdm'^H 6 * 11 ^ cpn ^'J Ptc ^ utilizing a resign 
derivatives. These methods were discuss^ by Sobie^i ta to TmsTS ■ T ““ reSP ° n5e 
Optimization Symposium (reference 6) and n£re ^tiy tareferen« ^ “ d 

iscurrendy focusing on HSCT wine design to dfisvfirso ^.u . rei ? ce ^ integrated design exercise 

aircraft configurations. The integrated dSign exercire ^ 0^11 ^ mCtho ^ s . for the “^ted design of 
paper delivered elsewhere in this symposium. &Uy reported b y “ reference 4 which is a 

PLANS 

concepts requires ”° nd ' rivative aircraft 

“onZ^us" Forts^c?retT“, ** 5 ?* ^10^”^ 

torn a horizontal tail toTcS reftt m " h“ S “ b,h,>, . a " d conlrol Problem may be to switch 

optimization methods ^TroCtion^' ° PnnUZ f g ? e hori2 °"“ 1 s yr«n> 

establishing the technology ,ech " olo * ies ’ b« are not suited to 

sysrem design in real tim^s^ ^qul^^vTZ ileZ r ““ “ d danced 

A sys,em 8 such *" « 

capabilities and insight. ^ ±&t ' S to apply his full 

utilizing routines that provide information^ t^h , multidis f i P linai y guidance and assistance by 
disciplines. These multidisciptoary guidana Jld aS” acrodynamic configuration on other 
expert systems inco^rating aSTnrem^e “ roumes . co “ ld knowledge based or 
extrapolation formuks based Ivst^ms^,.“ ap ' ,r0 I ,nate - ^ couU also be simple 
guidance and assistance^~wo^rsS r I^ V ^?^ ,edf ° rd, ' bas ' to - 
the respective disciplines These simoler method. M ?? d ! 0ds nonnall >' employed by the experts in 

bogging down due ro eSerrteTevdo de^S“ keep *• to 
computer speed and ^.1x^1™^^ “ coupling or lack of 

coordination with each other to evolve a set of confimmT* h,ed . < ?? cl P lines can work real time in 

guidelines. In addition to Ute^nfig^tioT° f agre «> 

& auun set, system sensitivity derivatives would be generated. The 
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, .. Hmivarivcs that would form the input for the rigorous 

output would be a configuration set and ch ha s the very attractive feature that allows 

optimization methods previously sc us * nroc -j^ e traditional sequence in which the discipline 
equal discipline participation in the hLy details would have to be 

asssssasr*ir— * »- - * “ 

benefits 

„ .. . c iuj n n able to determine the best technical solution 

The HiSAIR project has the overaU jeiLlogies. Funher, the philosophy is to 

when integrating increasinglyhis physical insight and methods to solve »y««n 
develop a system that allows <h '^^ e ^ pose< i mettads of multidisciplinary couptag and m the 
problems, ms philosophy is , only better aircraft designs that achieve 

optimization methods employed The result *uee tf analytical methods and data bases 

maximum advantage fenimmunity. EquaUy imponant is the developmg 
that find more ready applications in theano doing business in an integrated 

multidisciplinary cultural ^Ltoring new ideas and research. As the HiSAIR 

SSlpSIc"'“ LtugL problems of muWdisciplinary optinuzauon. die 
J2SK -& new research stimulated will incre^e. 

CONCLUDING REMARKS 

NASA Langley Research Cento: has emb ^^^^ g ^^r^^^aLss the organizational 

multidisciplinary aircraft analysis, h .s«eed Civil Transport as a research focus. The project 

discipline lines of the Center and uses 1 ^TT e SSpline organizations. The discipline specialist 

has met with an enthusiastic response^“£r h^knowledge of wd influence on the aircraft design 
perceives HiSAIR as a means to broadenbxsm {^.^Bvance to the aeronautical community 
process, as well as stimulate new ) rcs ®^_ strategy f or HiSAIR is to proceed through three steps. Step 

beyond their specialist area. The long- %y pn »iv«« nrocess* step 2 is to develop a local 

is to establish a high-fidelity rapid emtensitivity derivatives methods; and step 3 is to 

optimization design process using ncraw 

develop a global optimization system with full ^ p Th e major obstacles encountered 

dCV HiSAIR.is approximately half way to die ^^J^^not Unexpected. Geometry or 

in establishing a high-fidelity rapi ^ ^ic two principal concerns. A number of existing 
numerical modeling and data nm&gv ment we ° P mblc d and modified for the modem workstation 

computer programs as ^cussed mtiie text^ ^be ^ ^ 0$e intelligence techniques 

environment to handle these concern i. , understand the nature and most efficient 

to decompose complex systems are g P ^ system sensitivity analysis methods are 

processing of the data. These^ cco ™ P ^„ t - on teps Q f HiSAIR. Methods of coping with the breadth 
being researched as tools for the op must be developed to accomplish the global 

versus width are evolving and are un er s y important is that an atmosphere is developing in 

multidisciplinary couplin^opumzauon go ^Eq^ly^^po^^^^ for . mpact M decisions on 

which the discipline specialist has an Laneley Research Center as a research organization 
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Figure 1.- High-Speed Airframe Integration Research Management 
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Figure 3. • Current Geometry Process 
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ABSTRACT 

Hypersonic vehicle design involves several complex, 
highly coupled disciplines. The need to use multidiscipli¬ 
nary optimization techniques to determine the optimal 
configuration is rather apparent This paper presents a 
multidisciplinary configuration optimization technique which 
directly applies to the very difficult challenge of hypersonic 
vehicle design. 


INTRODUCTION 

The developments in computational fluid dynamics 
(CFD) techniques in recent years are significant. Although 
CFD analysis can require significant time to be performed 
due to flow complexity and grid issues, the accuracy with 
respect to high speed vehicle performance is very reliable. 
Concurrently, various types of optimization methods based 
on CFD and CSM (computational structural mechanics) 
analyses are recieving more attention, references 1-4. 

In the case of hypersonic vehicles, the use of multidis¬ 
ciplinary optimization techniques is very important for 
proper sizing of the vehicle. The key disciplines are 
aerodynamics, inlet performance, propulsion, and struc¬ 
tures. One of the serious concerns in the preliminary design 
stage is the vehicle performance based on an assumed 
takeoff gross weight Particulary, effective specific impulse 
is an important parameter in the attainment of a desired 
vehicle trajectory. Since the specific impulse is a direct 
function of the vehicle thrust and drags, minimizing the drag 
forces is essential On the other hand, the same thing can 
be achieved by maximizing thrust through the improvement 
of the inlet perfomance and the fuel volumetric efficiency. 


the formation of a global sensitivity matrix, the optimization 
process, and some results will be shown. 


PROBLEM STATEMENT 

In order to excercise CFD and other derived sensi¬ 
tivities in an optimization problem, a vehicle specification 
and a Key point in the trajectory are defined. The hyper¬ 
sonic vehicle baseline configuration used in this study is 
shown in figure 2. including the design variably chosen. 
Presently, we are dealing only with the forebody of the 
vehicle for simplicity. Therefore, the effect of the forebody 
on the aftbody aerodynamics is neglected at this time. The 
aftbody (ie.. nozzle, bodyflap. elevon. etc.) effects are 
included in the propulsion contributing analysis (CA) and 
the trim contraint. 

The flight condition at which the vehicle will be 
optimized is as follows; Mach - 16. q - 1500 psf. and a - 
0.0 degrees. Finally, the objective function for this optimi¬ 
zation is defined as follows. 


Objective: maximize Isp 

T - T -D (D 

A SP “ mf 

n Do = D«i + Dib + Dvitc + D a ft;U N TOMMED\ < 2a > 

Db + Dfe + Dbf; TRIMMED (2b) 


The traditional sizing method attains closure on a 
vehicle design by photographically scaling the baseline to 
achieve the required fuel fraction. This occurs at the inter¬ 
section of the fuel required and the fuel available curves.as 
shown in figurel.lt is possible to attain closure by 
bringing the fuel required curve down and/or by bringing the 
fuel available curve up. As a first step, the fuel available 
will be held constant in the approach in this paper. Hence, 
the approach in this paper will concentrate on bringing the 
fuel required curve down. For simplicity, this will be 
accomplished by maximizing the specific impulse (Isp) at a 
critical point in the trajectory by modifying the baseline 
configuration gaomatry. 


whara, 

T » thrust 
D = drag 

mf = fuel-flow rate 
Dq = total untrimmed drag 
* ram drag 

Dfc * forebody pressure drag 
Dvi, c = forebody viscous drag 
D,ft = aftbody drag (held constant) 

D c = elevon drag 
Dbf = bodyflap drag 


In this paper, a specific approach to sensitivity calcula¬ 
tion, the determination of independent design parameters. 
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Figure 1. The sizing process 



OVERALL OPTIMIZATION PROCEDURE 


A multidisciplinary decomposition/optimization 
technique is used to develope the global sensitivities 
needed by the optimizer in an efficient manner. This 
technique involves four steps as shown in figure 3. ©De¬ 
termine the most efficient decomposition of the design 
process, by identifying the individual contributing analyses 
(CA s) that makeup the design process using an N- 
squared diagram. © Define the linkages between CA's by 
adding to the N-squared diagram developed in step 1 . (3 
Calculate the sensitivity derivatives for each CA independ¬ 
ently. vt) Combine the sensitivities in the global sensitivity 
equations (GSE) to determine the global sensitivity deriva¬ 
tives (GSD) which are then used by the optimizer to 
determine an optimum configuration. Further background 
and examples of applications of the methodology can be 
found in references 5-6. The following sections describe 
each step in more detail. 


1. DECOMPOSE DESIGN PROCESS 

The N-squared diagram, shown in figure 4, is a handy 
tool for presenting the functional decomposition and the 
linkages between CA's, which are discussed in this and the 
next section, respectively. It shows some of the disciplines 
included in the design process. 


i 

Each box is a contributing analysis card which 
contains information about CA. It identifies figures of merit, 
constraints, and control variables. It also defines the 
programs to be used to generate the sensitivity data and 
the person(s) responsible for running them.For the present 
work, the maximum amount of disciplines used in the 
results are those shown in figure 5. Results are also 
presented for optimizations where some of these CA's are 
not included. 

2. DEFINE LINKAGES 

Each oval in figure 4 identifies a connection between 
disciplines. By following the lines away from the oval and 
towards the CA boxes, the two disciplines involved in the 
linkage can be identified. Each oval is a data card which 
identifies the information passed from one CA to another 
CA. It also defines the person(s) responsible for generating 
the data and the person(s) that would recieve the data 
during a traditional design cycle. The linkages that occur in 
the present work appear as dots in figure 5. 

3. CALCULATE LOCAL SENSITIVITY DATA 

Each discipline independently calculates the sensitivity 
derivatives which are defined during step 2. The sensitivity 



Step t - Decompose design process 
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Figure 3. Overall optimization procedure 
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Figure 4. N-squared diagram example 


data is calculated using a finite difference approach. Three 
different ways of determining the sensitivity data and the 
change in the sensitivity data away from the baseline are 
presented in figure 6. 

The first-order one-sided difference (FO-OSD) 
approach has the key advantage of requiring only the 
baseline and one additional run to calculate the first- order 
sensitivity data. However, the accuracy in the direction 
opposite to the perturbation can be very poor if the curve is 
not dose to be linear. 

The first-order central difference (FO-CD) requires the 
baseline plus two runs to calculate the sensitivity data. It 
produces better accuracy than FO-OSD in one direction, 
but gives up some accuracy in the other direction which 
makes this approach not worth the extra cost of the 
additional run. 

However, without making any additional runs, than the 
FO-CD approach, the second-order (SO) approach can be 
used. The advantage to the SO approach is the ability to 
model the nonlinearity in the sensitivity data. The FO-OSD 
approach and the SO approach each have their advan¬ 
tages and disadvantages, which one is best to use 
depends on the nonlinearity of the problem. 



Figure 5. Step 2 for present work 


The use of pre/postprocessors in order to speed up 
the preparation of input data for the aerodynamic and 
structural flexibilty analysis was very important in generat¬ 
ing the local sensitivity data in a timely fashion. The 
diagram in figure 7 illustrates and describes those used in 
the present work. 

4. SOLVE GLOBAL SENSITIVITY EQUATIONS 
AND PERORM OPTIMIZATION 

The N-squared diagram, in figure 5, translates into the 
set of global sensitivity equations presented in figure 8. 

Any of the disciplines shown can be neglected by removing 
the proper rows and columns from the matrix equation. For 
example, in order to remove the effect of the 2-0 Navier- 
Stokes CA from the optimization, the first row and first 
column would be deleted. 

The right-hand side (RHS) of the equation deals with 
the local sensitivity of the outputs from each CA with 
respect to a single design variable. If the design variable is 
not a direct input to a particular CA, then all the local 
sensitivities in the RHS are zero with respect to that 
variable for that CA as shown in figure 8 for the propulsion 
CA. 

The left-hand side (LHS) includes the cross-coupling 
(or linkage) sensitivity matrix and the solution vector. The 




Figure 6. Sensitivity calculation 


Figure 7. Pre/postprocessors 
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FJgurQ 8. Global sensitivity equations 

solution vector contains the global sensitivity of the outputs 
from •achCA with respect to a single design variable 
There w.ll be one RHS and one solution vector for each 
design variable. It is important to note that although the 

tSSST ° n ,ha , RHS ar# " ro ior a articular CA 

dasign variab,# th# 9tobal -•* 

J h V* SUltin9 9tobal sans ' , ' vit y data is then used to 
™ It * ' Cle p * riormanc# during the optimization 

for e^«?fh CC ° mP(,Sh f d USin9 3 Tay,0r S9n9s expansion 
®l aach of the outputs from each of the CA's. The obiec- 
t ve function and the constraints are then updated and 
passed to the optimizer. 

77,9 optimizer used in the present work is the ADS 

?S*D-? n Syn,hMi *> reference 7 with 

f 3 , 3nd IONED - 7 - ISTRAT-0 indicates 
SS^iTn* Stra,e98y iS U8ed1719 US9 of the Method of 

i MFD) ' 0r minimization, 
references 8-9, is indicated by IOPT-4. The one-dim.n- 

»onal seaich. IONED-7, finds the minimum of an con¬ 
signed function by first finding bounds and then using 
polynomial interpolation. y 

baseline snaoe ~. HH 

positive oerturoatton — — _ 

negative oerturoatton- 


Con* angle 


Fore*o<fy length 


^I? Urat ” n * decomposed into independent 

T "* US9d * *» optimizedto 
»nprove the vehicle performance. The design variables 

exOTp^h*^ ^ hY ^ nonc fo roPody optimization 
example in this paper are shown in figure 9 . The main 

concern when decomposing a configuration is to make the 

design parameters ass independent as possible The mor« 

.ndependent they are ,h. larger the alteiSI moveS 

the optimization run. which can possibly reduce the 

^d^hff OP |T a "° n Cycl#s - At th9 beginning of each 
cyde. the inal shape from the previous cycle is analyzed 

and new global sensitivities are generated. By reducing the 

* °P«'"iatton <**,. a aute.an.lal Loun. o? 
compuitational cost and time can be saved. 

RESULTS AND DISCUSSION 

Th- l n J!"! Pa ? er ' ,our °P ,imi2a, ion cases are examined. 

The objective function for the first two cases uses equation 
2a in conjunction with equation 1. These equations 
produce an untrimmed specific impulse (Isp). Cases 3 and 

flr U t S K **" aUon 2b ,nst9ad 0< 2a to Produce a trimmed Isp 
or the objective function. All four cases have a forebodv 

!jj "SHI* ?°" 8,ra ' m ,or simplicity and to concentrate on 
one aspect of the present approach's capability. The 
esign variables are limited to a maximum of 10% change 

Lh* ° f "T 8, t° m th# baS9,in# values. Each case adds 
either another CA or an additional constraint to the 

opt'mizmon process. More details and results of each case 
ar« discussed in the following paragraphs. 


me initial optimization case shown in this paoer 

thTtlllt?* ? A ' S> 3 *° Euler and propulsion. As a first step, 
objective is to maximize an untrimmed Isp neglectina 

JST2S on ^ l “ «»<£££?* 

flexibility effects. These additional effects will be added one 

I'*?™ to follow. The only constraint for 

dafin^ ,‘t ° febody tank V0,um9 constraint, which is 
defined as follows: 

-e < (present tank volume ■ baseline tank volume) < e (3) 
e - O.t % of the baseline tank volume 




Upp*f 




Figure 9. Design variables 


* f C38a 1 "• 8hown in f *9 ur * 10 - The most 
significant design vanable change occurs to the geometric 

„ ansd 1 '°"(OV-4). The increase in this design 
anable decreases the tank volume slightly, but it sianifi- 
cantly decreases the forebody drag which is a key fartor j n 
maximizing the Isp. Th. loss in volume is comp^sSd kL 
the other varaibles. The forebody length (DV- 1 ) increasJsT 
while the cone angle (DV-2) decreasZsto produce a m~l 
skjnderforebody which helps maintain the tank volume 
while reducing the drag. The upper surface height (DV-3) 
f»n»mater ,s relatively ineffective, although it le ases * 
sjghtyto help maintain th. tank volume The optimST 
WteOMteV . ,7% «*. tJSJZt 
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Figure 10. Case 1 results • initial optimization 


CAS Th. second optimization case is the «J*“ < ** 1 
with the addition of the 2-0 Navie^tokes CA. Th« CA 
contributes the viscous effects on inlet performanc 
optimization process* 

The results for case 2 show that the changes in the 
design variables are qualitatively similar to case ,as 

shown in figures 10-11. DV-3 and DV-4 h ™ atm °* 
identical changes in magnitude in cases 1 and 2. whic " 
due to the tact that these two variables havean iratgmfr 

cant effect on inlet performance. Howeverthemagnrtude 

of the changes in OV-1 and OV-2 
This indicates that the benefits of making ^elor y 
more slender reaches a maximum ctoaer to thjbmtovi 
shape when the viscous effects on the inlet P**®"""* 
are included in the process. Even with theee 
magnitude, the objective function value a almost identical 

in me two cases. This is dus to a posUrva 00 

the inlet performace due to the change in DV-1 and -2, 
which counter-balances the increase in drag for the less 

slender forebody. 


The third optimization casa uses aquations ^wl7bl to 
produce a trimmed Isp for the objective funden. It includes 
mesame CA’s as case 2 with an added constraint. The 
constraint added to for maintaining trim given a trimmed 



Figure 11. Case 2 results»addition of 2-D Naviec-Stokea 
contributing analysis to casa 1 


baseline vehicle, and it is defined as follows. 

-c < (summation of changes in moments) < t W 


t m 1 % of the baseline summation of moments 

n order to trim the vehide, the elevon ddtodion (DV-5) 
ind the bodyflap deflection (DV-6) must be included as de- 
iign variables. For this papsr. these control surfaces 
xoduce only a moment and a drag. For simplicity Jjhe_ 
iffect of the bodyflap on the propulsion is neglected. The 
moments are used to satisfy equation 4 and the drags 
which appear in equation 2b. are the performance penalty 
tor trimming the vehide. In order to start the optimiMitton. a 
baseline condition for the control surfaces is r#c iuired. The 
baseline condition tor this paper is a 5.0 degraea deflection 
for both surfaces. These deflections add drag to the 
baseline, which creates a lower baseline top than the 
untrimmad casas. 

The changes in OV-1 through -4 are »'<™lar to case 2. 
as shown in figure 12. It to important to note that the 20 % 
increase in the objective function is with respect to a 
trimmed baseline top. The percent chants m the^eveus 
cases are with respect to an untnmmed baseline top. which 
to larger than the trimmed value due to not ,ncl ® d,n ? t ^* 
drag from the control surfaces. Therefore, the artualvatoe 
of the objective may be larger for case 2 than it is for cas 



Figure 12. Casa 3 rasutts - addition of trim 
constraint to casa 2 
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Figura 13. Casa 4 results - addition of 
flaxibitity to casa 3 














3. Of the two additional variables only the bodyflap seems 
to be effective. The optimized shape actually requires less 
bodyflap deflection than the baseline which reduces the 
drag due to this control surface. This accounts for most of 
the increase in the percentage change in the objective. 

CASE 4 

The fourth optimization case is the same as case 3 
with the addition of the structures CA. This CA contributes 
the forebody flexibility effect to the optimization process. 
For simplicity, the structural flexibility CA is only linked to 
the 3-0 Euler CA, and it is not presently linked to the 2-0 
Navier-Stokes CA.as seen in figure 5. Hence, the effect of 
flexibility on the viscous part of the inlet flow is neglected. 
The procedure for adding structural flexibility to the 
optimization process is described in more detail in 
reference 6. 

In the previous cases, the optimizer produced a 
longer and more slender forebody. By adding the flexibility 
effect into the optimization process, the same type of 
shape occured, except that the design variables remained 
closer to the baseline values, as seen in figure 13. This 
indicates that the benefits of making the forebody longer 
and more slender reaches a maximum closer to the 
baseline shape when the flexibility effects on the forebody 
aerodynamics and the inviscid inlet performance are 
included in the process. For a rigid vehicle when the 
optimizer increases the forebody length and decreases the 
cone angle, the forebody drag is reduced. However, for a 
flexible vehicle these changes also generate larger 
deflections due to the air loads, which produces more drag 
compared to treating the vehicle as rigid. Eventually, the 
optimizer reaches a point where an additional increase in 
DV-1 and a decrease in DV-2 creates more additional drag 
due to flexibility than the decrease in drag due to the 
design variable changes. This explains why the change in 
the design variables and the improvement in the trimmed 

specific impulse is much smaller in case 4 than it is in case 
3. 


CONCLUDING REMARKS 

A multidisciplinary configuration optimization technique 
which directly applies to the very difficult challenge of 
hypersonic vehicle design is presented and demonstrated. 
A simple hypersonic forebody design problem is used as 
an application of the technique. The basic result of the four 
optimizations is that a longer and more slender forebody 
produced a higher specific impulse. It is interesting to note 
that qualitatively the changes in the forebody design para¬ 
meters are similar for all four cases. 

By adding the 2-0 Navier-Stokes CA to the initial 
optimization case, it is discovered that the inlet perform¬ 
ance increased from viscous effects due to the design 
variable changes. However, this positive effect dropped off 
as the design varaibles got farther away from the baseline, 
which is evident from the case 2 results. 

The most interesting result of adding the trim con¬ 
straint is that the forebody shape changes (DV-1 through - 


4) are almost identical to the previous case. In addition, the 
shape changes actually required trim moment from the 
control surfaces, which also reduced the trim drag. Fof the 
problem presented, only the bodyflap was effective in 
maintaining the trim constraint 

The result of adding the flexibilty is the same as result 
in reference 6. The addition of the other disciplines had no 
qualitative effect on the structural effect on the optimization 
results. 

Future work will investigate optimizing for multiple 
design points. This can be accomplished by adding the 
trajectory contributing analysis. In addition, the optimization 
of the rest of the vehicle s shape (ie.. aftbody. wing, inlet, 
etc.) needs to be included in the process. 
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Introduction 

The adoption of robust numerical optimization tech¬ 
niques in trajectory simulation programs has resulted 
in powerful design and analysis tools. These trajectory 
simulation/optimization programs are widely used, and 
a representative list includes the GTS system (Ref. 
[1]), the POST program (Ref. [2]), and newer collo¬ 
cation methods such as OTIS (Ref. [3]) and FON- 
PAC (Ref. [4]) . All of these programs rely on op¬ 
timization algorithms which require objective function 
and constraint gradient data during the iteration pro¬ 
cess. However, most trajectory optimization problems 
lack simple analytical expressions for these derivatives. 
In the general case a function evaluation involves in¬ 
tegrating aerodynamic, propulsive and gravity forces 
over multiple trajectory phases with complex control 
models. With the newer collocation methods, the in¬ 
tegration is replaced by defect constraints and cubic 
approximations for the state. While analytic gradi¬ 
ent expressions can sometimes be derived for trajectory 
optimization problems, the derivation is cumbersome, 
time consuming and prone to mistakes. Fortunately, 
an alternate method exists for the gradient evaluation, 
namely finite difference approximations. In this paper 
some finite difference gradient techniques developed for 
use with the GTS system are presented. These tech¬ 
niques include methods for computing first and second 
partial derivatives of single and multiple sets of func¬ 
tions. A key feature of these methods is an error control 
mechanism which automatically adjusts the perturba¬ 
tion size to obtain accurate derivative values. 

Numerical derivative methods for optimization ap¬ 
plications have been studied elsewhere. In Ref. [5] 
a method for approximating Jacobian matrices based 
on balancing the truncation and rounding errors is 
presented. An error control method is proposed for 
forward difference gradient approximations of a single 
function in Ref. [6]. The methods developed in this 
paper share many ideas with these studies. A key dif¬ 
ference is the technique developed for approximating 
the truncation errors during reperturbations. 


The first derivative techniques considered below all 
use a central difference approximation requiring two ad¬ 
ditional function evaluations for each variable. While 
one sided differences can sometimes be used, it is dif¬ 
ficult to choose an appropriate perturbation size with¬ 
out additional function information. In order to ob¬ 
tain this information, extra function evaluations are 
required which negates any computational savings of 
using a one sided partial. Also, in cases where sev¬ 
eral nonlinear functions are simultaneously differenti¬ 
ated using a common perturbation, the choice of the 
perturbation size is less critical with the more accu¬ 
rate two sided differences. The increased accuracy af¬ 
forded with central differences is especially important 
during the final optimization algorithm iterations to 
obtain convergence. 

Error Sources in Numerical 
Derivative Calculations 

The special case for a single function / dependent on 
a single variable x is considered first. The function 
/ along with its higher derivatives are assumed to be 
smooth. It is important to distinguish between the 
function /, and an approximation / which is computed 
by a numerical procedure. The mathematically defined 
function / is free of any error sources, and can be eval¬ 
uated precisely. When a numerical scheme is used to 
approximate /, error sources which are inherent in the 
numerical computation arise. It is emphasized that the 
purpose of the numerical differentiation is to approxi¬ 
mate the function /'. The function defined in the 
mathematical sense as a limit, is usually zero. 

A constant cj , called the function accuracy tolerance, 
is assumed to exist such that 

I /(*)-/(*)!<«; 

for all x of interest. The value of cj depends on the 
computational technique and the number of digits, N , 
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retained in the computation. For simple analytic func- 
tions a good approximation is 

€ J ** \f(*)Um 

where e m is the machine precision (e m & 10^“^)). 

The central difference formula for the derivative of f 
is given by J 


With only three function values. Special assumptions 
must be made in this case to obtain estimates for this 
term Following Ref. [5] if /"(*) ^ 0 and A is suffi¬ 
ciently small, it can be shown that 


l/ (3) (OI < £ 


f(x) — + jO + /(j - A) 


(4) 


fix) = /(* + h)- f{x - A) 

2 A 


+ T(x,h) 


Substituting / values, the truncation error is bounded 
as 


where T(x,h) is the truncation error. This error term 
depends on the the third derivative of / and is equal to 


T(*,A) = -f/<*)(() 

for some point ( in the interval [x - h,x -f Al. When 

numerically evaluated values of f are substituted the 
result is 


f'(r\ - /(* + h)~ f {x - A) 

2A + R(x, A) + T(x, A) 


( 1 ) 


|7(*.A)|< 


fix ± A) - 2/fa) + f( x - A) 


2A 3 


A 2 = 


A A 2 

(5) 


Reperturbation Computations 

Adding the two bounds, the sum of the truncation and 
roundoff errors is estimated as 

£ s( A) = tf/h + kh 2 (6) 


The term R(x,h), called the roundoff error, combines 

the function accuracy errors at the two points and is 
bounded as 

\R{x,h)\< (J /h (2) 

In practice the unknown error terms in Eq. (1) are 
dropped, and the derivative is approximated as the cen¬ 
tral difference using the / values. 


Numerical Derivative Calcula¬ 
tions With Error Control 

To determine if the derivative approximation is suit¬ 
able, a method for measuring and controlling the error 
terms is required. A performance index is defined as the 

sum of the errors, and the value of A is sought which 
satisfies 

min{7’(i, A) + R(x, A)} ( 3 ) 

The error control mechanism is simply a means of ad- 
justing t e perturbation size h to approximately solve 
this problem. This technique is derived assuming an 
initial perturbation size A is given. The steps to ap¬ 
proximate the errors and derive a new perturbation size 
n are outlined. 

Error Estimates With Three Function 
Values 

The bound from Eq. (2) is used to approximate 
n(x,ti); Ihe truncation error term involving the third 
erivative of / can not be accurately approximated 


where k is obtained from Eq. (5). The value A* which 
minimizes cq is given by 



With the new value A’ computed, a test is applied 
to determine if reperturbations are actually required 
n a neighborhood of the solution to (3) it is expected 
that the total error is insensitive to small changes in A. 
In addition since the error bounds are approximations 
only a rough solution to (3) can be found in practice. 
The acceptance test requires a user supplied tolerance, 
p> 1, on the accuracy desired in the perturbation size. 

P~ l <Y<P ( 8 ) 

then the central difference gradient approximation for 

f(x) with perturbation size A is accepted. Otherwise, 

A* is the new value and additional function values are 
requested. 


Refined Truncation Error Estimates 
With Four Function Values ' 

The function is first evaluated at the point x+h’. Using 
this new piece of information a better estimate for the 
truncation error can be obtained as follows. Define the 
quantities 

Ai = f(x + A) - /(*) 

A 2 = f(x - h) - f( x ) 

A 3 = /(x + A*)-/( x ) ( 9 ) 

a = A'/A 
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After manipulating Taylor series expansions, the third 
derivative of / can be shown to satisfy 


Generalizations To Multiple 
Functions and Variables 


— Al — A 2 ^3 , T? r 

h 3 / (3) (*)/6 = fj + 2 (^ 71 ) + a ( fl2 - 1 ) ^ Q) 

The error term Er depends on fourth derivatives of / 
times the term h\ The third derivative estimate from 
Eq. (10) is used to approximate T{x,h), and a new 
perturbation size h, is obtained from Eq. (7). lhe 
new perturbation ratio, h t /h, is then tested in Eq. ( )■ 
If this test is satisfied, then the perturbation size h is 
in fact acceptable, and reperturbations are not neces¬ 
sary. This check is performed to avoid cases where the 
truncation error estimates from Eq. (5) are erroneous 
because only three data points were used. 


Refined Truncation Error Estimates 
With Five Function Values 

When the ratio test fails, the function is evaluated at 
x - h" and an improved truncation error estimate is 
obtained using five function values. Following Eq. (9), 
define 

A< = /(x -h-)-f(x) 


The extension of the method to multiple variables is 
straightforward where the process is repeated for each 
independent variable. The case of multiple functions 
depending on a single variable is treated next. Assume 
that the n functions of a single variable x are given as 

/i(x)./-»(*) 

In most trajectory optimization problems the functions 
are evaluated simultaneously. Thus, for computational 
efficiency it is required to use a common perturbation 
size h for the n individual finite difference gradient ap¬ 
proximations. 

Ideally, function accuracy terms «/(l), • • • >*/( n ) 
would be specified, and the rounding errors in each cen¬ 
tral difference derivative would be approximated as 


Ri(x,h) «e/(t)/h 

A simpler method uses a common unit accuracy term 
e u for all functions where the errors are approximated 

as 

Ri(x, h) as £u |/i|/fc 


From Taylor series expansions, it follows that 


h 3 f( a \x)/6 = o (—Ai + A 2 + <* '(^3 ^«)) ^ r 3 

h* /(«)( x)/2A = <r (-Ai - A 2 + a _2 (A 3 + A„)) + Eu 
o’= l/(2(a 2 - 1)) 


The error terms Er 3 and Eu are proportional to h 5 
times quantities involving fifth derivatives of /. Drop¬ 
ping the Er 3 term, a refined second order approxima¬ 
tion to / (3) is found which in turn is used to estimate 
the truncation error T(x,h*). A new perturbation size 
/»•* is then computed via Eq. (7) with the new error 
estimates. Once again the perturbation ratio test, Eq. 
(8) is performed, and if the test fails then the whole 
procedure is repeated with h“ as the new estimate. A 
maximum of five reperturbations are allowed. 

The method outlined above always computes the 
derivative value with only two function values. It is pos¬ 
sible during reperturbations to estimate the first deriva¬ 
tive using the four function values available with a for¬ 
mula similar to Eq. (11)- These higher order approx 
imations are not utilized for the first derivative value 
since they have larger rounding errors and unknown 
truncation errors. In practice it has been observed that 
for a suitable value of h, the two point central difference 
formula usually yields acceptable derivative estimates 
for optimization applications. 


The truncation error estimates Tj(x f /i) arc approxi 
mated for each function as above. 

The individual error terms are combined into a com¬ 
posite performance index utilizing weighting terms. 
Define the geometric average of the function deriva¬ 
tives, computed with central differences, as 

f' = yj max{ \fl I) \J max{min{| /* |} i } 

The weighting term for each function is given by 

r 1 if 1 

^ i/;i > /' 

A performance index which measures the total 
weighted errors is 

? B (ft) = £ *) + E WiTi{x ' h) = i/h + kh 2 

»=1 1=1 

where the t and k terms are weighted sums of func¬ 
tion accuracy errors and third derivative approxima¬ 
tions similar to Eq. (6). The remaining computations 
follow the single function case. The parameter p is use 
to determine if reperturbations are necessary, and the 
truncation error estimates are refined using additional 
data when it is available. 
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Second Derivative Computations 


The discussion so far was restricted to the computa¬ 
tion of first derivatives. In postoptimality analysis ap¬ 
plications , Ref. [7], it is necessary to compute numeri¬ 
cal second derivatives of a function / dependent on an 
n — vector x. An error control technique for this prob¬ 
lem is addressed next. 


Once again the single variable case is treated first. 
It is assumed that a suitable perturbation size h\ is 
available for the central difference first derivative of /. 
In postoptimality analysis this value is obtained from 
the just completed optimization problem. The central 
difference second derivative expression for f(x) is 


f"M = &± *> - HM ± /<» -«> . + 

X m§ 

( 12 ) 

where /' 4 ) j s the fourth derivative of / evaluated at a 
point i/> in the interval [x — h, x + /»]. 

The roundoff error incurred when the numerically 
evaluated function values / are substituted is bounded 


values now available, the fourth derivative of / can be 
estimated using Eq. (11). A new perturbation size, 
hj, is then obtained which minimizes the truncation 
and roundoff errors from Eq. (13). The perturbation 
ratio h\/h 7 is tested as in Eq. (8). If the ratio test 
ails, then h 2 is the new perturbation size and two more 
function values are requested. The fourth derivative of 
/ is then estimated using function values at the five 
points : x, x ± h 2 , x ± h m 2 . This completes one cycle of 

the method. A maximum of five reperturbations are 
allowed. 

The generalization to n variables first repeats the 
above sequence for each variable. From this data the 
diagonal elements of the Hessian with respect to x can 
be computed. The off diagonal Hessian matrix elements 
are obtained using a standard mixed derivative formula 
utilizing two additional function evaluations for each 
element. No error control is employed for the off diag¬ 
onal elements due to the large computational expense 
that would be required. For most practical case if er¬ 
ror control is used for the diagonal elements, the off- 
diagonal Hessian elements computed with these same 
perturbation sizes are usually accurate. 


R(x, h ) < 4ty//i 2 

Following the same derivation for the central difference 
first derivative, the optimum perturbation size that 
minimizes the sum of the truncation and roundoff er¬ 
rors in Eq. (12) is 



By combining Eqs. (7) and (13) and eliminating t,, it 
follows that 1 

/ r( 4 )\ ( 25 ) 

= <'->> ( ’ 5 ’ <») 

To obtain an initial perturbation size for the sec¬ 
ond derivative calculation, the higher derivatives in Eq. 
(14) must be eliminated. If the third and fourth deriva¬ 
tives of / are assumed to be the same order of magni¬ 
tude, then the optimal perturbation size for the second 
derivative calculation is 

h 2 « 2(Ai)< 75 > 

The second derivative computation begins by eval¬ 
uating / at the points x ± h 2 and forming the cen¬ 
tral difference approximation from Eq. (12). If no er¬ 
ror control is desired, then the calculation is complete. 
Otherwise two additional function evaluations are per¬ 
formed at the points x ± 2/it- Using the five function 


Implementation Details 

The numerical derivative methods outlined above have 
been implemented with the GTS system and also as 
stand alone FORTRAN. The interface is consistent 
with the reverse communication procedure described 

m Ref. [8J. Some implementation details are discussed 
below. 

As noted in Ref. [5], the bound for T(xji) from Eq. 
(4) may be completely dominated by roundoff errors it¬ 
self when h is too small. The truncation error estimate 
is totally unreliable in this case, and the perturbation 
size must be increased. The refined truncation error es¬ 
timates using additional function values are also prone 
to catastrophic rounding errors if the perturbation sizes 
are too small, or if the ratio a is too small or large. 
In these cases, the perturbation size must be adjusted 
based on rounding errors only. In the second derivative 
calculations, the perturbation size is allowed to change 
by at most a factor of ten (0.1 < a < 10.) during a 
reperturbation. This results in more stable truncation 
error estimates. 

Numerical first derivative computations are repeat¬ 
edly performed during the optimization algorithm it¬ 
eration. The finite difference perturbation sizes com¬ 
puted at one point are retained for the next derivative 
evaluation. In many problems it is sufficient to utilize 
the error control at the initial point only, and leave h 
fixed for all subsequent gradient evaluations. Options 
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are also available to compute the gradients with erro 
control each time, or skip the error control procedu 
entirely. Recommended values for the reperturbation 
ratio^actor , range from 3 to 10. Smallerr vdtoj. 

in more reperturbations, and more accurate derivatives. 

*kh 

inaccurate derivatives due to increased truncation er¬ 
ror If the function accuracy is underestimated, then 
rounding errors will dominate. One useful technique to 
approximate these parameters is to examine the op - 
mization output from a similar problem i » 

At the converged point, the active constraint errors gi 
a rough estimate of the constraint function accuracies, 
(assuming tight convergence was obtained.) i 
Me point methods, Rets. (81 ft»d [U], 
points on the eonstenint .urfftc. ftre denoted. andI ‘he 
function accuracy can be estimated as the smallest in 
dividual constraint errors observed. 

Example : Optimal Control 

Space Shuttle Reentry 


A shuttle 
derivative 
alyzed in 

Ref. [11]. 
two point 
equations 
with time 


Altitude 

Longitude 

Latitude 

Velocity 

Flight Path Angle 
Azimuth 


260000 ft 
0 deg 
0 deg 
25600 fps 
-1.0 deg 
90 deg 


eleven differential equations describing the state and 

adjoints are integrated backwards to time tt > - 0, d 

the altitude, longitude, velocity, and ^ ^ 

conditions specified above are imposed “ c^trarn^ 

An additional optimality condition on the final value 

the Hamiltonian is imposed as the fifth cons rai ■ 

latitude and azimuth are held constant throughout 

trajectory and eliminated from the problem. 

41 The hsilial v»i.ble ™lues end peMrbftt.on s,ses 

chosen are listed in Table 1. The perturbation sizes 
cnos.cn ait , in _3 to io~ s times the im- 

were arbitrarily chosen as 10 to iu “ 

tial variable values. The maximum downrange reent y 

problem was solved using fixed perturbation sizes an 

with two different derivative error wn^o^chemes^ The 

first error control scheme used the method descnbedjn 

Ref [51 with the unit roundoff erro: estimated as10 

The other case used the method described •" this par 

pe, with ft «p«turb.Uon -•» J teasibU . 

function accuracy errors, f/(») ana contra 
ity tolerances were chosen as 


reentry problem is used to illustrate the 
techniques. This problem was originally an- 
Ref. [10], and more recently investigated in 
The solution technique requires solving a 
boundary value problem utilizing the adjoint 
. An initial state vector at the reentry point 
t 0 = 0 is given as 


Constrain! 

Altitude at to 
Longitude at to 
Velocity at to 
Flight Path Angle at to 
Hamiltonian at tj — 0 


ci 

C2 

C3 

C 4 

C5 


g /(0 

10 
10 
10 
10 
10 


-5 

-11 

-8 

-12 

-13 


Tolerance 

10 
10 
10 

10- 7 

10 


— 4 
-8 

— 5 


-5 


The desired conditions at the final free time tj are spec- 
ified as 

Altitude = 80000 ft 

Velocity = 2500 f P s 

Flight Path Angle = -5 0 deg 

Assuming a spherical earth model and simplified 
aerodynamics, it is desired to find the optimal^con¬ 
trol profile which maximizes the downrange (final longi¬ 
tude). The control profile is specified in terms of 
gle of attack a with the bank angle 0 held equal to zero. 
The problem is formulated and solved using backward 
trajectory propagation where the vehicle 'S'nitialjzed 
at time t/ with the terminal constraints satisfied. T 


The optimization operator NLP3, Ref. [12], was used 

to solve the five equations in five un j t 

dard Guass-Newton technique is employed. The results 
are summarized in Table 2 showing ^ e t otal number 
function evaluations (FE’s), number of FE s fo grad, 
ents, number of times reperturbat.ons were pe fonned, 
final root sum square of the constraint error and the fi 

nal perturbation sizes. The case utilizing the new erro 
control method required reperturbations for 
four variables at the initial point. After this no > 
tional reperturbations were performed. The case w th 

the Ref [5] error control method required <3 function 
The case without e„o, 

minated after five hundred function evaluations. None 
of the constraints were satisfied to within tolerance^ 
The high degree of constraint nonlinearity an p 
scaling can be seen by examining some derivative va ¬ 
nes. The constraint Jacobian, matrix elemen s wi r • 
sped to the first three variables ranged from 0.720 to 
416 x 10 u . The third partial derivatives of the co 
straints with respect to the first three variables ranged 

from -2.14 x 10 3 to —3.10 x 10 • 

The perturbation sequence for variable 1 and the 
resulting partials for constraint 2 are summarized in 
Table 3 At the initial point the truncation error 
constraint 2 was dominant. The perturbation size was 
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Initial Variable Values and Perturbation Sizes 


Table 1 : 

Variable 
*1 : Adjoint Altitude at t } 
x i : Adjoint Velocity at t, 

*3 : Adjoint Flight Path Angle at t 
*4 : Final Time ( tj) 

*5 : Final Longitude 


Initial Value 

Perturbation Size 

-0.0110026242 

10~ 6 

-0.682174037 

IO" 5 

-0.906370867 

IO" 5 

3633.710745265 sec 

10' 1 

187.508990542 deg 

io-‘ 


labie 2 


Comparison Results With and Without Error Control 


Total Number of FE’s 
Number of FE’s 
Number of Perturbation FE’s 
Number of Reperturbations 
Final RSS Constraint Error 
Final Pert Size for x\ 

Final Pert Size for zj 
Final Pert Size for x% 

Final Pert Size for r 4 
Final Pert Size for z 5 


New Error Control 
63 
5 

58 
4 

.47 x IO -19 
.25 x IO" 9 
.90 x 10 
.21 x 10 
.51 x 10 
.15 x 10" 1 


Ref [5] Error Control No Error Contrnl 


73 

5 

68 

9 

.23 x IO" 16 
.10 x IO -7 
.40 x 10" 7 
.79 x lO" 7 
.29 x IO -6 
.014 


> 500 

> 47 

> 460 

0 

.42 x 10 -3 
10 -6 
10~ 5 
10~ 5 
io- 1 
10 -* 


Point 


Table 3 : Perturbation Sequence For Variable 1 


2 

3 

4 


Aii 

dc2/dxi 

Ti(x,h) 

h) 

Total Rel Error 

.100 x 10“ s 

-102358. 

45705. 

0.00001 

575558. 

.213 x IO -9 

-97078. 

0.00024 

0.0470 

0.0712 

.237 x 10" 9 

-98063. 

0.0028 

0.0423 

0.068 

.245 x 10“ 9 

-96755. 

0.0032 

0.0409 

0.068 

.246 x 10 -9 

-96750. 

0.0029 

0.0406 

0.067 


reduced once where the final derivative value was dom¬ 
inated by roundoff. Note that the initial truncation er¬ 
ror estimate from Eq. (5) was 45704, while the actual 
change in the first derivative value, which also measures 
the truncation error in this case, was only 5280. The 
total relative weighted errors in the last column show 
stable behavior after the initial point. 

The case with fixed perturbation sizes failed due to 
the inappropriate values chosen. This problem demon¬ 
strates the importance of carefully choosing these pa¬ 
rameters for trajectory optimization applications if no 
error control is used. In practice the user should not be 
burdened with this choice. As the above results show 
the error control mechanism can automatically adjust 
these parameters and make a dramatic difference in the 
optimization algorithm performance. 

To illustrate the second derivative techniques, a full 
second order sensitivity analysis was performed. A sin¬ 
gle perturbation parameter p was chosen as the ref¬ 


erence surface area of the shuttle with nominal value 
S re / = 2690 ft 2 . The GTS postoptimality analysis op¬ 
erator, Ref. [7], was executed at the converged point. 
The Hessian of the Lagrangian function was computed 
with respect to the variables x and the parameter p. 
The function accuracy and reperturbation parameters 
were set equal to tj = 10" 10 , and p = 5. In this case 
all perturbations were performed with respect to the 
scaled variables, and the techniques described in Ref. 

[7] were used to obtain the final unsealed sensitivity 
data. 


The Lagrangian Hessian diagonal elements required 
11 sets of reperturbations. The fourth derivative esti¬ 
mates obtained from Eq. (11) ranged from .97x 10" 6 to 
.20 x 10 5 . The sensitivity derivative of the optimal final 
longitude, f , with respect to perturbations in S rt j , p, 
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was computed as 

HI = -0.1556 x 10 -2 deg/ft 2 

dp 

This value was verified by solving perturbed optimiza¬ 
tion problems and found to be accurate to four signi 

cant figures. 


Future Work 

The finite difference methods considered in this report 
have been tailored for trajectory optimization applica¬ 
tions where several nonlinear functions must be simul¬ 
taneously differentiated using a common perturbation 
size. Experience has shown that to obtain consistently 
accurate derivatives and monitor the errors, two sided 
differences are required. There are instances, however, 
where one sided finite differences would suffice. At 
points far from the solution, optimization algorithms 
can make progress with one sided partials. If loose con¬ 
vergence tolerances are employed, then "convergence 
can sometimes be obtained depending on the problem. 
However, if tightly converged answers are sought, then 
the gradient data must be computed more accurately 
as the solution is approached which requires central \ - 
ferences. A topic for future work is to extend the error 
control techniques to compute both one and two sided 
perturbation sizes. This could be done at the initial 
point, and the optimization algorithm could proceed 
with one sided partials until the errors become exces¬ 
sive. The more expensive two sided central differences 
could then be used to obtain final convergence. 

Another topic of interest is to implement a method 
to estimate the function accuracy error terms «/(*) at 
the first point. Since the perfect mathematical prob¬ 
lem model can not be evaluated in practice, this tech¬ 
nique could only be approximate. However, based on 
the numerical model it should be possible to determine 
the noise level in /. Finally, the use of variable scal¬ 
ing in conjunction with numerical differentiation is dis¬ 
cussed in Ref. [6]. The second derivative techniques 
developed in Ref. [7] perform all gradient calculations 
with respect to scaled variables and functions. Utiliz- 
ing scaling for first derivative computations is planned 
- and should result in improved methods. 
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Introduction 

The objective of this study is to illustrate an in¬ 
tegrated. parallel design procedure for optimal struc¬ 
tural. aerodynamic, and aileron synthesis of an aircraft. 
w ing. The effects of combining weight minimization 
with structural tailoring (ply orientation and thickness) 
of a lifting surface, together with the wing geometry 
(sweep angle and taper ratio), and the aileron geometry 
(spanwise location and chordwise size) upon the lateral 
control effectiveness are discussed. Several optimization 
studies for the minimization of aileron hinge moment, 
and wing weight, subject to a specified constant aircraft 
roll rate at a design airspeeHfroll effectiveness) are per¬ 
formed. 

Among the first historical aeroeiastic stability and 
control problems encountered were those that dealt with 
the influence of wing flexibility on the roll response to 
asymmetrical aileron deflection. Wing twist due to the 
aileron deflection decreases the available aerodynamic 
ro ling moment which, in turn, may cause aileron rever¬ 
sal (defined as the airspeed at which no roiling moment 
due to the aileron deflection is generated). Aileron re¬ 
versal became a crucial design problem for World War 
II fighters for which high roll rates at high speeds were 
a prime combat maneuver. In general, the solution to 
aeroeiastic difficulties was to increase the torsional stiff¬ 
ness or bending stiffness, a solution that led to weight 
increases that diminished performance in other areasfl]. 

The development of advanced composite materials 
provides a new dimension to aircraft design but also cre¬ 
ates the need for extensive computer analysis. Advanced 
composites are advantageous not only because of their 
high strength-to-weight characteristics, but also because 
they allow the designer to alter and control aeroeias¬ 
tic deformation in a beneficial wayflj. Composites also 
have made previously impractical design optionsfsuch as 
forward swept wings) feasible. In addition, automatic 
control systems and their increased reliability provide 
a new way of achieving gust load alleviation, maneuver 
load control, ride control, and active flutter suppression. 

Integrated, simultaneous design of an aircraft com- 

1 Graduate Student. School of Aeronautics ft Astronautics. 

5 Professor. School of Aeronautics (t Astronautics. 


posite material wing structure incorporating active con¬ 
trol technology and structural optimization techniques 
requires a multidisciplinary perspective. To overcome 
the complexity of the design problem and expensive 
computation cost, procedures such as a multilevel de¬ 
composition technique and analytic sensitivity compu¬ 
tation have been suggested by Sobieski[2j. Recently, the 
study of aeroservoelastic tailoring to exploit the inter¬ 
action of aerodynamics, elastic structures, and controls 
was reported by Zieler and VVeisshaar(.1], Weisshaar and 
\am[4], and Livne[5j. 

The present study is an extension of Reference [4], 
Aileron hinge moment is the objective function to be 
minimized. The decrease in the aileron hinge moment 
can be converted into the wing weight reduction, be¬ 
cause the size of the hydraulic actuator to deflect the 
aileron can be decreased. The ELAPS codeffi. 7), a 
general equivalent plate analysis program developed by 
Giles is used for structural analysis. A constant load 
panel method is incorporated to calculate the aerody¬ 
namic forces of the wing and hinge moment required 
for aileron deflection. The wing planform is divided 
into 100 panel segments as shown Figure 1. fn addition 
to determining the “best” configuration for roll require¬ 
ments, the best spanwise location of the aileron for flut¬ 
ter suppression is found by using Nissim’s aerodynamic 
energy concept[8] to determine whether the best span- 
wise aileron position for roll control is also acceptable 
for flutter suppression. 

Aeroeiastic Analysis 

The roll effectiveness can he expressed in functional 
form(in terms of steady-state roll rate, p t and design 
airspeed. V) as followsfO]: 

pb j t, _ Mr _ Rolling pother 
2U/ Dr Damping — in — roll ^ 

where 6 is wing span and the rolling power is: 

• v '« = (M*> n +UrJ/h ( 2 ) 

a nd .If*,, are the rigid rolling moment on the 
undeformed wing structure due to the aileron deflection 
£<> and the correction of the rolling moment due to wing 
flexibility, respectively. Further details about the roll 
effectiveness expression are contained in Reference [9], 


This roll effectiveness expression is an equality con¬ 
straint for the design procedure. The requirement, 
( pb/2V)o = consMwf. provides the required aileron de¬ 
flection angle (£ 0 )re* from Fauation 1 and determines 
the required aileron hinge moment. 


value). To solve the optimization problem, Roaenbrock’s 
procedure(10] was used. For this procedure, the deriva¬ 
tives of the objective function with respect to design 
variables are not needed. However, this algorithm may 
be slow to converge. 


The aileron hinge moment, H Total is calculated us¬ 
ing an aerodynamic panelling method and is the ob¬ 
jective function for optimization. This hinge moment, 
Hrotai i required for the roll maneuver is composed of 
two terms[9]: 

Hrotai = Hr* <nd + Hfut W 

Hfu$td is the hinge moment required for the 
rigid (undeformed) wing structure and Hfu* is the cor¬ 
rection to the hinge moment due to deformation. These 
terms are functions of the ply angle, skin thickness, and 
wing and aileron geometry. The expressions for the roll 
effectiveness, hinge moment were programmed and at¬ 
tached to the EL A PS code[9]. 


Y 



0 layer 
4-45® layer 
- 45 ° layer 



Figure 1 : Wing planform geometry. 

Optimization Examples and Results 

The general optimization formulation is written as 
follows: 

Minimize tf(x«) 

subject to lj < 0 ;(xj) < rij*, j = 1,2 . m 

where xj is a design variable vector and /), Uj are 
lower, and upper limits of constraints(such as re¬ 
quirements that, wing tip twist does nor exceed some 


Constraints are 

t. (pb/2V) = 0.08, p cs 007 *ec. 

2. |W»ng Tip Tivist | < 2.0® 

3 . 15% < < 85% of the semi-span 

4. 0.2 < cte < 0-4 

5. -30® < A < 30® 

6 . 0.25 < A < 0.75 


The wing planform analyzed is shown in Figure 1. 
The design airspeed is 400 miles per honr at set 
\eve\(q=2-8f jmi/i wing area and semi-span are 6050 in 
and 110 inches. The wing skin consists of a symmetrical 
composite laminate, modelled as a plate with six sym¬ 
metrical layers, [Of + 45®/ - 45®],. The thickness of the 
each layer is constant and is not. subject to change. 



Figure 2i Wing design synthesis( first example). 


Five design variables(listed in Figure 2) are used 
in this optimization example. The integrated optimal 
design system(shown in Figure 2) consists of three sub- 
systemsf aerodynamics, structure, and control sizing and 
placement), which are the functions of the design vari¬ 
ables. For the overall optimal design, three sub-systems 
must be accessed simultaneously. Although geometry 
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such as wing sweep and taper will change during opti¬ 
mization, wing area and span are fixed during the opti¬ 
mization procedure to keep the aspect ratio of the wing 
constant. Spanwise extent oflhe aileron is set to he 30% 
of the semi-span, but the chord dimension can change. 

Figure 4 summarizes the changes in wing planform 
geometry and ply orientation during the optimal design 
process. The init ial ply orientation 0(shown in Figure 1 ) 
is » # while the wing quarter-chord sweep angle is 15®. 
These design variables converge to 32® and 25.5®, respec¬ 
tively. The optimal aileron position and fiap-to-chord 
ratio are 84% of the semi-span and 0.2 which is the con¬ 
straint boundary. Wing tip twist approaches the upper 
limit of the constraint as shown Figure 5. The optimal 
hinge moment is 884/4- in. 

In this optimization example, the aileron spanwise 
position was determined subject to the minimization 
of hinge moment only. The aileron also can be used 
or flutter suppression. Nissim’s aerodynamic energy 
concept[ 8 ] was used to determine the most effective 
aileron spanwise location for flutter suppression. This 
result is compared with that for roll control. 

Figure 6 shows the variation of “energy ratio" with 
the aileron spanwise location when the ply orientation 
is 45® and the quarter-chord sweep angle is 20®. The 
flutter speed V, is required to be 888 feet per second 
when the control is active. A location corresponding to 
t he larger negative value of energy ratio represents the 
more effective aileron spanwise location to suppress flut¬ 
ter. The energy ratio is computed when V = l 1 V, Fig- 
ure 6 shows that the aileron should be placed at about 
<07o of the semi-span in this case. The best position of 
the aileron for roll control is also good for flutter sup¬ 
pression in this case, which is typical of others examined. 

For the previous optimization example, wing weight 1 
was fixed. As the second optimization example, wing 
weight is included as a part of the objective function and 
the thickness coefficients of a skin layer are included as 
design variables. 

The skin layer thickness distribution <,(£, q) j s ex _ 
pressed as a power series: 


The thickness distributions of the other two +45* -45* 
layers are prescribed as follows: 

h = /a = 0.025 — 0.015*7 inches ( 6 ) 

The wing weight portion of the objective function is 
computed as follows: 




m J} n 


m = 0 n= 0 


where 7 are the nondimensionalized coordinates such 
t at ( refers to the chord and r; refers to the span, as 
shown in Figure 1 . .Vine thickness coefficients t mn of the 
layer are included as design variables. The thickness 
distribution of the outer layer is written as follows: 

- 2 

i\(Z,n) = £ ^fmn£' T V inches (5) 

ms(l n = 0 


-£// /*•({, nWdrj 


where p is the mass density of the material and the 
ner of material layers is 6 . 


num- 


A total of 12 design variables were used in the sec- 
ond example. These are shown in Figure 3 . 


Aerodynamics 

• flap-to-chord ratio, cte. 

• spanwise control surface 

position,;^. 


Structure 

• ply angle. 0 . 

• 9 thickness 
coefficients./,™ 


f MINIMIZE > 
HINGE MOMENT & 
^WING WEIGHT J 


Control 

♦ constant roll rate. 

• flap-to-chord ratio. cte- 

• spanwise control surface 

position./V*. 


Figure 3: Wing design synthesis(second example), 


Constraints for this optimization study are as fol- 


» -- - ” w IVSI 

lows: 

1. (pb/2V) = 0.12 

2 . |wing tip twist| < 3 ® 

3. 15% < <V a < 85% of the semi-span 

4. 0.2 < cte < 0.4 

5. Minimum thickness constraint (The laver thickness 
should be greater than zero ); The layer thickness 
is checked at 6 different locations (the leading and 
trailing edges of the wing root, mid-span, and tip). 

The objective function J for the simultaneous min¬ 
imization of the wing weight and aileron hinge moment 
is expressed as a linear combination of the wing weight 
and control surface hinge moment. This objective func¬ 
tion is shown as follows: 

, _ W H 
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wher** J is the weigh tin? factor. Tins factor will de¬ 
pend upon the relat ive weighting placed upon structural 
weight and actuator weight. IT and IT are the wing 
weight and aileron hinge moment. W'o and IT o are the 
wing weight and aileron hinge moment for the initial set 
of the design variables. The aileron hinge moment H is 
a function of the thickness coefficients, ply orientation, 
and aileron spanwise location and chordwise dimension. 

Figure 7 shows the optimized wing thickness distri¬ 
bution when the weighting factor 0 is 1.0. The thick¬ 
ness of the laminate is the largest at the leading edge 
near the wing root and the thickness constraint at the 
trailing edge of wing tip becomes active as the opti¬ 
mization progresses. The initial wing weight is 64., 16s 
The final wing weight and hinge moment are ;>0.2/6s an 
1639.7 lb-in. The optimal ply orientation is 25° and the 
aileron mid-span location is about 75% of the semi-span. 

Other examples from Reference [9) show that the 
optimization result is sensitive to the initial design vari¬ 
ables If the design process is started using a wash-in 
laminate design!0« < * < 90*). the optimal ply ori¬ 
entation remains in the wash-in region and the wing 
sweeps aft to compensate for the effects of the wash- 
in laminate. The converse is true for the wash-out 
laminatef—90° < 9 < 0*). To determine whether or not 
the minimized hinge moment is global, the optimization 
analysis must be conducted using other initial values of 
the design variables. 

Conclusion 

From these limited examples, we have seen that 
aileron size and location, structural arrangement and 
aerodynamic planform are highly interdependent. As a 
result, a parallel synthesis procedure is invaluable. 

The aileron hinge moment can be minimized by re¬ 
designing the wing geometry and aileron fiap-to-chord 
ratio and spanwise location, and reorienting composite 
ply angles. The hinge moment and wing weight can he 
minimized simultaneously. For the wing planform ge¬ 
ometry used in this study, the final wing thickness dis¬ 
tribution shows that the leading edge area of wing root 
is the thickest. The wing thickness decreases gradually 
in the direction of the trailing edge of wing tip. 

Although no attempt was made to include flutter 
suppression or other maneuver criteria simultaneously, 
there was little difference between the best aileron loca¬ 
tion for roll control and that for flutter suppression. 


Structural Dynamics and Materials Conferences. 
Monterey,California. April 1987. 


[2] Sobieszanski-Sobieski. J.. “Sensitivity Analysis and 
Multidisciplinary Optimization for Aircraft Design: 
Recent Advances and Results,” 16th Congress of 
the International Council of the Aeronautical Sci- 
ences(ICAS), Jerusalem. Israel. 1988. 


[3] Zieler, T.A., VVeisshaar, T.A.. “Integrated Aeroser- 
voelastic Tailoring of Lifting Surfaces." Journal of 
Aircraft, Vol.25. No.l. January 1988. 


[4] Weisshaar. T.A., Nam. C., “Aeroservoelastic Tai¬ 
loring for Lateral Control Enhancement." Journal 
of Guidance. Control, and Dynamics, VoU3. No.3, 
May-June 1990. 


[51 Livne. E„ Schmit, L.A., Friedmann. P.P.. An in¬ 
tegrated Approach to the Optimum Design of Ac¬ 
tively Controlled Composite Wings," AIA A Pa¬ 
per No. 89 - 1268 ,AIAA/ASME/ASCE/AHS/ASC 
30th Structures. Structural Dynamics and Materi¬ 
als Conferences. Mobile, Alabama. April 1989. 

[6] Giles. G.L., “Equivalent Plate Analysis of Aircraft 
Wing Box Structures with General Planform Ge- 

W * m t « AAtf 


[7] Giles. G.L., “Further Generalization of an Equiv¬ 
alent Plate Representation for Aircraft^Structural 
Analysis,” NASA TM-89105. February 1987. 


[8] Nissim. E.. Burken. J.J., “Control Surface spanwise 
placement in Active Flutter Suppression Systems. 
NASA TP 2873, November 1988. 


[9] Nam. C., “Aeroservoelastic Tailoring for Lateral 
Control Enhancement," Ph.D. Thesis. School of 
Aeronautics k Astronautics. Purdue University. 

May 1990. 

[10] Avriel. M., Nonlinear Programming - Analysis and 
Methods, Prentice-IIall, Inc., Englewood Cliffs. 
N.J., 1976. 


References 

[1] Weisshaar. T.A.. “Aeroelastic Tailoring - Creative 
Uses of Unusual Materials." AIAA Paper No. 8<- 
0976 .AIAA/ASMF./ASCE/AHS 28th Structures. 

ORIGINAL PAGE IS 
428 OF POOR QUALITY 




Figure 4: 


Changes in design variables during the optimization process. 
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behavior of wings during the optimization process. It is also expected to result in better initial models and, 
thus, a more efficient optimization cycle. 

First, the performance of the optimization module was evaluated against results reported in the 
literature on the straight untapered wing used by Rudisill and Bhatia [4], McIntosh and Ashley [5], 
Segenreich and McIntosh [6], and others for structural optimization with flutter constraints. This wing was 
chosen since it represents one of the very few models where all structural, material, and environmental data 
are given for aeroelastic analysis and optimization with flutter constraints. Then, a set of test cases was 
selected consisting of a high aspect ratio swept and tapered wing, a medium aspect ratio straight wrng with 
a tapered section toward the wing tip, and a low aspect ratio swept and tapered fighter-type wrng (Fig. 1). 
The straight wing and the high aspect ratio wing were evaluated at subsonic Mach numbers while the 
fighter wing was investigated for flutter at subsonic and supersonic speeds. These latter three wings were 
modified derivatives of the wings used in the investigation of the influence of modeling on normal modes 

and flutter analysis by Striz and Venkayya [7]. 

High Aspect Ratio Wing Medium Aspect Ratio Wing Low Aspect Ratio Wing 



2. Background 

The importance of this investigation can be seen from the following example: It is generally 
understood that membrane elements when used for spars and ribs overpredict the stiffness of a wing. Thus, 
when the wing used by Rudisill and Bhatia was modeled by the present authors by replacing the front and 
rear spar membrane elements with shear elements, the natural frequencies of the first three bending modes 
dropped from 10.5, 55.9, and 125.8 Hz to 6.3, 37.6, and 110.3 Hz, respectively. This kind of change in 
wing bending frequencies can have a considerable impact on control surface performance and flutter. 
However, this example represents only a structural modeling change. In flutter analysis and optimization 
with aeroelastic constraints, the aerodynamic modeling also affects the results: the number, size, and 
distribution of the aerodynamic panels and the splining between the aerodynamic points and the structural 
grid. Since optimization is only as good as the associated analyses, it can, in some cases, compound and 
exaggerate errors arising from these. Thus, if modeling errors can have a considerable impact on the 
quality of the results of the associated analyses [7], optimization can be seriously jeopardized to the point 
where the resulting optimal design can be very unreliable. In the cited example, use of the stiffer 
membrane elements resulted in a 10% lower minimum weight design (38 lbs) as compared to the more 


realistic, less stiff shear elements (42 lbs). If flutter is the driving constraint, this could lead to the desien 
of a structure that is potentially too weak. It is, therefore, essential that the initial designs used in opting 

zaoon are feasible and modeled correctly especially when built-up finite element structural models are used 
rather than the previously more common beam models. 

Thus, fully built-up finite element structural models for the four wings were evaluated for their 
behavior m optimization and the influence of such modeling factors as finite element selection, structural 
^id refinement, selection of upper frequency bounds; aerodynamic panel size and placement; splining of 
Ae aerodynamic ^id to the structural grid; the selection of extra points off the structural wing ix>x (MFCs) 

for better mass distribution and aerodynamic splining; solution procedures such as reduction schemes- etc 
and selected results are presented. 1 ctc -’ 


3. The Rudisill and Bhatia Wing Model 

As mentioned in Reference 7, one of the drawbacks of this model lies in the fact that no non- 
s ctural mass was included in the model. Thus, the mass center of the wing coincides with the elastic 
axis, resulting in a close proximity of flutter speed and divergence speed. Here, for the base model with 

modeled by membrane elements, the flutter speed for an input Mach number of 
M - 0.5566 and an altitude of h = 10,000 ft was calculated by ASTROS and MSC/NASTRAN as 10,881 
m/sec and 10,500 in/sec, respectively, with divergence speeds of 11,900 in/sec and 11500 in/sec 

1 ft 8^ VC / y ' ™ fl T SPCCd Sh , 0Wn Fig ‘ 3 of Refercoce 4 f <* the initial configuration was about' 
10,800 in/sec. When the optimized versions of the model as obtained in References 5 and 6 were analyzed 

for flutter, they were found to all encounter a divergence speed much lower than the speed used as a flutter 

constraint. It seems that none of these optimizations included the possibility of divergence as a flutter root 

and wnn?H^T CnCy 'i^ US ’ J* 8 * rcsults scem t0 ^ been United to flutter constraints only 

and would have resulted in designed wing models that considerably exceeded their divergence speeds. X 

First, in order to test the influence of the finite element selection on the optimization, the spar webs 
as well as the nbs were alternately modeled as shear elements and as membrane elements. The rest of the 

model was kept as in Reference 4. All inplane displacements were removed from the analysis set by Guyan 
reduction. Optimization results are presented in Table 1. J } 

.. . Il . can , be see u n A 31 changing the ribs from membrane elements to shear elements did not influence 
e optimized weight at all. However, when the spar webs were changed from membranes to the more 
realistic shear elements, there was a significant increase in the optimized weight due to the fact that the 
natura 1 frequencies, especially for the bending modes, as well as the divergence and flutter speeds all 
opped significantly, showing the all-membrane model to be non-conservative. When non-structural 
masses were added to the all-shear model, the minimum weight stayed essentially the same, but now 

_Table 1. Varying Element Types on Wing of Reference 4 (9 Design Variables) 


Rib Elements: 
Spar Elements: 


Membrane 

Membrane 


Initial Structural Weight: 195.92 

Optimum Structural Weight: 37.69 
Aeroelastic Mode: Divergence 

No Flutter 


Shear 

Membrane 

195.92 

37.69 

Divergence 
No Flutter 


Membrane 

Shear 

195.92 

41.76 

Divergence 
Flut. Gose 


Shear 

Shear 

196.04 

41.79 

Divergence 
Flut. Gose 


Shear/Mass 

Shear/Mass 

196.04 

41.68 

Divergence 

Flutter 
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the divergence and flutter speeds almost coincided for the optimized structure. 

To examine the influence of the number of aerodynamic boxes on the wing, various paneling 
schemes were chosen for the model with shear elements for spar webs: 6 spanwise boxes x 4 chordwise 

. 6 9 24 X 4 and 24x9, respectively. The results suggest that a reasonably coarse mesh, especially 

HIT - be u J.o 5 ave y compute, time for preUminuryoptimizution and desrgn, amce 
it seems to result in a conservative approximation to the minimum weight. 

4. Three Wing Models with Different Aspect Ratios 
The three wing models represent, in that order, a swept and tapered transport/bomber type wing 

of Mgh^mdo. jexz "d 

iw a^S Reference 8. Some selected structural and environmental data for these wings 
arc given in Tabic 2. 

The structural models for the three wings were built from rod, membrane, and shear elements to 

_ Table 2. Environmental, Initial Geometrical, and Material Property Model Data 

HIGH ASPECT RATIO WING: (Transport/Bomber, M = 0.87, h = 30,000 ft) 

Variation: Seven ribs, fourteen ribs, twenty-one ribs 


Thick¬ 

nesses: 

Areas: 


Shear panels: 
Membranes: 
Spar stiffeners: 


0.145" to 0.1" in ribs (for 14-rib); 0.2" to 0.1” in spars 
0.3” to 0.1" in skins 

0.15 in 2 (for 14-rib) Spar caps: 3.6 to 3.0 in 2 


MEDIUM ASPECT RATIO WING: (Light Transport/Combat Aircraft, M = 0.58, h = 5,000 ft) 
Variations: No MFCs, aerodynamic MFCs, mass MPCs; aerodynamic mesh variations 


Thicknesses: Shear panels: 
Areas: Spar stiffeners: 


0.08" in spars/ribs Membranes: 0.06" in skins, 0.08 in ribs 
0.2 in 2 Spar Caps: 1.0 in 2 


LOW ASPECT RATIO WING: (Fighter, M = 0.85, h = 5,000 ft; M = 1.5, h - 30,000 ft) 


Variation: Five spars, ten spars 


Thick¬ 

nesses: 

Areas: 


Shear panels: 

Membranes: 
Spar caps: 

Spar stiffeners: 


0.08"{I) / 0.12"{II) in ribs; 0.15 to 0.06" in spars (5-spar) 
0.135 to 0.05" le/te, 0.075 to 0.03" int., in spars (10-spar) 
0.25 to 0.04" in skins 

2.0 to 1.0 in 2 {1} / 1.0 to 0.5 in 2 {11} (5-spar) 

1.75 to 0.88 in 2 le/te, 1.0 to 0.5 in 2 int. (10-spar) 

0.05 in 2 


Material for all wings is Aluminum: E = 10,000,000 lb/in 2 , v - 033, Q 0.1 lb/in . 
All values decreasing from root to tip. _===== 
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Tabic 3. Spanwise Structural Variation, High Aspect Ratio Wing (7X5 Aero Mesh) 


# of Ribs: 

# of Design Variables: 


Seven 

13 26 


Initial Structural Weight: 10205.6 10205.6 

Optimum Structural Weight: 6408.8 6341.3 


Fourteen 
13 26 


Twenty-One ’ 
13 26 


10205.4 10205.4 10205.2 

6498.3 6447.8 6371.9 


10205.2 

6352.4 


represent the wing boxes with spars, spar caps, spar stiffeners, ribs, and slrins. Here, the rods corresponded 

of ^^i 1 "' m ' mbra " eS WeK USed f ” the ^ “ d ^ *— f <” - V* 

?n ^>h SPCCt R ii ti0 W ^ S : /u r thC Wgh ”*** rati0 wing ’ structura l weight was assumed to be about 
30% of the overaU weight of the wing, with the other 70% distributed as non-structural masses at all nodal 

points. In the optimization process, Guyan reduction was applied to retain out-of-plane displacements onlv 

A flutter constraint of 14,000 in/sec was chosen together with a lower bound of 1 Hz on the lowest natural 

frequency. For this wing, the influence of structural complexity in spanwise direction was evaluated by 

varying the number of bays in the wing from seven to fourteen to twenty-one while keeping the total 

weight constant. This increase accounts for a more uniform distribution of mass and stiffiiess without 

changing their overall values. Reasonable element aspect ratios were exceeded to determine how forgiving 
the structural modeling process is (Table 3). ^ ® 

From these results, it seems that the most reasonable fourteen bay wing showed the most 
^ervattye resdts Whae ?* 0thCT tW ° Wings lowcr minimum weights. This could be due to the 

stiffness distributions in the respective models, especially in the root area, or due to the somewhat 
excessive aspect ratios. In all cases, an increase in the number of design variables resulted in a lower 
weight as expected since a finer discrete distribution of masses is possible. 

b) M edium Aspect Ratio Wing : For all models of the medium aspect ratio wing, the structural weight was 
assumed to constitute about 30% of the overall weight of the wing, with the other 70% distributed as non- 
structural masses at all structural nodal points and MPCs. The flutter constraint chosen was 14,000 in/sec 
Here, the influence of the aerodynamic wing model complexity was evaluated. The number of aerodynamic 
boxes on die wing was increased from an initially very coarse grid (5 spanwise boxes by 5 chordwise 
boxes) by increasing the number of spanwise and chordwise subdivisions. The reasonable aspect ratio of 
e aerodynamic boxes was exceeded to determine how forgiving the aerodynamic modeling process is 
the results for some of these cases are presented in Table 4. 

Here, the models with less spanwise boxes showed slightly higher minimum weights with virtually 
no variation due to a change in the number of chordwise boxes. This seems to indicate that a coarse 
aerodynamic mesh can be used for preliminary design and will result in a conservative design. 

Table 4. Aerodynamic Mesh Variation, Medium Aspect Ratio Wing (31 Design Variables) 


Panel Mesh: 


5x5 


Initial Structural Weight: 

Optimum Structural Weight: 177.7 


5 x 10 


177.3 


11 x5 11 x 10 22x5 22x 10 


576.8 

170.6 168.6 


167.5 


166.5 





Init. Struct. Weight: 
Opt. Struct. Weight: 


I 170.3 184.2 

E 179.1 184.2 

m 179.1 186.4 



157.1 229.9 

157.1 229.9 

157.1 229.9 



175.6 180.0 

175.3 175.6 

175.6 206.4 




4 

cjr** 


Finally, the use of multi-point constraints (MPCs) was evaluated. These MPCs add non-structural 
points rigidly splined to existing structural points for two purposes: to attach non-sttuctural masses for 
better overall mass distribution and to add points to which the aerodynamic loads can be splined for better 
aerodynamic load distribution. They had been used in all of the above mentioned computations for the 
medium aspect ratio wing along with Guyan reduction to only out-of-plane displacements. Three different 
values of the constraint retention parameter EPS were applied: -0.02, -0.03, and-fl.05, as weU as two 
values for the upper frequency bound on the modal flutter analyses: 50 Hz and 100 Hz. For this study 
only, the vertical spar stiffeners were eliminated and the ribs converted from shear to membrane elements 

to eliminate breathing modes. 


It seems (Table 5) that, for a given combination of upper frequency limit and constraint retention 
parameter EPS, the use of MPCs for better distribution of the non-structural mass away from juft die 
structural wing box has the effect of increasing the optimized weight coupled with a lowering of the flutter 
speed found in the accompanying analysis. This may be caused by the larger rotational moments produced 
by these offsets. The use of MPCs for splining the aerodynamic forces to a larger area than just the 
structural wing box had the opposite effect, i.e. the optimized weight was even lower than for the case with 
no MPCs. This was consistent with a considerable increase in the flutter speed from the accompanying 
analysis. When the two sets of MPCs were combined, however, the minimum weight of the structure was 
comparable to that for the case of no MPCs. Thus, mass MPCs seem to be a necessity for obtaining a 
conservative weight in optimization, even though the lack of aerodynamic MPCs may res t in too g 
a minimum weight. Also, an increase in the upper frequency limit, i.e. in the number of modes retained 
in the flutter analyses, resulted in an increase in the minimum weight for all but the aerodynamic splining 
results while the effect of a change in the constraint retention parameter had, for most cases, little 
influence. However, both of these parameters have to be chosen with care. 


c) low Aspect Ratio Wine : For the low aspect ratio wing, non-structural mass in the amount of 2400 lbs 
was distributed over all nodal points and a mass of 200 lbs for a tip store with launcher oyer the wing tip 
points. No MPCs were used, since the wing box covers a large part of the projected wng area. Aero¬ 
dynamic meshes of 5 x 5 and 15 x 15 boxes were chosen. A flutter constraint of 25,000 in/sec was 
applied. For this wing, the influence of structural complexity in chordwise direction was evaluated. Starting 
with a reasonable model for die wing box using five internal spars, the wing was subdivided by add^g 
five more spars while keeping the total weight constant. The influence of a more evenly distributed 
stiffness and mass arrangement was thus evaluated. Both, subsonic and supersonic analyses were 
performed. Results for the subsonic case only (M = 0.85) are presented in Table 6 for aerodynamic meshes 

of 5 x 5 and 15 x 15 boxes. 


The results suggest that distributing mass and stiffness more evenly in chordwise direction allows 
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# of Internal Spars: 

# of Design Variables: 

Initial Structural Weight: 


Optimum Structural Weight: la 

lb 

Ha 

lib 


330.3 

352.6 

322.6 

362.4 


228.0 

237.0 

218.6 

228.4 


la 

lb 


303.6 

328.5 


202.8 

208.6 


the optimization to optimize more members and thus leads to lower final weights. The same is of course 
true when the number of design variables is increased. It should be noted that the five spar whig with 18 

^ ° WCr WCight than ^ ten spar ^8 «* design variables suggwtingthat 

siZlf m^ 3 ! ^ 860118 for *e preliminaiy sizing of wings with flutter constraints to use a relatively 
simple model with a reasonably large number of design variables rather than go through the effort of 

creating a more complex model. Since the initial structure {1} of the five spar wing had somewhat 

but unde k rsized shear webs - b o* sets of values were adjusted in strucmre (H) to result 

“ L , Lgh WU lf Wth 3 m ° rC balanced sizc 311(1 ma ss distribution. However, this only resulted in 

0 i v, fa .? ptimi2ati0n aess than 5% the structural weight L less than 

Ae co^se x t 7h7r °l ^ ^ ^ aerod y namic mcsh was chosen (15 x 15) rather than 

e coarse (5 x 5), Ae resulting minimum weights were somewhat higher (generally less Aan 12% for Ae 

— T 8 ' “VT 1 " 3 " \?* fOT lta ,0al "“*•>* of 4. *4). However, for pretota^ sLg 

, coarser -“ed m much shorter CPU times (for ten spar wing with 26 design variables^ CPU 
es were . .06 for Ae 5 x 5 mesh and 1:28:55 for Ae 15 x 15 mesh on Ae WRDC/FDL VAX8650). 

5. Discussions and Recommendations 

* s , ttuc,ural f” 1 aerodynamic modeUng on optimization and the minimum weight 
^ lgn ° f ■ b ^L~“ P fi-Q'Q foment wmg models were investigated using the optimisation module of tite 
mcTuW ™ Optimization System (ASTROS). This was done to gain a better understanding of 
tile optimization process with dynamic aeroelastic, i.e. flutter, constraints. Several trends could be observed 
unng the course of the modeling and the optimization even though it is understood that, until many more 
casestave been evaluated, any set of analyses has to be regarded as more or less wuig 

structured*^e‘i^r aI ' ,?Ii0n n f * p f e ( imto “y desi «” with “ reasonably coarse model for both the 
., * d ‘ h aerodynamics will result m an opumum weight that is close to that for a more detailed 

al ' Vay / oonsorvative. Here, a finer chordwise stiuctnral distribution seems to yield a 

SSr^,^refe.e° Wer mmta ' m W ' ighI f0r a ' r0dynamC a A"- ‘Pa-- 

rhnnci J hC scl * ctl0n of correct finite elements for modeling Ae structure is rather critical since, e.g 
oosrng membrane instead of shear elements for spars can result in non-conservative minimum weights’ 

nl2 .T 0n - FU 7 her ’ has to ** when selecting the modes included in Ae optimization 8 In- 
plane modes as well as extensional modes of Ae vertical spar connecting rods can cause convergence 

problems and should be eliminated. For wings where chordwise bending modes are not expected 8 it is 
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suggested to *ff 

possibtediordwise biding mod«^ttw a^^^dt^g^ecwree^^t^^^^® can 

two parameters have to be carefully chosen. 

f wpft, s g advised for a more realistic mass distribution and seems to yield rather 
The use of mass MPCs is ad s r f . aerodynamic force distribution seems 

s=i- = 2 ==^Wv *—**—— 

all MPCs can lead to lower weights and, thus, be non-conservative as well. 

Future ^^^^^ 0 ^ 0 ^^ weight, md into the use of 

STiT rsss. <5s2? — ~2szz £,s ssr.ta 

the behavior of representative wmgs m a true multi-discipJinary opunuza 
a more general understanding of the modeling influences on such optimization. 
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wing ^ m a t its lail —«« to the 

the tail for both pitch control and as ZSSES aSK "“S* - 

have studied this configuration and predicted sivmfirant mrinot; • f, reseaxc hers 

tural weight when compared with a conventional T-tail configuration'" 1 Kroo et »M® ” Struc j 

the cruise drag of joined wings with conventional dZZrfZ Ze lift.Z .. 

structural weight. This study showed an 11% reductiofin cruii chZ fer theZlO/ T , 

is ^nTOded^b^ore^r^Oeconi^^cO'aZgs 1 cZZ'^siZd'for^kfZl' 

^traints, such a/runway length, iuldTncOeZ^ 

seroljZtl 

SOZwrr ‘ he “ d the •*"— in the S&SZ&Tte 

SsT/ ss r°S “ d ‘zZjS zrs^s^tZ 

f cruise drag, hfting surface weight, and direct operating cost (DOC). 

Analysis Methods 

phases^izriS ^“^rOhfd^i p ^rr throu rr ^ 

runway field length are described in ref. 6 along with ^“..“tion^DOc” “ d 

sssssa asks 

bearTfL Fig" 1 ”!) “ThZ 1 btZ^n™ m ° deled With WiabIe “» “rtion skin-stringer 
wing bending moments inboard of thp ioint c* & -j 01 ^* cai i ses reaction forces that relieve 

this structure to be iterative^ ? Y ° f StfeSS ° n StlfeeSS forces our desi ^ algorithm for 

. , A fully-stressed design method sized the structure with a closed-form «sr»liif;«r. t . • , 

thickness in terms of structural loads and the allowable stress MultfaE S? for material 
pos.t,ve gusts, negative gus ts, and maneuver loads are considered. ThOSodZal^ Z 

Aerospace Engineer, NASA Ames Research Center, Moffett Field, California i 

f Assistant Professor, Stanford University, Stanford, California 
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structure with an initiai —r SZSfiSZ td'"es S t 
that the maximum stress m all T , structural weight a are compared with the weights 

structural weight of the wing and ad. ™ S “d dd weights differ by more that 

associated with the initial matenal istnbutmn. H ^Systs. A more detailed 

10 -5 , the method update, the * ber thickJsses with this method 

i“Sd , °he 0 n^ e ofd«^ 1 variables for the optimisation problem by 160, and hence the 

computer time required for an optimum o solutmm ation 

Two interesting problems were encountered dudng.apphcation of ^^Itn^nnduJd 

the design problem. ^ prob SThe panel width of the vortex-lattice model. This 

drag which was caused by a “^rnty m^P«J ^ twists were optimum 

error caused the numerical optimizer to sygge . f , model with constant panel 

Figure 3 shows lift distributions calculated using 8 . trine-fuselage joint. Although 

widths and a model with a discontinue y I? pa ? difference of 10% in panel width produced 
the panel discontinmty . constant panel width 

significant errors in the twist distn „ ilj f»;i <, n » n had to be input parameters rather 

was needed to obtain realistic so u ions, *™g^ problem was function noise which weis caused 

Usinf^this'option 2£d P Jupdafo ofthehntW mtr ° dUCmg ‘ 

^^The^pti^z^don^roi^m^^siste^of^l^desigl^vanables^aodji 

the design variables the constraints the iterB tion loop, found in other design 

appropriate £g ^a«oS'£ She 

minimizes an augmented Lagrangian merit tunenem r pr for a t ical n variable 9 

objective functio^ conv^gence to the Khun-Tucker conditions for optimalUty 

constraint problem. Tins hgure ®. , t - a VAX 3200 workstation. Increasing 

in two hours and twenty minutes of computat onal time on much of this 

the feasibility tolerance for the constraint violations Horn iu 

computational time during conceptual design. 

* Results . T 

• A ft j0i Th d ‘b n istT^wthr^Oa •Sfv^^eS'for'ch^'ight. 'aSd 

^ “T 11 i^«utoi P ' tel™ ^n“st f “ STrST^mS X 

^^1^-pasrrado en^ie wM u^d^o^the^DC-foM^a^wiable-nze^vCTsion o^^ 3 

throughout this design study. The nuss desiens have a stick-fixed static margin of 

nautical miles at a cruise Mach numb • • . length of 6500 ft at sea level 

0 359 Zr*. Ik*.* i*SZ ^ nl Sfl&h JSStoiToS-2S»W. indude . second 
is used for the take-offandU^drag; field leugtheon ^ than craise ^g, end cruise 

^ 7 itaf£ 6 ^?S& Tte 
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micates « savings of 8% in cruise drag and 10% in lifting surface weight. Reference 4 assumed 

he trtdfoffl T 15 WO / d haV I a ' rei * ht ^ “> ■> conventional desipa t^ve 

DOC IW A b t d , r! ? and wcigtt. This study indicates that the design with the lowest 
DOC (9% drag savings) has a relative weight of 0.95 instead of 1 0 A • u * 

maintenance costs which increase with span (weight) and fuel costs which decrea^ 6 
(drag) produces this savings in DOC. Our studies have sSowTtha7 cots^ 
mission reduces the potential savings in DOC from 3.2% to the 2% shown in f f ? ? 

wing with a span of 104.5 ft The primary reason for this is Thata w m g^ reoS 
meet the take-off and chmb constraints. This increase in surface area increases*^ skin fncfion 
drag which in turn increases the DOC. Extra wing area was needed for these ioinlrl!™- 7 
because of the larger tail downloads required to trim at the high wing lift coefficipn^f 

r:riszz climb ■* -sxt: 

and slatt^rS il 

wht^m “ ° f 825 f ‘ 2 fo"?hettt^nvS 

hich was 175 ft less than the reference airplane. This could be caused by a difference in fiSl 
costs or runway length constraints used to design the reference airplane. The oprirn^Jfcf 

“ 111! Jo^ed -ung was 925 /f 2 The large tail downloads that cause this incre^n 7£g 
area also increase the induced drag of joined wings during cruise. Since reducing the required 

with r^A^A T 1 K-r? Cre ? Se the * nm J ° ac * s > further improvement can expected for joined wings 
h reduced stabihty. Conventional designs require very little tail load to trim indicating less 
potential for improvement with reduced stability. indicating less 

_ Conclusions 

airrJff^^ 8 dem ° nstrate the usefulness of numerical optimization in prehminarv 

transnorts eS1 A I q? ld indjcatethat J?^ ed win gs are promising alternatives for medium range 
• . ? ^ ^ savings m drag with a corresponding savings of 2% in DOC was shown foA 

joined-wmg transport with a span of 104.5 ft Ld a tfil-to-span ratio ofapprorimatelTo A 

help identify^he b^t stabilit y> climb gradient, and runway length would also 

dCnt 7, th u b • J ° med * Wing transport. Optimum solutions were determined efficiently 
d accurately by using constant panel widths in the aerodynamics model decomposing the 

co?e < thlrt d<TnS! problem, and developing analysis methods for the diign 

become a mo™ S^t^T * *h«. ideas should help optimizatS 
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Fig. 2 Structural box model with skins, stringers, and the resultant bending moment. 
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Fig. 3 Lift distributions calculated with and without a panel width discontinuity at the wing 
fuselage joint. 



Fig. 4 Design variables, constraints, and a flow chart of the calculations in the design code. 
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Fig. 5 The iteration history of the objective function and the constraint violations for a joined- 
wing design problem. 
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LARGE SCALE NONLINEAR NUMERICAL OPTIMAL CONTROL 
FOR FINITE ELEMENT MODELS OF FLEXIBLE STRUCTURES^ 

Christine A. Shoemaker and Li-zhi Liao 
Cornell University 

Abstract 

This paper discusses the development of large scale numerical optimal control algorithms for nonlinear 
systems and their application to finite element models of structures. This work is based on our expansion of 
the optimal control algorithm (DDP) in the following steps: a) improvement of convergence for initial policies in 
nonconvex regions; b) development of a numerically accurate penalty function method approach for constrained 
DDP problems; and c) parallel processing on supercomputers. The expanded constrained DDP algorithm was 
applied to the control of a four-bay, two dimensional truss with 12 soft members, which generates geometric 
nonlinearities. Using an explicit finite element model to describe the structural system requires 32 state variables 
and 10,000 time steps. Our numerical results indicate that for constrained or unconstrained structural problems 
with nonlinear dynamics, the results obtained by our expanded constrained DDP are significantly better than 
those obtained using linear-quadratic feedback control. 



I. Introduction 

The discrete-time optimal control problem studied in this paper has the following format: 


N 


.“in V g(x„u t ,t ) 


( 1 . 1 ) 


where *t+i = f(x t , u t , t) t = 1, - - -, JV — 1 , (12) 

ari = £i given and fixed 

where x t G R n and u t € R m are state and control variables; the function g : R n + m + 1 _► Ri j s the 
objective function (or performance index); and the function / : /?"+">+! R* j s t h e transition 
function. In some cases, there are constraints on state and/or control variables of theTm 


h(x t ,u t ,i)<0 t = for h : R n + m+1 -* Rp. ( 1 . 3 ) 

In the following analysis, all of the functions g, f and h may be nonlinear. The differential 

P r °S ramm ^ n g (DDP) algorithm first suggested by Mayne [ 6 ] and expanded by Jacobson 
and Mayne [ 1 ] addressed unconstrained problems of the form ( 1 . 1 )—( 1 . 2 ). Ohno [ 8 ] and Yakowitz 
[11J introduced methods for constrained differential dynamic programming (CDDP) problems. 
Yakowitz’s theoretical development is limited to linear constraints and has been implemented 
on sizable problems with linear constraints (Jones et al [ 2 ]). Ohno’s method has not been 
numerically implemented on large scale problems. 

Liao and Shoemaker [5] recently proposed a new algorithm, which is called Constrained 
Differential Dynamic Programming (CDDP), for solving general nonlinear constrained problems. 
Ihis algorithm is based on penalty function method, QR factorization and matrix partition 
techniques, and the unconstrained DDP algorithm. Numerical results of the CDDP algorithm 
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,, ... , i,y_ _f -fa*,, variables and nonlinear constraints on both state 

on some test problems with hundr proved that 1) when the penalty 

and control variably wme also presented^ ^ con vcrges to 

— * approaches frs ^mit ^ th^ C ^ does no f suffer from the numerical problems 

L^t^Ththe toditional penalty function method. The leading terms in the computational 
complexity for the worst case of the CDDP algorithm per iteration are the following. 

I„(n + m f + | m > + p(„ + mf + |(- - s) 3 + + (» - + 2 <”> - ** (14) 

ing for' the Liao and ShoemaKer [5, coined « "tHfe^s^ 

pi°o”«sors'on the ComS Supertomputer. an IBM 3090-600E. Vetorization was very effective in 
reducing computation time. 

II. A Nonlinear Structural Control Application 

2.1 Description of a general structural control problem 

There has been little literature on the optimal control of nonlinear structures and to our 
knowledge, no previous research on the coupling of nonlinear optimization to nonlinear fi 
element structural models. There have been many applications of optima^ con ro 

flexible structures but most of them use LQ (Linem system dynanu^ Quadrahc^rfor 

function) techniques that assume the system’s dynamics are linear. The major d 

is that feedback control can be rapidly computed. Previous workers have used LQ co»tml poh^s 
computed on the basis of a linear approximation of nonlinear dynamics hoping tbs control would 

work reasonably well on nonlinear systems. , , 

The results presented here indicate that nonlinear DDP optimal control policies basedon the 
nonlinem dyn^cHfaStructure perform significantly better for nonlinear structures than do 
thetonventional LQ control policies. Both the DDP and CDDP algorithms provide tune-varying 

feedback control laws. ... 

Following the description in Shoemaker ei al [9), the dynamics of the structure are esen 

by: 

(2.1) 

M • d t + C • d t + K(dt) • d t =pt + B(d t ) ■ u t 

where * is the vector of nodal displacements at time, I. d, € i. 

at time t dt € f? n ; d t is the vector of nodal accelerations at time t, d t € R , ( . 

matnx, i(*> € U * diagonal mass matrix, M **"£*"£ISttZZXZ 

damping matrix, C € R n * n ', B(d t ) is control influence matrix S(d t ) eR , J>« external 

history vector, p« 6 R n \ and «< is control forces vector, «« € R • . . 

The criterion used to select the optimal policy is the discretization of the objective functi 

suggested by Miller ei al [7]: 


V (»tf.idftfd, + tuAMit + «B,i" TB t K„ 'Bu.) 


( 2 . 2 ) 


t=l 
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where the «'s are weighting parameters, K 0 = K(0) and JfKd,, dTMd, u T B T h'-' R„ 
measures of stram energy, kinetic energy and potential energy, relpeCVet’ ' ° *“ “? 

functhms of 7 h SdT “77“ *” me ‘ ric noalin '™ ti <» the system because they are 
v“ of the form ‘ “ «“ *“*“ P-« constraints on the contS 

«r m < u ( < up 0 * 

where «[”•” and are given parameters that reflect the range of force of the controller. ^ 
2.2 Formulation of the transition equation 

need7lst7°7th“1hfferi P ti7eTuatr„77) lh<: “^control Problem, we 

equation (2.1), we have ' lntroducm 8 deference equations in 


= A 


a 


(2.4) 


where 


Ai = ( In ~ h * M ' K Mn-h?M-'C\ (h 2 M~ l h 2 M~ l \ 

V -hM-'K J„ — hM~ l C ) ’ = M/-i J. 

and A is the time difference used in the difference equations. 

The stiffness matrix K is a quadratic function of d u and can be expressed as 


(2.5) 


K - K 0 + -Ki + 


2 1 3 2 ( 2 . 6 ) 

where K ? is a constant matrix, K x is a matrix only having linear terms in d K i. - * ■ 

only having quadratic terms in d„ Now, we define our state va^ableT " 


~ (u) 


G 12 2n for t = 1,..., fy 


(2.7) 


“iiStnaCt ^ UaChan8ed fOT the DDP “ d CDDP “**°ri‘hm- Then, onr final 


* ,+1 ~ A< ' ** + B * (b P ‘u,) '“I."'. N-l 


. * = ( 2 . 8 ) 

T h 7“ d f' deri t Ved &0m ‘ ennS “ (24 > - ( 26 ) 05 bribed in Liao [31. The matrices 
A * and B are functions of z t and hence (2.8) is nonlinear. matrices 

2.3 A four-bay nonlinear structural control problem 
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Fig. 1 A two dimensional four-bay truss. 

Some Specifications of the Problem 

1) The damping matrix C is assumed to be zero. 

2) The control influence matrix B is constant. , . B ie then x, £ R s! . 

3) The dimension of the nodal displacement vector n = 16, a** 

4) The dimension of the control force vector m _ 2, «• 

5) The external load vector 

„ T „ _ JL., * —•*-'‘ '“ 

7) The total time steps JV = 10> 00 °- _ 2 

8) The weighting parameters 9 k,. =1, «*.< = * “ " ’ (Wp) , (kip), ft (sec.), energy 

9) The units used in this truss are i, (mch), i, (mch/sec.), P. 1 

(inch-kip). . • n 05 < ( Ui ) <0.18, i = 1,2, * = V*’ 

10) In the constrained case, the constrain unc : 1 _ eenerat e'd by the dynamics of equation 

The dynamics for the nonlinear system in TabU: g J n (2 6) . FoI the linearized 

(2 8) with the actual stiffness matrix K, which « d the assumption that K b 

system, however, the dynamics are simulated with equation («) ^nebc and potential 

constant, i.e. K = K, The objmtjve unc ion , second order function ofx 

energies. Our goal is to minimize this fu “ vector . The initial value of the DDP 

results in a fourth order polynonu unc closed loop linear feedback. The adaptive shift 

algorithm in Table 1 is the nonhneju sjuUm dosed P ^ (he DD p algorithm to 

procedure (see Liao and Shoemaker WJ was 'ise^ I faction for the unconstrained 

reach the optimal solution. Table l ^ „ redu ced by 27% when the 

STzed 

2 Twm ^“TuT t”‘ thoosy J- ‘He constrained problem 
s^the* 1008 ^direct way to use Unear feedback is to apply the control force 

( 2 . 10 ) 

u< = Min(u ™ ax , Max(u ™ in , At + 
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xt+i = T(x t) u t ,t ) 

where At and Bt define the linear feedback control law for 
for both cases that K x and # 2=0 (i.e. K = K 0 ). 


( 2 . 11 ) 

minimizing (2.2) given (2.7) assuming 


Table 1 Unconstrained Case: Table entries axe values of the objective 
function (inch-kip) and their percentage contributions to the total. 



Strain 

Kinetic 

Potential 

Total Energy 

No Control 

Linear System 

8639.54 

(51.2%) 

8222.65 

(48.8%) 

0.0 

(0.%) 

16862.2 

(100.%) 

No Control 
Nonlinear System 

7964.70 

(50.4%) 

7832.03 

(49.6%) 

0.0 

(0.%) 

15796.7 

(100.%) 

Linear System with 
Linear Feedback 

772.45 

(27.5%) 

494.93 

(17.6%) 

1536.82 

(54.8%) 

2804.19 

(100.%) 

NonLinear System with 
Closed-loop Linear Feedback 

618.79 

(26.2%) 

364.86 

(15.5%) 

1376.30 

(58.3%) 

2359.94 

(100.%) 

Optimal Solution 
from DDP 

668.93 

(38.6%) 

379.03 

(21.9%) 

684.61 

(39.5%) 

1732.57 

(100.%) 


Table 2 Constrained Case: Table entries are values of the objective 
function (inch-kip) and their percentage contributions to the total. 



Strain 

Kinetic 

Potential 

— 

Total Energy 

Truncated Closed-loop 
Linear Feedback 

989.54 

(35.7%) 

797.19 

(28.8%) 

984.46 

(35.5%) 


2771.19 

(100.%) 

Truncated Unconstrained 
Optimal DDP Solution 

863.81 

(41.3%) 

634.04 

(30.3%) 

593.36 

(28.4%) 


2091.20 

(100.%) 

Optimal Solution from 
Constrained DDP 

722.28 

(38.6%) 

432.26 

(21.9%) 

639.68 

(39.5%) 


1794.22 

(100.%) 


Equations (2.10) and (2.11) define the truncated closed-loop linear feedback policy in 
- 2 ‘ , The t . runcated optimal DDP policy is u t = Min(u? ai , Max(u? in ,uUx)) where 
Uj(x) is the optimal DDP solution to the corresponding unconstrained problem. The results 
o these policies are compared to the solution obtained using the constrained version of DDP. 
The initial value of the CDDP algorithm in Table 2 is the truncated unconstrained optimal DDP 
solution. The adaptive shift procedure (see Liao and Shoemaker [4]) was used. It took 45 
iterations of the CDDP algorithm to reach the optimal solution. The results in Table 2 indicate 
that the policy computed by the constrained DDP algorithm is much better than the truncated 
linear policy since the objective function value is 35% lower for the optimal constrained DDP 
algorithm than for the truncated linear policy. 

These results support the use of the DDP algorithm, especially in its constrained version, for 
active control of flexible structures since obviously better control is obtained. The advantages 
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SiSS^SrEsSSS 

controls axe unconstrained. 

III. Conclusions 

Our numerical results indicate that substantial improvement iu 
bv using a nonlinear optimal control algorithm rather than by applying LQR theory to a hn 

earized approrimation of the nonlinear system. However, the computational m,™ts-U 

be significantly larger for DDP than for LQR and hence increases in performance wdl req 
increases in computational resources. 
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PAYCOS: A NEW MULTIDISCIPLINARY ANALYSIS PROGRAM FOR 

HYPERSONIC VEHICLE DESIGN 


J. R. STUBBE 

Lockheed Missiles and Space Company 
Sunnyvale, California 




ABSTRACT 

Pa y‘oad Conceptual Sizing Code (PAYCOS), a new multidisciplinary computer 
program foruse in the conceptual development phase of hypersonic lifting vehicles (HVsl is 

T fl e pr0gram ' wnlten at Lockheed Missiles and Space Company in Sunn wale 
California, allows engineers to rapidly determine the feasibility of an HV concept anddTen 
improve upon the concept by means of optimization theory. P d 111611 

. J?®. code cont ^ ins analysis modules for aerodynamics, thermodynamics, mass DroDerties 

inipL S S b r hty ’r uw dS ’ stru , ctures> and Packaging. Motivation for the code Iks withdie 

sh^s tile n^ e f n« ° VCT theU ‘ body * of ' rcvoIution baIlistic predecessors. With these new 
shapes, the need to rapidly screen out poor concepts and actively develop new and better concerns 
is an even more crucial pan of the early design process. V concepts 

Preliminary results are given which demonstrate the optimization capabilities of the code. 


INTRODUCTION 

R . desi ? n of hypersonic lifting vehicles (HVs), such as a Maneuvering Reentry 

<5 h ^ COm P ^ x andtime consuming task, involving many people and years of effort 

fi UC u adCS ;f. Cffbrt c ? nsists of concept development, preliminary design, detailed design and 
finally the fabrication of a prototype or flight test vehicle. ® 

In the early design phases, beginning with concept development and continuing into 
preliminary design, the emphasis is on evaluating the capabilities of many competing designs To 

SH " SynthCSiS ° f aerod y nam ics, thermodynamics! mass^o^es flight 

stability controls, loads, structures, and packaging (i.e. a multidisciplinary approach)^ % 

Recently, effort has been directed into developing multidisciplinary analysis programs for 

tbe Preliminary design phase of aerospace structures 1 * 2 . When coupled with 
p zanon theory, these tools are a powerful means of obtaining better designs. Unfortunately 

fo rc th^Snc^ 8 he t S >S W gCnCT f Y T WCU SUltCd fOT C ° nCCpt develo P ment - This is due in pan 
to the differences between concept development and preliminary design. V 

satisfies^vj!rion« n!rfri«^ Vel0pmCnl p b asc> dieemphasis is on obtaining an HV external shape that 
satisfies various performance requirements. The vehicle can't be too long too short too heaw 

Iti?atk b ho 00 UnSt !. ble .’ C y C ' ^ of thc disciplines has to be considered in a global manner 
(that is, how one discipline effects, either positively or negatively, the others). Once suitable 
shapes have been found, the preliminary design phase begins. 

preIin y naiy dcsign ’ 111S . structural optimization which becomes important. The analysis 
. es ™ ore focused; constraints are tightened, subsystems are defined and analyzed and 
complex phenomena such as buckling and flutter are studied, all of which lead to a genend keiease 
in pre-processing, run, and post-processing time. Thus, preliminary design demands a greater 

de ?‘ e ® of de [f 1 than 1S required for concept development and takes far longer than a small analysis 
team has in the short amount of time allocated for HV concept development V 
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The purpose of ,h. 

r^Si^o^euoutpocr designs and actively pursue promising designs prior ,o the 
preliminary design effort. 

OVERVIEW 

sssg.’SS. ~ 

had to be modular so that the c °de ctmtie 1 " results would carry through to 

SfS CU S“. PAY%? hadt “o run on’a wide variety of computer platforms 

WUh “‘pAYCofSSng a wide.range of hypertonic vehicles from body-of-revolution 
derivatives (Figure la) to complex glide vehicles (Figure lb). 




(a) Body-of-Revolution Derivative 0>) Glide Vehicle 

Figure 1: Common Hypersonic Lifting Vehicles 

The code consists of modules for each of the major flight disciplines. A brief description of 
each Module is as follows: 

Static Sutvey Module - To determine the flight stability of the vehicle. 

Controls Module - To determine control system requirements. . 

Mass Properties Module - To provide mass and mass moment of inertiadi 

S^mrer Module - To provide sldn and intern* structure wetght and volume. 

ro^e'sS, plotdngand comparison capabtluies. 
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Whenever new coding il^S’e’d.^'^T“ McD °"" ell ' Dou « las >- 
Smctmes Modules, a thorough technical validation is jJifonlSd Pr0pemes ' Paging and 

connected dSSft&S « 


Aero 

Module 


Mass 

Properties 

Module 


Thermo 

Module 


Static Survey 
Module 
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Figure 2: The PAYCOS Hypersonic Vehicle Analysis Program 

Execution time is well wi^^c^ptablTtim^frar ra^H 00 VAX ’ IR f S and CONVEX computers. 

approximately sixty seconds on a VAX 780 twemv^ C0 " cept evaluatl on. A single analysis takes 

four seconds on a CONVEX C220 Very few moMe™ S ° n * Personal IRIS Workstation, and 
process. Vcry fcw P rob,cms were encountered during the porting 


Optimization Capabilities 

uoon ,h^ YC0S K UKd c “ tW0 capacides: a) 10 rapidl >' a given concept, and b) to improve 

&s^S&S&S£sS ! &*r&S£ 


453 














The optimization problem solved in PAYCOS is expressed as 



Minimize f(X) 


Subject to: 


gfX)<^0\j=\/n 
X l i ±X i £X u i ;i = \,n 


Where X is a set of bounded input variables (design variables), f(X) is a single function (objective 
function) being minimized (or maximized), and gfX) are the inequality constraints. 

PAYCOS allows for a good deal of flexibility when it comes to the optimization problem 
statement. The Optimization Module contains a library of candidate objective and constraint 
functions. A partial list of available objective and constraint functions is given in Table 1. 



Table 1 

Available constraint/objective functions 

1 

Total weight 

6 

Roll stability 

2 

Lift/drag 

7 

Internal volume 

3 

Yaw stability 

8 

CG - Cp + offset 

4 

Roll efficiency 

9 

Flap loads 

5 

Ballistic coefficient 

1 0 

Trim 


Design variable definition is completely up to the user. Typically, the PAYCOS design 
variables are the inputs to the Geometry Generation Module and the optimization process is one of 
aeroshaping The Geometry Generation Module consists of a number of design specific geometry 
generators. This means that a body-of-revolution derivative has a different geometry generator than 
a delta wing "glider”, which has a different geometry generator than a dart shaped evader . This is 
in lieu of much more difficult task of developing a single universal generator that lends itself to 
efficient aeroshape optimization. A single flag is used to tell the Geometry Generation Module 

which generator to use. 


Preliminary Optimization Results 

The Optimization Module containing ADS has been successfully linked with PAYCOS and 
a variety of optimization problems have been successfully run. In Figure 3, the iteration histones 
of two functions are given for one such test case. Quanitity values have been intentionally deleted. 
In Figure 3a, yaw stability (the objective function) is shown. In Figure 3b, lift/drag (one of the 
constraints) is shown. Note that although the test vehicle was made more yaw stable, as was the 
goal, it was done so at the cost of lift/drag. 
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(a) (b) 


Figure 3: Iteration History for Maximizing Yaw Stability 

Of course, obtaining better designs is not the only value of using optimization. In concept 
development, a "best" design can be considered secondary to understanding how a change in one 
function affects another. The large amount of data generated during the optimization run can be 
used to generate the desired sensitivity plots. Consider Figure 4a, where ballistic coefficient is 
plotted against yaw stability, and Figure 4b, where roll efficiency is plotted versus vehicle weight 
for the optimization problem of Figure 3. The trends are obvious: As yaw stability increases, 
ballistic coefficient decreases, and as weight increases, roll efficiency remains fairly flat 



YKWSTABUTY 



(a) (b) 

Figure 4: Sensitivity Comparison Between Functions 

Part of the validation process involves tailoring ADS to the types of optimization problems 
PAYCOS is used to solve. From the start, the preferred optimization method was the modified 

method of feasible directions 7 with polynomial interpolation used for the one dimensional search 
(ISTRAT= 0, IOPT= 5, INOED= 7) because of its robustness in handling initially infeasible 
designs. The relative convergence criteria has been relaxed to a 5% change in objective function 
(WK(12) = .05) with the absolute convergence criteria (WK(8)) set according to the chosen 
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objective function. To avoid having to create a Sensitivity Module, the internal ADS finite 
difference routine is used to calculate the function gradients. A finite difference step size of 5 % 
(WK(21) = .05) is used in most cases. 

Conclusion 

PAYCOS brings optimization directly to the concept level in a multidisciplinary hypersonic 
vehicle analysis code designed from the start to be used very early on in the design process. 
PAYCOS greatly increases the ability to rapidly generate feasible and improved hypersonic lifting 
body designs by providing not only designs themselves but also the means of understanding 

sensitivity of competing design requirements. ___ 

Version 1.0 of PAYCOS is scheduled for completion in Fall 1990. 
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Introduction 

The design of complex engineering systems such as aircraft, automobiles and computers is primarily a cooperative 
multidisciplinary design process involving interactions between several design agents. The common thread 
underlying this multidisciplinary design activity is the information exchange between the various groups and 

disciplines. The integrating component in such environments is the common data and the dependencies that exist 
between such data. 

This may be contrasted to classical multidisciplinary analyses problems where there is coupling between distinct 
design parameters. For example, they may be expressed as mathematically coupled relationships between 
aerodynamic and structural interactions in aircraft structures; between thermal and structural interactions in 
nuclear plants, and between control considerations and structural interactions in flexible robots. These 
relationships provide analytical based frameworks leading to optimization problem formulations. 


However, in multidisciplinary design problems, information based interactions become more critical. Many times, 
the relationships between different design parameters are not amenable to analytical characterization. Under such 
circumstances, information based interactions will provide the best integration paradigm, i.e. : there is a need to 
model the data entities and their dependencies between design parameters originating from different design agents. 
The modeling of such data interactions and dependencies forms the basis for integrating the various design agents. 

Disparate CAD/CAM systems and Data Management Problems 

There is a large body of information and expertise that must be harnessed and made available both during, and 
subsequent to the design stages. The information that is to be made available to aid a particular designer is very 
difficult to handle - it is widespread, diffuse and unorganized [ALEX64], and originates from different sources 

and is conveyed in different mediums. This information is usually not accessible in a manner that permits the 
designers to best utilize it. 

Progress in the development of computer aided design and computer aided manufacturing (CAD/CAM) systems 
has largely been driven by specific task automation needs. Drafting, conceptual solid modeling , finite element 
analysis, tolerance analysis, simulation of motion, tool path simulation, numeric control, automated process 
planning systems are among several tasks that have been significantly computerized. In such CAD/CAM 
environments, the designer’s principal directive is to generate a geometric model of the product. This model 
serves as the primary input to several of these analyses, simulation and validation systems. Current CAD/CAM 
environments are largely driven by this master geometry model. However, the issue of allowing these CAD 
systems to interact with data generated by the engineering design process has not been investigated from the 
standpoint of providing collaborative capabilities within these CAD systems. This paper will attempt to study this 
interaction in more detail. Within this context, we shall introduce the notion of the design action: 

* currently with Structural Dynamics Research Corporation, Milford, OH- 45151 
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prevailing design process. 

In Oder to externalize the designer's information burden in such environments, our objectives me: 

. To study the engineering design process from the standpoint of information flows 
between interacting design agents 

• Define a framework to integrate the design process with the design action 
specifically: 

• Provide conceptual centralization of design life cycle data 

. Define a design environment to facilitate interaction with related design agents 
. Ensure data consistency between the design environment and the centralized 

life cycle databases 
Scope of this Initiative 

We shall investigate these issues from the standpoint of d>e CAD system «*£*£*^ £££££ 

exilities may be applied to a cavities 

Se“T » intemetions. The following methodology was used to address these tssues: 

. Identification of a thin slice of the problem domain for detailed study 

• Data Collection using protocol studies 

• Data Analysis and data modeling 

• Prototype Development research issues 

• Prototype Implementation 

swi,chts ' f ""' t fut u ■ 

^Lihip model identifies cardinal!* md aaUymribuu telationshtps between data mmn^or o ^ ^ ^ 
constraint network models the various compatibility relationships between these darn «nun« 

’SZSZXa^ by dte prevailing design 

process. 

The Design Model: Data and Constraints 

Design [^AHL 84 J nreK^d^th^n^^OT bttentfs^litMuy^llibararitm 

iSK Further, they note dm, Ute mdy — - «£ 

taegS pmblem is l develop strategies ,0 support dm collabomrion of design agents m solvmg complex 
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taslcs. Here we assume that design agents are assigned to subtasks decomposed along discipline and functional 
boundaries and may require different problem solving skills, and methodologies. Tte purpose of thfc 
collaboration is to reduce the uncertainty and the resulting contingencies associated with the subtasks. 


Let us consider a design agent, A. The input date is represented by A/ and is made available to A by the various 
upstream functions, U. The design agent acts on this information and transforms this data based on the operator 
characteristics (©i) into output data (A 0 ) that is communicated to the downstream functions. D. In order to ensure 
that the operator’s (©j) characteristics are consistent with both the upstream and the downstream functions, it is 
necessary to impose a constraint function V F; that incorporates the data interdependencies that exist between the 

upstream functions, U, the current function. A, and the downstream functions, D. Figure 1 shows a simple model 
descnbing this requirement A], A 0 are the data inputs and outputs with respect to ©j. 



Figure 1: Design - Data Input / Output Model 


In the present case, the operator (©j), represents the designer and the design action. The design action must 
therefore be capable of sharing data with the serial/ parallel functions. In order to provide such extemalization 
capabilities at the design action, the design action must allow the designer to interact with the design process in an 
effortless manner. Figure 2 illustrates the nature of such an environment. 



Figure 2 : Integration of Design Action 
with Environment 


Figure 3: Manual Interaction Between Designer 
and CAD/CAM Environment 



The user interacts with a CAD 


system, which in turn is intimately integrated with both the geometric database 


as 
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well as a blackboard. The life cycle data is maintained by several interacting disciplines and is indicative of the 
current of the design and may be viewed as an information blackboard. Such a configuration ensures that the 
design action has access to up-to-date design data originating from different participants or teams in a distributed 
design environment. It must also be possible to manipulate these databases from the design action. 

The compatibility requirement between the life cycle data and the geometric database dictates that changes in one 
system trigger changes in the other system as appropriate. This configuration significantly externalizes the data 
communication and consistency requirement that is required of design processes involved in multidisciplinary 
design by teams. This contrasts to the manual interaction mode illustrated in figure 3 which introduces 
inefficiency in the design process. 

Proposed Architecture 

Given the scope of this paper, this section describes an architecture to provide such externalizing capabilities at 
the CAD system (the design action). 



Figure 4 : Integrated Framework 


The integrated framework supports an inference engine, a grammar module, a geometry database, a blackboard 
DBMS, a featurizer and a geometry engine. The geometry engine manipulates the geometry database ( only 
geometry) directly, whereas the featurizer manipulates the geometry database as well as the attributes as per the 
grammar modules’ or inference engines directives. The grammar module retrieves data from the geometry / 
attribute database as well as the blackboard database and manipulates the blackboard data and the 
geometry/attribute directly through the featurizer. The inference engine defines rule activations using facts 
derived from the geometry/attribute database and/or the blackboard data and may change the blackboard data 
directly and may also manipulate the geometry/attribute database via the featurizer. The components of the 
integrated framework are listed below: 
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Figure 6: Blackboard Data Schema 
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, . . ra ii e d because it uses the shape grammar formalism [STIN80] to manipulate the 
The grammar module * so „ bject ^ Abates a,B is raplaoed with three 

geomeoty raul For examp h ' * bmugh. b, rales which will depend on 

^nt^e^msuraTiefinTbydte contents of the centralized database) of the d«ign process. 
Sr'g^ ^rr^ £ l* L abases and pravidra a tndfonn mechmistn for ensuring 

consistency between the design action and the blackboard structure. 



Figure 7: Example Grammar Operation 


Featurizer The featurizer transforms parametrized blackboard data (e.g. attributes of standard components)!into 
gL”en^ToSe, wools, it c^rens the geometric , anribute data into equivalent blackball sm.cn.ras 

and vice versa. 

Rule based Inference Engine. The CUD’S expen system shell was used to implement the rale hit •»«*“ 
iscodedta C»d.n interfaced to the CAD system and the DBMS. A deraded account of the CLIPS 

implementation is discussed in [RANG 190]. 

Geometry Engine / User Interface In the prototype implementation, the AUTOCAD [AUT089] system was 
^dm sluute the CAD system. The customisation features in Autocad were used ex.ens.vely to augment Ora 

geometry based capabilities. 


Capabilities of Implemented Prototype 

The software prototype impIe.nen.auon is discussed in [RANG90]. Some of the key functionalities of the 
CAD system are enumerated below 

. Attachment of textual attributes to geometric entities: Encapsulation ofform and function. 

- Query facility for geometric entities: e.g.: select all holes > 0J 

• Blackboard interaction with CAD system: 

Automated information transfer between serial and parallel groups: 

insert geometric entity from standards DBMS 

insert geometrical entity from product specific Data 

(automated UPDATES, DELETIONS, INSERTS of dependent data entities) 

. Direct query link between CAD system geometric definition and DBMS attributes 

- Maintenance of geometric associations and consistency 

- Automated form feature generation 

- Design for Marutfacturability considerations: Feedback on Assemblyl Test time 

- Manipulation of design features 

- Irferencing using the CUPS expert system shell 
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Introduction 

DUS paper desoifcs a new 

raittaes'to^i^alculation^^ective function and «)W^inK.^Fm^CT^rc,h^ecideswhich^variables 

need to be recomputed in response to the change of * ^ ^ * identify active constraints 

° f ■ he sys,em is comparcd of 

ventional programs. 

Quasi-Procedural Method 

me quasi-procedural method (Ref. 1) is a form of nonprocedural fnognm, 

compiled subroutines and an executive rouune that keeps duck o^ Zn calls the Sevan, 

cies. In response to a request for the value of a certain vartabte, die variable depe „. 

routines in the appropnate older. In the examp e s own gu , m to ^ j^put variables 

dencies, through intermediate results of many subroutines, „ ti nal oath 0 ff ers improved flexi- 

shown at the top of the figure. This real-time arrangemen o addition, because the structure 

sis is combined with numerical optimization. 



Figure 1. Quasi-Procedural Method and Consistency Maintenance 




Numerical Optimization Using Quasi-Procedural Programming 

Numerical optimization involves repeated evaluation of an objective function and constraints. At each 
evaluation, modification of some design variable (e.g., wing area) may require re-execution of a large 
number of analysis modules. On the other hand, changes in other variables, such as takeoff flap deflec¬ 
tion, may invalidate only a few analyses. The quasi-procedural method recognizes the difference and re¬ 
configures the computational path, allowing the optimizer to avoid the redundant calculations made by con¬ 
ventional methods with rigid program structures. This improved efficiency may be utilized in several 
ways. The following sections describe three methods by which the quasi-procedural method may be used 
to improve the performance of conventional numerical optimization methods. 

Gradient Calculation 

Time savings are especially large when the gradient of the objective function must be computed by finite 
differences. In this case, each component of the gradient is constructed by evaluating the change in objec¬ 
tive function due to a change in the corresponding design variable. Since this process involves changing 
only a single design variable at a time, much of the computational path is unaffected and so the number of 
required computations is reduced. Furthermore, if the calculation of one gradient component requires a 
time T, which is substantially longer than the times required to compute the other components in a N- 
dimensional optimization, a fixed program structure evaluates the gradient in a tim e N*T, while the quasi- 
procedural method demands only a bit longer than T. 

Constrained Optimization 

Constrained optimization problems provide additional opportunities for reduction in computation time. 
Figure 2 shows a feasible region bounded by five constraints. The gradients of the objective and con¬ 
straint functions are evaluated at the end of each line search. The size of a finite difference interval for gra¬ 
dient calculation must be small enough to approximate the derivatives accurately. This means that if a con¬ 
straint is inactive at a point, that constraint is not violated during the gradient calculation at that point The 
quasi-procedural method makes it easy to remove inactive constraints from gradient calculations. The re¬ 
sulting computational time savings is large when expensive constraints arc inactive during much of the 
search. Further savings are achieved because not all design variables affect all constraints. Since chang¬ 
ing take-off flap deflection affects climb and take-off field length, but not range or landing field length, no 
additional time is spent computing range when take-off flap is varied. This makes it possible to achieve 
the efficiency available with a reduced design variable set without actually changing design variables. 


Sunt 



Figure 2. Constrained Optimization and Activation of Constriants 
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Figure 3. Gradient Calculation by Chain 
Rule and Intermediate Sensitivities 


dependency information, provided by U« quaai-^ed^^. nnato 
the use of the chain rule which may reduce the cost of derivative calculations (Ref. 2). Consider th 
ysis procedure shown inFigura 3. If the entire calculation were treated as«textile “* '“I™ 1 ' 
for comoutation of the gradient of q with respect to the seven design variables would be. 
7 *(A+B+C+D+E+F+G+H+I) where A, B, C, etc. represent the time required for the correspon g 
routine (or twice this value if central-differencing is used.) However, given the dependency information, 
the derivative of q with respect to a may be written: 

a k C d C I 

dq/da =dq/do*dolda + dq/dp*dplda 

- dqldo*(doldl*dl!da + doldm*dmlda + do/dn dnlekx) 

= dq/do*(do/dl*dl/dh*dhJda + doldm*dm/di*dilda ) 

This evaluation is performed in the time: I+H+E+A+H+F. 

The entire gradient requires a time of: 

(I+H+E+A+H+F) +A + (B+G+H) +B + (C+G) + (D+I) + F 
= 2A+2B+C+D+E+2F+2G+3H+2I 
Thus the evaluation time is reduced from 63 to 16 (in subrou¬ 
tine units). The savings become more significant when one of q 

the subroutines which is called only once (i.e., C, D, or E) is Figure 3. Gradient Calculation by Chain 
very time-consuming. For example, if the routine E requires Rule and Intermediate Sensitivities 

10 times the computational effort as the other routines, the cal¬ 
culation time is reduced by 80%. 

Expert System 

Domain-specific knowledge can be especially useful in .he early singes of s,an 

the optimization at an arbitrary point, an expert system is used toJSrf SfcotSts or 
based system was combined with the quasi-procedural program . cte d (Ref 3) 

other design problems, and to offer intelligent advice on how the problem might be corrected (Ref. 3). 

The wanting rules examine the current database, identify active design constraints, and report them to the 
uso-Atyp^nlwamtiigmls may compare the curren. value of a variable with its requtmd value, and tssue 

a warning string in case of constraint violation. 

Solution rules analyse the causes of a constrain, violation and generate 

A solution rule first looks at the warnings posted by the warning rules, and tnes to identify a specific proo 
“ hi“ ^tion rule is responsible. The rule may .hen look a, . 

fo.ma.ion pertinent to the current problem and prescribe a solution best-suited for the current case. For 
ample, a set of solution rules for the takeoff distance problem might be. 

IF (TOFieldLength is too long) and not(ClimbGrad is too small) 
and (*< TOFlapDef1 20.) THEN (Increase TOFlapDefl) 

IF (TOFieldLength is too long) and (*/ TotalSLST MaxTOW SToverW) 
and (*< SToverW 0.2) THEN (Increase SLSThrust) 

A rule-base with approximately 100 rules was used to resolve fundamental problems with the initial design 
so that the numerical optimization could be started in a feasible region. 
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Applications 


The quasi-procedural analysis method was combined with a variable-metric optimizer to illustrate the effi' 
r« f Syaem “ rcaliStiC applicadons - ^on, two exa^oSe™“ofd- 

whichXfo^™? szssr** theo,y ’ “* - ^ ~ «■ pr ° biem i- ■ 


■ BP TT’ P »T 

id ?ndnTr Ple ’ ^ UnCarity ° f “ aerodynamic routine is exploited by the quasi-procedural meth- 

low the lift c^ffid^Td^hid Wing T $t £ ! istrib “ tion is to 1x5 desi gned so that the induced drag is kept 
• ^cient distribution is relatively uniform, and the desired wing lift is achieved The design 

variablesi include the wing taper ratio, the twist angle of each of the twenty panels, and the angle of attack 

4) was used 10 “ ,he objecdve fu " cdon a 


igure 4 shows the geometry and vortex arrangement of the swept wing, 
fie span wise lift distribution and induced drag are computed based on a 
eissinger method, using a discrete vortex representation of the wake and 
a concentrated bound vortex. The trailing vortices are evenly spaced along 
the span, and the discrete bound vortices are placed at the quarter chord. 

sing the Biot-Savart law, an aerodynamic influence coefficient (AIC) 
matrix is computed which relates the strengths of the discrete vortices Tto 
the downwash w at the control points located at the three quarter chord of 
the span wise panels: AIC(iJ) = w; due to unit vortex strength at j 
e strengths of the bound vortices, and eventually the spanwise lift and 
/ istnbutions, are then found by solving the linear equation: 

[AIC] {r} = (/,„{ 6} where U x is the freestream velocity. 

Figure 5 shows the program structure for the wing design problem. The 
subroutine AIC constructs the elements of the AIC matrix Decomp per¬ 
forms LU decomposition of the AIC matrix, and Solve performs back- 
substitution. The AIC matrix has to be recomputed when taper ratio is 
modified, but need not be recalculated if only the twist angles and angle 
of attack are changed. The number shown to the right of each subroutine 
box in figure 5 is the execution time of the subroutine as a fraction of the 
total execution time. Solve is much faster than AIC, accounting for T ' 
only 16% of the total computational time. This computational structure « 
permits the quasi-procedural method to efficiently compute the gradient 
components with respect to the 20 twist angles and angle of attack. Fig- 
ure 6 shows the optimal Ci and lift distributions. Note that the optimal 
Ci distribution is nearly constant as desired, and the lift distribution is 
nearly elliptic as reflected in the span efficiency of 0.98 


Trtlktg VartiOM 


Bound Vortke* 



Figure 4. Wing Vortex Model 


Taper 


AIC 

& 

Decomp 


84.02% 


Twists —► 


Solve 15.98% 


Lift, Cl 


Figure 5. Structure of the 
Analysis Routines 


' - , . g en ’. e “ USed ' eveiy Eradkm “Clarion squires evaluation of the AIC 

matnx twice each change in taper raho, and solution of the linear system 42 times (2 times for taper ratio 
and 40 tunes for twists). Therefore, the computational time for one gradient evaluating: ^ 

tionai , ! sec 53,2 Sec ' 33115 figure may be compared with the time needed by conven- 

sec The rati?nf h! h ^ " 0t ^ StniCIUre ° f ““ pro8ram: 42 * < 5 - 33 SK + 101 = 266.3 

sec. The ratio of these two values indicates a 80% saving by the quasi-procedural method. 

467 
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SpcnwUe Coordlnct* 

Figure 6. Optimal Lift and C\ Distributions 
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Figure 7. Computation Time Distribution 


Figure 7 compares the total optimization .times b«ween ft. «££££> “compta" - 
The figure shows the significant tune saving obtained in the AIL calcination. calculation 

ing is 73%, which is only 7% less than the maximum 80% gain available in the gra 


Complete Aircraft Synthesis 

To illustrate the application of the method in a more complex problem a setoftables 

The analysis routines include geometric, aerodynamic, structu , an econo ^,- r , , ,• anulica- 

pmliminary design methods of Douglas Aircraft Company (Ref. 5) which were modtfled for this appltca 

tion. 

The expen system was first employed to generate a reasonable sating I 

tion. In this case, the system was able to suggest solunons to provide a feasiblepartingmum 1 ^ ^ 

ble metric optimizer was then used to minimize direct operanng cost, tgu ... , . 

tion which satisfies the five constraints and reduces DOC by 4% compared with the initial design. 


DeagB Variables 


MaxTOW 95739 lbs 
#WingAie& 950isqft 
SveepW 35.9* 
ARv 
Wing t*c 


InitlalCzAll 29990 ft 


FlnalCrAlt 30046 ft 




TOFlapDefL 12.<f 


Sh+Siring 273 


Medi-0.80 


Range -1500 a. mi 
TOFieldLength < 6000 ft 
LaniFieldLength < 5500 
CllmbOrad > 0.024 



Figure 8. Optimal Geometry and Design Variables 
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Figure 9. Computational Path for DOC and 
Constraints 
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Figure 10 shows the amount of time spent 
in each of the subroutines for three optim¬ 
ization cases. In the first case, the sub¬ 
routines were arranged in a suitable order 
and the quasi-procedural system was not 
employed. In the second case, the system 
with consistency maintenance was used. 
Finally, inactive constraints were re¬ 
moved from gradient calculations as de¬ 
scribed previously. The result is an over¬ 
all reduction in computation time of 22% 
for the quasi-procedural method, increas¬ 
ing to 39% when inactive constraints are 
removed. The figure shows that routines 
such as fuselage geometry (FUSEGM) 
are not affected by the selected design 

variables and so need to be executed only 
once. 



Figure 10. Distribution of Computation 
Times Among Analysis Routines 


Conclusions and Continuing Work 

T rif **-** taprove ,he of conventional numetical optimi- 

“ c of comp " pa,h » 


improvement 
simulta- 
genetic 
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, An Application of Compound Scaling to Wind Tunnel Model Design 

I n Mark French and Raymond M. Kolonay 

: Wright Research and Development Center 

Wright-Patterson AFB. OH 

Abstract 

. , - j f„ r th<* vt iff ness desicn of aeroelastically scaled wind tunnel models. 

An approach has been developed for the stifffeu^ matches a desired stiffness 

The object ’ TE^JS-rtncd opdmixarion ptoblem and worked with 

distribution. This design problemits ‘ cffort uscd the modified method of feasible directions 

SoS?fstaptoS 0 ^^a general purpose finite element 

Sm^^ EELS comparing the final designs obtained 

using MFD and compound scaling. 

Introduction 

. • .ua j n f an aeroelasticallv scaled wind tunnel model wing is 

One of the most important tasks in the design ot an . ^ dcsi a model structure whose 

s^^s^aracteri^icTm^^ta^wn^a^ues^'T^iese known values are derived by scaling the stiffness 
characteristics of the full-size structure that the model represents. 

.« » assumed dra. a urge. flexibUiiy marts is £ow„ forthe a" 

r^fSra^ ac^r n^cotmo of dre calculaicd ukkI.I flexibiiity mart* win nuich the 
n* column of the desired flexibility matrix. 

If this optimization approach works^ b,» ■»£££ 

Ihe flexibility matrix and the buic 8'°"*-“^ ' thc ovc(aH S | iffliess characteristics match the 

o“cV'teXcnm:. Thc possibility then exists of modelling an anisotropic structure 
with an isotropic one. 

. L . .. r „ wn „ al DurD0SC structural optimization code can be used to simplify the wind 

It has been shown that a general purpose stnic mor e cumbersome than 

nrnocl model design pmccss^onstderahly (Ref I)■ ™^ for „ was „ ot „ tU su ,,cd. 

^rrd:^ciTrarwi,n:,::i:^;rd 4 ,— ^ ™—- - 

problem described in Reference 1 was reworked. 

Analysis 

, u . . j a tm/incr had to be selected Tor which stiffness characteristics were 
STh the same W seal, ftghtcr wing was selected. The wing was eoastmeted largely of 


composite materials and was built to demonstrate the feasibility of using aeroelastic tailoring on fighter 
wmgs (See Figure 1). The structure involved in this effort represents only the structural box of the 
original wing. The model structure described here is the same size as the 1/9 scale wing. 

Reference 3 presents a flexibility matrix generated from a finite element model of the 1/9 scale wing. 
Flexibility coefficients are given at 28 points on the surface of the wing. The location of these points 
is presented in Figure 2. This flexibility matrix was used as the basis for the design of the test structure. 
A set of displacement constraints for the optimization problem can be written using a column of the 
flexibility matrix, a load is placed at some point on the wing and the terms from the column of the 
flexibility matrix are input as displacement constraints. Each column of the flexibility matrix is 
considered as a separate load case. In vector form, a normalized set of constraints can be written as 

*W - ^<0, j-U (1) 


where is the calculated displacement at the j th grid point due to a unit load at the i th grid point and 
8 ,j is the desired displacement at the j rh grid point due to a unit load at the i rh grid point. 


Previously, structural mass was used as the objective function since it is assumed in the code used. This 
choice is reasonable since one would expect a minimum weight structure to be a relatively flexible one 
and thus one for which many of the constraints are active or nearly so. However, since the goal of the 
design procedure is to minimize the difference between the desired and actual deformation at the grid 
points, the problem was reformulated to use a squared error function as the objective function. 


F = y n 


< b t X i 

6 / 


\2 


* I" s,« ; 



The design variables for the problem are the widths and heights of the beam elements. The values do 
not show up explicity in the objective function; however, the calculated deformations which are used 
in forming the objective function are in turn functions of the clement sizes. The formal optimization 
problem can be stated as 


Minimize: F(x(h t b)) 
Subject to: g t <; g t 





The 1/9 scale wing model chosen was originally intended for transonic testing and is extremely stiff. 
To make stiffness testing of the new model easier, the terms of the flexibility matrix were multiplied 
by 10. This was considered reasonable since the purpose of this experiment is to show that an arbitrary 
stiffness distribution can be modelled with a simple isotropic structure, rather than model a specific 

wing. The result was a structure flexible enough to give easily measurable displacements under a 
modest load. 
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In order to exactly match the scaled stiffness properties of the 1/9 scale model, a complete set of 
displacement constraints would need to be applied for every column of the flexibility matrix. However, 
this approach would result in an unreasonably large problem. Another approach is to appeal to intuition 
and assume that if columns of the flexibility matrix are correct for a small number of unit loads applied 
at widely separated grid points, the remaining columns are correct or nearly so. 

A second assumption can be made to further simplify the optimization process. The deformations at die 
inboard grid points are often very small but can have undesireably large influence on the design 
problem; very small absolute differences between the desired and calculated displacements can still 
result in very large normalized constraint values. Ignoring constraints at the inboard grid points when 
calculating the objective function helps ensure that the optimization algorithm does not get bogged down 
trying to cope with highly violated constraints which have little effect on the results. All constraints, 
including those omitted from the objective function calculation were used to define the boundary of the 

feasible region. 

Previously, a structure composed of beam and plate bending elements was used to represent the structure 
of the aeroelastically scaled model. The results were good, but the existence of the plate elements 
caused problems in fabricating a test specimen. To address this problem, only beam elements were used 
in this effort. The structure is a lattice of beam elements connecting the points at which flexibility 

coefficients were given. 

A FORTRAN program was written to model the wing structure using bar finite elements and generate 
function values and gradients for passing to an optimization program. The program uses 12 DOF beam 
elements to model the bars. The finite element model is presented in Figure 2. Two different 
optimization methods were used for different versions of the program; ADS (Ref 4) and compound 
scaling as implemented in FUNOPT (FUNctional OPTimization. Refs 5 and 6). The Modified Method 
of Feasible Directions (MFD) was used in ADS. 

A number of different constraint sets was specified during the course of the design process. Initial runs 
were made using a single set of constraints and the number was gradually increased. It was found that 
four displacement vectors were sufficient to design the wing. The four columns of the flexibility matrix 
correspond to unit loads placed at the leading edge of the tip, trailing edge of the tip, leading edge of 
the mid span and trailing edge of the mid span. These correspond to points 13, 16, 25 and 28 on Figure 
2. The resulting design problem had 106 design variables (width and height for each of 53 beam 
elements) and 112 constraints (4 load cases and 28 constraints per load case). 

Results 

Both methods produced acceptable final designs. The ADS design had 28 constraints within 5% of the 
boundary of the feasible region, but most of these were concentrated in the last load case. For the 
second load case, there were no constraints within 5% of the boundary. The FUNOPT design was the 
better of the two since approximately 60 constraints were within 5% of the boundary of the feasible 
region. This indicates that FUNOPT was able to find an approximate intersection of 60 constraints. 
The caveat should be made that both methods used here have parameters which can be varied to improve 
performance. ADS may have produced a better design if the optimzation parameters had been set 
differently. 

It is difficult to compactly present results from the analyses described here, but some feel for the quality 
of the results can be obtained by examining the deflections along the leading and trailing edges of the 
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\0 HITCAN: HIGH TEMPERATURE COMPOSITE ANALYZER 

Surendra N. Singhal 1 , Joseph J. Lackney , 

Christos C. Chamis 2 , and Pappu L. N. Murthy* 

Sverdrup Technology, Inc., Brook Park, Ohio 
2 Lewis Research Center, Cleveland, Ohio 

ABSTRACT 

A computer code, HITCAN (High Temperature Composite Malyzer) has been 
developed to analyze/design metal matrix composite structures. HITCAN s 
on composite mechanics theories and computer codes developed at National 

Aeronautics and Space Administration (NASA), Lewis Research Center, , . 

two decades. HITCAN is a general purpose code for predicting the global 
structural and local stress-strain response of muitilayered (arbitr ily 
oriented) metal matrix structures both at the constituent (fiber “ tr £; ™ 
interphase) and the structure level and including the fabrication proc 
effects The thermo-mechanical properties of the constituents are considere 
tobe nonlinearly dependent on several parameters including temperature stress 
and stress rate The computational procedure employs an incremental iterativ 
nonlinear approach utilizing a multifactor-interaction material behavior model. 
HITCAN features and analysis capabilities (static, load stepp ng, m , 
buckling) are demonstrated through typical example problems. 

BACKGROUND 

High temperature metal matrix composites (HTMMC) have shown potential as 
structural materials for 21st century propulsion systems. The nonlinea 
dependence of the thermo-mechanical properties of HTMMCs on parameters such as 
temperature, stress, and stress rate, may alter the structural response 
significantly. Experimental investigations being high in cost, computational 
models including nonlinear material behavior simulating the real-life response 
of components made from HTMMC materials are required. 

The need for developing multilevel analysis models for multilayered fibrous 
composites was recognized almost 2 decades ago (Ref. 1) and a multilevel analysis 
computer code was developed subsequently (Ref. 2) Research related tovariou 
aspects of HTMMC materials and structures has been conducted at the Lewis 
Research Center of the National Aeronautics and Space Administration (NASA) 
several years. Building upon parts of this research effort, a high temperature 
composites analyzer code HITCAN, has been developed. 

The objective of this paper is to summarize HITCAN’s capabilities with 
illustrative examples which demonstrate its application versatility. 

HITCAN: A BRIEF DESCRIPTION 

HITCAN presents a self-contained (independent of commercial codes) 
synergistic combination of NASA developed codes, MHOST and METCAN which are 
finite element structural analysis, and multilevel nonlinear material behavior 
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codes, respectively. User-frfon^w 

Of HITCAK code. For InstancJIt taluksTau".‘"f dupI "S <*• development 
commonly used aerospace fiber and matrix materials o* Pr ° P ' rCy dat » b ase for 
base can be Input to HITCAN automatically. Properties from this data 

structures Tha^eft p'«t ‘"Vlg'ur.TdepYctf^f d f ° r " alyzln S oomposlte 

flnltl I?* d °, n kn<> " n const ltuent properties da “ r " ln * tl »" »f laminate 
nite element analysis which provides the stn.ri-,' / h tOR P ® rt de Picts the 

level. And the right part shows the determinatio/of C *? P ° nSe at the laminate 
at the constituent level. Finally the bottom w? f h ® structu ral response 
constituent material properties based on inmt-* Part Sh ° WS the u P da ting of 
constituent stress response. Figure 2 show/ P ara meters and calculated 
constituent material properties are updated. various regions in which the 

FEATURES 

response^f^u^tlTayered'fflgh^^Vr^ure'metaVnrV' 1 ^ 3 ^ *" d ldddl “—in 

at the constituent (fiber, matrix and i ^ ^ atr ^ x composite structures both 
HITCAN's analysis capabilities include static^loa/it the structure level, 
response. HITCAN treats thermo-mechanical PP ?’ m ° dal and ^ckling 
as nonlinear multifactor-interaction functions of t/” ** ^ consCituent level 
rate, as shown below (Ref. 3). temperature, stress, and stress 



T, and T^^eno t e "me 1 ting/ ^ur^ren t* ^and n ®® cond ^ c ^ on material properties; T 

denote fracture a*- t 9 ^ reference temperature* S g j <t 

i-taccure at T , current - ^ c » °r» cr and O 

appropriately selected current: and r.fere^'atre^ 1 V r V *" d d e d '"°'e° 
exponents n, m, and 1 are empirical constants. ’ res P eccive ly- The 

HITCAN includes the dependence of t-h» k«k u 
composites on fabrication process variables h aVior of the “etal matrix 
between the fiber and matrix. lables and properties of an Interphase 

through example VrobUmMRe^* 1 ^ are marked'*'5TV d'T h * Ve bee " demonstrated 
enhancement of the code continue. In “ . LZTL? AUh ‘ >u S» the 

wide variety of composite structural analyses probf."": * PPUcabl * « a 

demonstration problems 

HITCAN^are ^^lonstriited for^a^simply^nnxu-tf analysis capabilities of 

15-3-3-3. For all demonstration^ ^ ° f Sl C/T1 ‘ 

consists of 4 layer, with a top-to-botto. ply lay-up 
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volume ratio of 0.4, and a reference temperature of; 7CI °F. 

degradation, and fabrication-induced stresses. 

^ rvresent report is to demonstrate the capabilities 

Since, the purpose of the present P a det ailed discussion of the 

of HITCAK rather than to provide be ^ ^ unavailability of results in open 
results is not included. Als ■ . , d bv uiTCAN it has not been possible 

literature for the “rifled for some classical 

to provide comparisons. However, cne 

problems. 

nnfllvsis was conducted for a combined thermal and 

STATIC ANALYSIS: The static analysis was co^ feu Ued in one step . The 

mechanical load similar to simil f r t o the constant material property case 

of'the 3 load “"ppingWy^is which follows, are not Included here. 

LOAD STEPPING ANALYSIS: The load stepping 

linear analysis where the loa is app load step The analysis was first 

material properties updated at the end of atep. f ™ ^ (0/±45/90) 

performed for the base case with no fi g L mod el described above 

ply lay-up, and the most general boundary conditions are 

in the 'FOTS' s ^ lon ‘ ® ^sultsincluding displacements and constituent 
shown m Figure 3. The oase case j. 3 ^ displacements are in the 

and ply level stresses are also shown in Figure ^ * P materials 

global structural ooordinate arc shown in Figur. 1 . 

Latters*A* B^and C, used in Figure 3 are for various regions of constituent 

material nonuniformity, defined in Figure 2. 

The load stepping analysis was repeated by varying one^par^ete^^ property 

for (i) f^r.ddses of constitutive ^ only , material properties 

case, materia p p material properties dependent on stress rate only, 

dependent on stress ^ the symm etric orientation of (0/45),, 

(ii) two cases of ply orientations n ly ^ ^ of fiber degradation by a 

and balanced orientation of (0/9 ),. ( creating an interphase between the 

factor of one-tanth of its '> rl e tnal „ f di “* t “' taken as an average of the 

fiber and matrix with propartia. fabrication thermal loading 

fiber and matrix properties ^ > thermal and mechanical loading. The 

(Figure 4) applied before the c ®“ results for all these cases are 

corresponding displacement an P ^ brevity> the sensitivity analysis 

tabulated in Figure 4. at the end of the third load step only, 

response is compared with the bas . . .., . -.i cases due to the very 

The P effect of stress Fate was found negligrble n all cas^s,^ ^ 

nature of the problems chosen. This etrecc 
analysis. 

.. _ o. , e .__ different forms of constitutive models was analyzed 
The effect of 8 Flgure shows the importance of using 

further, as shown in F * gure ’ dependent on applied temperature and 

material behavior models which that P t he vertical axis of Figure 4 shows 

calculated stress response. Notice that change in the form of the 

percentage increase in the displacement due to a change in 
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constitutive model i e 4.L- 

degradation of material properties f accord^ ^ dis P lace “ent caused by the 
model. The increase in the displacement- • ° g ° t * le n,u ^ti-factor interaction 
properties are considered constant. In Figure^^he ^ *°h t*. 6 ^ 386 When materia l 
refers to percentage increase in the displacement ^u 1 Tem P erat ure Effect’ 
are made temperature dependent only. Similarly the {'th i-t material Properties 
to percentage increase in the displacement'then JL label . ’Stress Effect’ refers 
stress dependent only. And, the P label ’Combi propertie s are m a de 

increase in the displacement when the material "nro refers to Percentage 

temperature and stress simultaneously. P perties ar e made dependent on 

pS --^ - — — .1 

Four modes were calculated (the code is caoahle t L ° ad Ste PP in g Analysis’, 

laired,. The resales for nstur.l frequencies are 'sho^in JigureT “ 

mechanical 

calculating as many modes as desired). The ‘-ulated (the code is capable of 
cases; for mechanical loading including fib" 3 W3S then repeated for two 

thermo-mechanical loading without fiber deJrtdltioT^F' 10 ",, for 
fiber was degraded by a factor of one-tenth^f fe' F ° r . the flrsc ca “, the 
loadings, boundary conditions, and results are sho™ in^ig^e / lanecer - 

CONCLUSIONS 

Several featin—ec n n j . , 

composite analyzer code, HITCAN n havebeen a de bilitieS ° f th ® high te *perature 

These features make HITCM a poweX tHr ° Ugh eXa “P le P">bl«s • 

analyzing/designing metal matrix composite strictures Td ffective tool for 

of the multilevel analysis approach ? HITCAN h£ and com P onent s- Because 

influence of individual consul "SL’t Utlll V f ° r stud ^ the 

response. HITCAN will help in material lifw beba vior on global structural 

analyzing sensitivity of structural resDonc C t-° n specific applications, in 

m providing structural response at all^evel ° ^ arious s y stem parameters, and 

ponse at all levels of material constituents. 
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_ Table I. - HITCAN Capabilities for Compoette Materials 

Type of st ructure -«»• Beam Plate Ring 
Typ« of Analysis ~b --- 



Static 



Load Steppln 


Modal /Natural Vibration Mod 


Time-domain_ 


Loading 

Mechanical_ 


Thermal _ 


Cydic _ 


Impact_ 


Constitutive Modala 
P - Constant 


fated 


tested 


tested 


tested 


fated 


fated 


fated 


fated 




fated 


tested 


fated 


Curved Built-up 
Panel Structure 


fated fated 


tested tost*/ 


tested fated 


fated fated 


fated 

fated 

fated 

fated 

fated 

fated 

tested 

fated 

fated 

tested 



P - »<T) 

(temperature dependence) 

P - l(o) 

(stress dependence) 

P - f(<r) 

(stress rate dependence) 


tad 


tested 


fated 


fated 


fated 


fated 


fated 

fated 

tested 

tested 


> - f(T ,ct ,o) _(combination) | fated I fated 


P - f(T.o .0 .t) (creep combination) 


Fiber Degradation 


Fabrication-Induced 


Ply Orientation* 

Arbitrary _ ***** j 

Notation: P: Material properties T: Temperature o: Stress 0: Stress rate 





fated 


fated 


fated 


tested 


fated 


tested 



tested 


fated 


tested 

t: Time 


fated 


fated 


fated 


tested 


tested 


fated 



GLOBAL 

STRUCTURAL 

COORONATES 

z 


COMPONENT 


FMTE ELEMENT 


GLOBAL 

STRUCTURAL 

ANALYSIS 


^ssk 



STRUCTURAL 
' ANALYSIS 


Regions of 
Constituent 
Material 
Nonuniformity 


Matrix 


Interphase 


ITT 

TTTTT 


LAMINATE 


MHOST 


LAMINATE 




LAMNATE 

THEORY 


LAMNATE 

THEORY 


METCAN 


PLY 


[1 ^CONSTITUENTS 

COMPOSITE ^ 

mcro-me ctwscsN^/-, ^14 JMX 

JU 0 

Snates /OP 

NONUT 


— 0 

COMPOSITE 

U laron ijcruif 



LOCAL 

MATERIAL „ 
COOROeiATES 

3 


% 


mcro-mechamcs 

THEORY 


NONUNEAR \ 

MULTI FACTOR a 

n 22oel AR MATEWALPROPERTCS 

<=’ P - l(o.T.o) 


A: Matrix 

B: Matrix and Interphase 
C: Matrix, Fiber, and Interphase 

Figure 2 - Schematice for Regions 
of Constituent Material 
Nonuniformity 


Figure 1 - HITCAN: An Integrated Approach for High 
Temperature Composite Structural Analysis 
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NATURAL FREQUENCY (cps) 


FIGURE 3 - LOAD STEPPING ANALYSIS: BASE CASE 

SIMPLY SUPPORTED PLATE; SI C/TI-1 *-»-*-» COMPOSITE; 0/±4S/90 LAY-UP; 0.4 PVR 
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FIGURE 4 • LOAD STEPPING ANALYSIS' SENSITIVITY CASES 






EFFECTS OF 


BASE CASE 


NONUNEAR MULTIFACTOR 
’ INTERACTION CONSTTTUT1VE 
MODELS 

R0PERTYP - CONSTANT 
PROPERTY-f (TEMP.) 

PROPERTY - f (STRESS ) 
PROPERTY - f (STRESS RATE) 


PLY ORIENTATIONS 
(CV45) s 
(0/90) , 


FIBER DEGRADATION 


FABRICATION 


DISP. STRESSES. PLY 4 
{CENTER [CENTER POINT) (ksi) 

POINT] -1-1- 

(Inch) LONG. TRANS. SHEAR 


-0.0135 23.0 



• 0.0110 

•0.0133 

- 0.0121 

•0.0118 


•0.0151 21.8 


•0.0140 18.4 



FIGURE 6 - BUCKLING ANAL YSIS 

AXIAL TEMPERA TUBE flOOO ’F) 
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Abstract 

The subject of this paper is the buckling of laminated plates, with a pre-existing delamination, 
subjected to inplane loading. Each laminate is modelled as an orthotropic Mindlin plate. The analysis is 
carried out by a combination of the finite element and asymptotic expansion methods. By applying the 
finite element method, plates with general delamination regions can be studied. The asymptotic 
expansion method reduces the number of unknown variables of the eigenvalue equation to that of the 
equation for a single Kirchhoff plate. Numerical results are presented for several examples. The effects 
of the shape, size and position of the delamination, on the buckling load, are studied through these 

examples. 


1 Introduction 

A separated region might exist between the layers of a laminated plate or shell ^ ,2, ^ Such a 
region is called a delamination. When a plate with delamination buckles, the critical load is lower than 
that for the plate without delamination. The separated portion will usually open when delamination 

buckling occurs and the delamination may grow due to the buckling^!- . . .. - 

Reference [1] is one of the earlier papers on delamination buckling. The delamination buckling ot 
beams and the growth of delaminations have been studied by using the classical beam theory. 
Axisymmetric delamination buckling has been studied in reference [6]. The buckling of a plate with a 
rectangular delamination has been solved in reference [7]. However, in both reference [6] and reference 
[7], the buckling load is assumed to be equal to the value for the delaminated part, which is considered to 
be a clamped plate. Obviously, the solution can only be applied in some special cases. 

In this paper, the delamination buckling of laminated plates is studied by applying the finite element 
method, so that we can study plates with general delamination regions. Each layer is modelled as an 
orthotropic Mindlin plate^. This model describes the mechanical behavior of composite plates in an 
accurate manner. The shearing strains in each layer are chosen as independent variables. In this way, 
the locking problem can be avoided^- Also, this approach enables us to apply the asymptotic expansion 
method, which reduces the number of unknown variables of the eigenvalue equation to that of the 

equation for a single Kirchhoff plate. . 

Buckling loads are calculated numerically for several example problems. The ettects ot tne size, 

shape and position of the delamination on the in-plane buckling load for a laminated plate are studied in 

the paper. Also, the results show that, as expected, the effect of the material properties on the buckling 

load is significant. 


2 The Governing Equations 

Consider a N-layer laminated plate with a delamination, shown in Figure 1. Take the plane with the 
delamination as the x-y plane. There are N u layers with z>0 and N L layers with z<0, which are called 
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the upper part and the lower pan of the plate, respectively 

The linear disc™ iayer mo*, is used, i.e„ each layer is considered as a Mindlin plate. For the i* 
layer (,=1 - 2 . nU . 1.2.N4, the displacements ant: 

u (X *V* Z > = “i.i(*,y) + 6j(x,y) (Zj + itd 


= “o(z,y)+i;Cr, m -h 1 w I + a 1 (y w) 

m=l 

Aw) = v M (x,y) + ^(x.y) ( Zi +1 g 

= v o(x,y) + X l rn Y ym - hj w y + Zj (y .-w) 

m=l J 

w (x,y,z) = w(x,y) 

where It j | is the thickness of the i* laminate, and 


t m = 


m <i 


m =i 


hj=X t 


(1) 


m=1 


i-l. v ,-i are the ui-plane displacements of the lower surface when the i* layer belongs to the 

r r." •* - iU" 

P splacements u 0 and v 0 are the in-plane displacements of the x-y plane. Y* and Y vi are the 

shearing stratus y„ and Yyx of the i“> layer. x, yl are the 

is a^ h the?;“ZHo P 'r ^ d » maJor » —“ - and the x-axis 

y i ne equations relating stresses and 


strains are 


*y / i 


=Nt 


M = H 

x yz/ i 


yzy i 


The potential energies of the upper pan and lower pan of the laminated plate 
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>“ = £ | f <{e}'>4 {e), + M J PA <T>, > <“* *y< 1* 

-p^jJ (jw') T [N] i (W))dxdy-Tl ‘ 1 

0 L = ^I (" ({e)jD e ] i {e} i + W[p.]iWi) dxd y dz 


-p £lj ({w') T [N]i{w’))dxdy 


where 


(W'l- 


«■ 


+ T^ 


[Nil - 


N, N. 


p is the scaling parameter of the load and M, b <■* matrix of resultant ^Because of the 

sssaf>“SsSK -- -— -■ 

Applying the principle of minimum potential energy iu vv 

respectively, we obtain /g\ 

8<X> U =0 V 

5^ - 0 (7 > 

3 The FEM and The Asymptotic Method 

The analysis is earned out by a combinadon of the finite element and asymptodc expansion method. 
For details, please see References [10] and [11]. 

4 Results and Discussion 

in this section, we study die ^nrfT"de"!on. 

load of a laminated plate. Hereafter, S ^' f.^'^elatninadon between the 0°-layer and 
For example, (0°//90°/45°) means a (0 /9 / P , . j tadistanceo fH/5 below its top 

the 90°-layer, (0°//0°4) means an [soffopic p ate wi^ a orthortropic, are considered. The 

surface. Two different materials of laminates, one isotropic, 

material properties are _ nnj ,,x V i2 = 0.3 

M-l B/B-l G12-GO-025E2 ' G»=0.2E2 V,2 = 0.25 

M - 2 , JSl a^square plate^.h^— * — A compressive load p, tn the x 

direcdon, is appUed along the edges x- + U2 of die plate, e 
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Table 1 


Buckling Load X= p/E e 2 (s.s.) Three different delamination 

-- — --— shapes, a square, a circle, and a 

_ Square Qrcle E1Ii P se ellipse, of equal area (nL 2 /! 6) 

j 6~7893 7 - 7 QI/)Q - considered here. In each case, 

M-l 2 11 480 11 447 n 9 !^ the center of the delamination is 

( 0 °// 0 ») 3 Jiw* 1 * 0 * coincident with that of the plate. 

. * 1 j.vuo For the case of symmetric 

m-2 i Util . Jfjifr 

(450//450) 3 48.147* 50 510 53 93 Nation), the firs, buckling 

ou.oiu 38.931 mode does not open, while for a 

--plate with an unsymmetric delami- 

~ nation, the first buckling mode 

2 C Buckling Load X= p/E e 2 opens up, but both the upper and 

delamination Square TWIp Sir- lower parts of the plate deflect in 

_shape q C E1I,pse die same Section. For the sym- 

s.s" 15152 34848- TZoW me ? C C f e> the opening buckling 

M-l c. 6 2256 1'i™ mode, shown in Figure 2, may 

__ 6-2160 67328 °ccur in the second or third mode. 

s.s. 19.472 " 'T 9 529 VoToq In Table 1, the numbers with *'s 

M-2 c. 30.446 31 770 4?‘?78 are the critical loads for the modes 

• //u 41.278 which open up, for a symmetric 

hiirHina f :----- case - Figure 3 shows the first 

Duciamg mode for a (non - symmetric) M-2 material plate (0O/90O//()o/90O/0O) with a SQuare 

triTa ‘f C ‘,° f the *52* ° f Ihe delamina,ion on b “<*Bng load. For M-l, the plate is 

^S»TKe2S5R, K 

ssine “■ > “ ■*»* "m~i. <. amjsfsssigs 

&u T i& a: &^r icaUy wiih the Si “ 0f 

The effect of the delamination position on the buckling load is shown in Figure 6 A mo//no 
.reply supponed squareplaie with a square delamination is JL*2lES£5S3& 

rl U FlgUI ^ 6 ’ we can see that die position only moderately affects the buckling load 


Mode No. Square 


M-l ; 
( 0 °// 0 °) 2 

1 

M-2 2 

(45°//45°) 3 

Table 2 

delamination 

_shape_ 

s.s. 
M-l c. 

s.s. 

M-2 c. 


6.7893 

11.480 

12.748* 

27.028 

47.195 

48.147* 


Circle 

”7.0528 

11,447 

11.530* 

27.426 

41.093* 

50.510 


Ellipse 

6.9149 

12.442 

15.908* 

28.482 

48.451* 

58.931 


Buckling Load X= p/E e 2 


Square 

3.5152 

6.2256 

19.472 

30.446 


Circle 

3.4848 

6.2160 

19.529 

31.770 


Ellipse 

3.4928 

6.7328 

19.689 

41.278 
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Figure 1 Coordinate system and geometrical parameters 
of the laminated plate 


Figure 2 

Cross-section of the lowest opening buckling mode 
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N 9 ur. 3 Cross-sections of the buckling mode of the delaminated 
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Figure 4 Effect of the plate thickness on the buckling load 
for a square delamination 
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ABSTRACT 


Finite element algorithms have been developed to analyte linear anisotropic viscoelastic plates, with or without 
holes, subjected to mechanical (bending, tension), temperature and hygrothermal loadings. The analysis is based 
on Laplace transforms rather than direct time integrations in order to improve the accuracy of results and save 
extensive computational time and storage. The time dependent displacement fields in the transverse direction for 
the cross ply and angle ply laminates are calculated and the stacking sequence effects of the laminates are discussed 
in detail. Creep responses for the plates with or without a circular hole are also studied. The numerical results 
compare favorably with analytical solutions, i.e. within 1.8% for bending and HT 3 % for tension. The tension 
results of the present method are compared with those using the direct time integration scheme. 

1. INTRODUCTION 


Advanced composite laminates are used in atmospheric and space flight vehicles in order to improve perfor¬ 
mance by substantial structural weight savings. The polymer matrix exhibits degradation of material mechanical 
properties when exposed to hygrothermal environment and the hygrothermal expansion induces residual stresses 
in a composite laminate which may result in delamination and subsequent structural failures [l, 2j. Therefore, 
time dependent analyses of polymer composite structures are required to predict structural lifetimes under short 
and long term loading, mandating anisotropic viscoelastic analyses. The linear thermo-viscoelastic theory for 
anisotropic nonhomogeneous materials whose stress-strain relations are expressed by hereditary integrals has been 
formulated by Hilton and Dong [3]. Finite element methods (FEM) are the most powerful tool for the analysis 
of complicated systems. However solving time dependent problems using FEM is difficult and requires enormous 
computational time and memory storage, since the constitutive law for linear viscoelastic materials is described 
by hereditary integrals or fractional differential operators as developed by Rogers [4j. Numerical procedures for 
the analysis of viscoelastic boundary value problems have been proposed [5-8]. Taylor ct &/. [6] developed a finite 
element procedure to analyse isotropic linear viscoelastic solids undergoing mechanical and thermal deformations. 
The integration of the governing equations is performed step by step using a finite difference recurrence relationship 
for approximate calculations of displacement derivatives. This method requires storage of only the previous time 
solution instead of all the solutions throughout the loading time history. Srinatha et al. [7] suggested a similar nu¬ 
merical procedure for an isotropic material and applied it to solve plane problems using the trapezoidal integration 
method previously developed by Zak [5] to evaluate integral equations. However, the accuracy of the direct integra¬ 
tion scheme primarily depends upon the size of the time step At. Moreover since the solutions of rate dependent 
problems at the present time are affected by the previous solutions, numerical errors may be accumulated through¬ 
out the time history and such error accumulations are described in [6,8]. If the value of time step is decreased in 
order to obtain better approximations, the number of iterations will be augmented and the computational time 
will be significantly increased. Use of the direct integration method for long-term predictions of time dependent 
dimensional changes and stresses in composite structures may require huge amounts of computational time. 

In the present study, a numerical algorithm is developed for the efficient analysis of time dependent deforma¬ 
tions and stresses in linear viscoelastic composite materials which are subjected to mechanical, temperature and 
hygrothermal loadings. For time dependent temperatures and/or moisture contents, the hereditary time integrals 
are not convolution ones and approximate elastic-viscoelastic analogies [9,10] have been developed allowing the use 
of Laplace or Fourier transforms. In the present analysis the FEM equations are formulated in real time and then 
converted to reduced times, thereby not requiring the above approximate formulations. The Laplace transform 
technique is adopted to improve the accuracy of solutions, to save expensive computational time and to reduce the 
tedious formulation of numerical procedures. 
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2. ANALYTICAL FORMULATION 

t.l Conrnin, for Linn, Tinrmn-VunnlMi, Cnmpn.it, Pint,, 

rU„ « bt “Cup, *—■* —• 


O' 


{T ' x ' *> -/l £ W r - "■ <■ - *<*.,)! * 


- ( 1 ) 

a ; d t fre ; hygrotheraai •*•*» «*««,**. 

The free hygrothermal strains c‘. may then be expressed as ^ temperature “d moisture. 


«0 = <*i,AT + Ay AM 


( 2 ) 


where a,y and Ay are respectively thermal and hygroscopic expansion coefficients and A 77* ril)lAI/( , 
the temperature and moisture changes related to an unstressed reference state F t k ’ l , d AA/(x,t) are 
materials [3,12], the relaxation moduU can be represented in the fonn ' thermorheolo « ic ^y simple 

c i,kt{ T , M, t) = C i)k i\T r , M r , f,y«(x,t)J ^ 

functions in the foUowin^mlnner" 6110 * C ° ndltl ° nS a ” d th * *** m reduced time », which are related to the shift 


Sijki (x, t) - aiju (T(x, r), Af(x, r)) dr 


(*) 

The introduction of these reduced times chan?** /i\ , . 

derivatives in the field equations take on new definitions, i.e. ^ ° n< * th * ? plan *’ howev « r * 




(5) 

^^m t ^ed. d The^resen^t a me*h^ m avol d 8 s^i r pttfalLrby detiT th * "f ‘ functio “ “ to « experimentally 

stages transforming the equations “ “ ** X plaM and th « at 

* mamor relaxation *1 Tf ^ 

tune independent since the xj-direction is dominated by the fiben All <• • J‘ TJi moduIua Clui “ aMum «d 

10 ^ * 0 "" «” “ «■» «■«»«.» moduli iu .™.o,pC.SJu“.'no“'Z d 


N 


c i}u(i) - C? } k, + cf }ld exp(—f/Ap) 

p=i 


( 0 ) 


where the constants Ap are relaxation times, N is the number of term. f nr »k • 

must be time independent and symmetric. The stre^Ta ^ ^ “ d 


j jiMTr, M„ }~{t kl (X,!)-? kl{ X,;)}di 


(7) 


with X are the laminate coordinates and C ijkl are the moduli in X - f plane. 

** A Variational Formulation for Thermo-Viscoelastic Problem* 

Ibe variational functional for linear thermo-viscoel«Hr ^ki l . 
absence of body forces, its first variation is P en “ h “ ^ glven by Gurtin I 17 ] and in the 

S * = X /=-oo /=-» CiMT ’ M > f - 3 - r )£:{ f o(X.r)-?- (X,r)}dr 
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jy _ f r ‘ n i(t - a ) dSUi ^ ,9 ) -ds dSr = 0 

3s J5 r «/«=-oo 


( 8 ) 


where V is the vohime of viscoelastic solid, S T is the surface on which tractions 0. are applied and u< are the dis¬ 
placements. This relation forms the basis of finite element linear viscoelastic boundary value problem formulations. 

£ S Finite Element Formulation Using Integral Transforms 

Using the aforementioned variation principles, the finite element equilibrium equations for linear viscoelastic 

solids are obtained in the real time domain. Then substitution of Eq. (4) and (6) into those equilibrium equations 

and taking the Laplace transform result in a system of algebraic equations 


[ K° + K*sf(s) ]Ui»(«) — ^m(s) + Ffn (*) 


f9l 


m 

In the above, K^ n and K^ n are the global stiffness matrices, U n is the global vector of nodal displacements, F m 
and F* h are L T*"of global nodal force vectors due to applied tractions and hygrothermal gradients respectively 
and f(s) is the L.T. of the exponential functions in Eq. (6). It should be noted that Eq. (9) is identical to the 
equivalent elastic problem except for the equivalent viscoelastic moduli [12]. One approach to solving the above 
system is to carry out an orthogonal transformation which simultaneously diagonalises the two real symmetric 
matrices: K„ n and Once the nodal displacements are determined from (10) in the Laplace space, they 

can be transformed ba”k into real time at selected nodes where critical conditions of interest occur thus savmg 
additional computational time. If the loading functions are provided in analytic forms, the partial-fraction method 
produces excellent results. Even if those forces are given numerically, diverse Laplace transform and numerical 
L.T. inversion techniques are available [18-21]. In Ref. 21, eight numerical algorithms of the Laplace transform 
inversion methods are compared against each other. The study shows that Schapery’s collocation method [18] and 
Becker’s multidata method [19] provide good results for non-oscillatory functions of time with less computer time 
and that Durbin’s inversion method [20] based on fast Fourier sine-cosine transformations yields accurate results 
for the oscillatory time functions, but at the expense of much computing time. 


3. NUMERICAL RESULTS 


3.1 Anisotropic Plate Bending Studies 

Consider a thin composite laminate with symmetry in both geometry and material properties about the 
middle plane and subjected to bending moments and lateral loading and assume the Kirchhoff hypotheses. Two 
studies were conducted to verify the viscoelastic finite element program VBEND [10] which are developed to analyse 
viscoelastic bending responses of composite plates. The first study concentrates on elastic results and the second 
focuses on time dependent solutions. The dimensions of the composite laminate are 100 in x 100 in and the 
thickness of the plate is 1 in. A total of 128 elements and 243 degrees of freedom are used for these studies. At 
time t=0, the viscoelastic finite element solutions are compared with the corresponding elastic results presented 
in Ref 22 for composite laminates with fully clamped edges. The elastic orthotropic material properties of the 
composite lamina are E u = 10 7 psi, E 22 = 10 a psi, i/ 12 = 0.3, and G n = 0.25 x 10* psi [22]. The laminate is 
subjected to uniformly distributed loading p = 0.02 psi. The maximum defiections at the center of the laminates 
are compared with those of [22] for various orientation of the principal orthotropic material axes with respect 
to the laminate axes. As shown in Fig. 1, at time t=0, the viscoelastic finite element solutions agree very well 
within 3% with the elastic solutions of [22]. In the second study, viscoelastic finite element solutions calculated by 
VBEND [10] are compared with analytic results evaluated by the viscoelastic-elastic analogy [3]. Time dependent 
deflections for a simply-supported composite plate subjected to the same load as the first example are considered. 
The elastic anisotropic bending stiffnesses of the laminate are Dmjj/Ouu = 1, (-£>1133 + 2Di 2l2 )/D n ii = 1.5, 
and Dull/Dun = D 22 i 2 /Dun = --5. Using the viscoelastic-elastic analogy, the maximum time dependent 
deflections for the anisotropic plate with the above flexural stiffnesses, simply supported along all the edges and 
subjected to a uniformly distributed loading p(i) can be expressed in the Laplace domain as[3,20] 


W max (s) = 


0.00452 a 4 p(s) 


( 10 ) 


where ~ denote the Laplace transform. Temperature shift factor is equal to one and the time function for all the 
flexural stiffnesses Dijki taken as 

f{t) = 6.698 x 10 -2 + 0.93302 eip(-t/1000) (11) 
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*• r-£a.-r, se~ by - *~ * 

^ttzttzzs: tn\?r^ f““ - 

•ymmetnc crow and angle ply laminate, .uch a. ( 0fi /90,) Si f7? \\* T7TT f ° r wio,u 

“ d (»/-»).. « calculated. In these .tudie. the ela.tic’^Z ^ " , 6,0 (<5/ ~ 4 ^‘> ( 30 ‘/ - 30,)., 
the lamina are also the same as those used for the first verifies*' 7a "to** 1 *^ pro P* rt ‘ es *“d tie dimensions of 
20 plies were used. The time 1777™ ° f * 1 “* a - °'° 3 - -d 

a. tune mdependent since E n and , 12 are not sensitive to time “* °T “ 

observed at the center of plates for all the cases The maxim,,™ a • , , Th * maxunum deflections are 

laminates are displayed in Fig. 3 as function, of time At time for the (0 6 /90 6 ). and (0/90)*. 

the (0 6 /90,). and (0/90),. laminate. is 0.04546 in. The maximum defl* maXU " umdeflectlon tabulated for both 
23% after 2 x 10 4 second, while the relaxation moduli such as C Ilr w' 71 “ CT ««« ‘bout 

the same tune period. The numerical results show that the maxim,m A ? ” * l’“ d Ci313 {^ degrade 93.3% for 
under the lateral uniform loading are not affected by the stacking * ** 0°* ° F Bymmetldc croM ply laminates 
laminate has significant influenc! on the ^tlns o^aL^ th * ‘ ta ^* ~q«»« of the 

of viscoelastic maximum deflections of the (45 s / - 45 ) , amin t * P,y laminate *- Comparisons 

maximum transverse displacement, of the 4 - £ ‘ " 1 ^ ~ ‘ ha ‘ *• 

in Fig. 4. At time t=0, the values calculat d for the md 7 *" ^7°“ ° f ‘ h * ^ ~ «)».. 

“d (45/ - 45),. laminates are 0.03212 in and 0.027^T “ ** dir * Ction of th * («*/ - 45,). 

we note that the flexural stiffnesses D lll3 and D ni3 for thefiW/^K \ ***■ rMUltS C “ ** readiJy explained if 

(45/ - 45)5, laminate and the exact elastic maximum A fl »• & u 4 * 6 * amuiate are «maller than those for the 

and Dui 2 terms are larger than specially orthotropic wluTion cdcul^d bylT *7”*?* 20 “ cladi nfi the D u „ 
The maximum deflection of the /45c/ ak \ ? a c d by ignoring those twist coupling terms 

- “* <«/ - z^i :jt% :rrjr T ,t r r 2 x io< — 

r d<pk “ a “ n»- • -bid. .ho.. ,h« ,h. m„ " “ “". |30t/ ; *>■>; “ a (30/ - 30),. Ummww 

(30/ 30)., lominetes increue by 26% 40<1 15% respectively. * m4xon,, m .flection, of the (30./ - 30.), end 

S.£ Plane Stress Anisotropic Plate Studies 

•nfl »* 

method and the present results are compared with the anal t' 1006 CV k U * ted by Rcf> 8 U8in ^ th « d^ect integration 
for the classical lamination theory At the 75* F °“ M **** fr ° m the v «oal«tic-elastk analogy 

f«r 1=0 » d ^ si ‘r «.« 5 

(45/ - 45), laminate are given in Table 1 At t-n iK i * P ^ cree * > recov «ry responses in the 

<-*7- »dyt.« J Ref. .“L /a 'il eftec 2, b.„, tbe 

end the direct iitegr.tion method is conducted twine the ?*"7“ tk * ,r *“ ,onn * ,iol> method 

"..It. for theu c«. „d th«e cdcul.td b/thT^l.t^ , ^ *““ (A ‘ " 200 “« ««» me.) The 

uoulogy we depicted in Fig. «. Exc.U.nt ejreement i. obtwud hT" “ 4 ^ “• ''“‘“•dmoetoie 

method and the analytic one. ^ between creep result, evaluated using the present 


Time (hrs] 
0 
24 
46 


Table 1. Comparison for Creep Strain. 


Ref. 8 
0.564xl0“ 3 
0.625xl0“ 3 
0.607x10“ 4 


Present 
0.564x10“ 3 
0.605xl0“ 3 
0.636x10“ 4 


Analytic Solution 
0.564xl0“ 3 
0.605xl0“ 3 
_0.636x10“ 4 


amplitude of losing iT 10^^'^^^^rltbTtemper' Ioadin ® a « 3 »«died. The maximum 

•train amplitude, in the (45/ - 45). laminate, are given iTrfoV tt “ “ ^ F “ d 16 °° F ‘ ^ maximum 
same frequency, the maximum strain amplitude, at T = 160° F ™ i r ** P *^ t 40 th * driving frequencies. At the 
equilibrium at about w = 10“ 13 t*™™. » , 1®0 F are larger than those at T « 122* F and reach 

- * ob-erved in the.e reslut./ *- ^e vi.oela.tic comp“ Jcl 
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Creep responses for composite plates with a circular hole are evaluated for viscoelastic GY70/339 composite 
material properties given in [15] and for laminations of (0/90), and (45/ - 45),. The dimensions of a p ate is in 
x 4 in and the diameter of the hole is .25 in. 650 degrees of freedom were used. The finite element mesh pattern is 
depicted in Fig. 8 and for operating temperature, are 75° F and 122* F, a uniaxial tensile stress of a m = 5 P« was 
uniformly applied along the edge of the plate. The circumferential creep strains around the hole m (0/90), and 
145/ - 45) laminates are plotted in Fig. 9 and Fig. 10. Maximum circumferential creep .trams occur at the 90 
angular position in both plates. At t = 0, the strains at p = 90“ are 1.725 x 10- for (0/90), and 4.034 x UT for 
(45/ - 45) Creep strains for (0/90), laminate increase about 10.6 % at 75° F and 19.7% at 122 F for the 1 year 
period while those in (45/ - 45), plate increase 22.8% at 75° F and 44.2% at 122° F for the same time period. At 
V = 42° the strains in (45/ - 45), laminate and at <p = 0° for the (0/90), laminate remain time independent. 

a CONCLUSIONS 


Viscoelastic bending and stretching responses of polymer matrix composites have been evaluated using the 
finite element method and Laplace transform technique. Verification studies show that the L.T. results agree 
well with the analytical ones. Plate bending time dependent displacement fields in the transverse direction for 
simply supported square composite laminate, have been computed. It is observed that the stacking sequence of the 
laminates significantly affects the time dependent displacement field for symmetric angle ply laminates. Maximum 
strains are obtained at <p = 90 6 for both GY70/339 (0/90). and (45/ - 45), laminates. The rate of change of creep 
in (0/90), laminate is smaller than that in (45/—45), laminate for tensile loads. The present method can be readily 
applied to any viscoelastic boundary value problems with complex geometries. The advantages of this algorithm 
as compared with the direct integration method is accuracy, saving of large amounts of computational time for the 
analysis of long time behavior and the significant reduction of labor for numerical procedures and programming. 


REFERENCES 

1. Flaggs D.L., and Crossman, F.W., “Analysis of the Viscoelastic Response of Composite Laminates During 
Hyp-othermal Exposure,* J. Composite Materials, Vol. 15, 1981, p. 21. 

2. Gibbins, M.N., “Environmental Exposure Effects on Composite Materials for Commercial Aircraft,’ NASA- 
15148, 11th Quarterly Progress Reports, June 1981. 

3 Hilton Harry H. and Dong, Stanley B., “An Analogy for Anisotropic, Nonhomogeneous, Linear Viscoelasticity 
Including Thermal Stresses,* Proc. of 8th Midwestern Mechanics Conference, 1964, p. 58. 

4. Rogers, Lynn, “Operators and fractional Derivatives for Viscoelastic Constitutive Equations,” J. of Rheology, 

Vol. 27, 1983, p. 351. 

5. Zak, A.R.,“Structural Analysis of Realistic Solid Propellant Materials,” J. Space Craft and Rockets, Vol. 5, 

1967, p. 270. 

6. Taylor R.L., Pister, K. S., and Goudreau, G.L., “Thermomechanical Analysis of Viscoelastic Solids,” Inter- 
national Journal for Numerical Methods in Engineering, Vol. 2, 1970, p. 45. 

7. Srinatha, H.R. and Lewis, R.W., “A Finite Element Method for Thermoviscoelastic Analysis of Plane Prob¬ 
lems,” Comp. Meth. Appl. Mech. Eng., Vol. 25, 1981, p. 21 

8. Lb, K.Y. and Hwang,I.H., “Thermo-Viscoelastic Analysis of Composite Materials,” Journal of Composite 
Materials, Vol. 23, 1989, p. 554. 

9. Hilton, Harry H. and Russell, H.G., “An Extension of Alfrey’s Analogy to Thermal Stress Problems b 
Temperature-Dependent Linear Viscoelastic Media,” J. of Mechanics and Physics of Solids, Vol. 9,1961, 
p. 152. 

10 Hilton, Harry H. and Clements, J.R., “Formulation and Evaluation of Approximate Analogies for Temperature- 
Dependent Lbear Viscoelastic Media,” Proc. Conf. on Thermal Loading and Creep, bst. of Mech. 
Eng., London, 1964, p. 6-17. 

11. Hilton, Harry H. and Yi, Sung, “Fbite Element Analysis of Viscoelastic Composite Materials,” University 
of Dlinois U-C, Technical Report UILU ENG 89-0507, December 1989. 

12. Hilton, Harry H., “Viscoelastic Analysis,” Engineering Design for Plastics, Rebhold Pub. Corp., New 
York, 1964, p. 199. 

13. Jones, R.M., Mechanics of Composite Materials, Scripts Boo Company, Washbgton, D.C., 1975. 


492 


. Deflection (io.) 


15 'iTELS^Sii 

L^to«"/ NAsi C™i." tM R t po5 r tl6 d 71 V i C 9M I “ lk Ck "“‘^**‘ i '>" °f T30O/ 5208 Crnphite-Epoxy 
17 ' A^yl^Vo!. X"5S”p. ^' ip '“ " ll “ L “'“ Tb “'7 o( Vucoelaatieity/ Archive Ret. M « h . „ d 

“ Stree. Analytic/ Proe. 8th 

20. DuT 1 J F U ? al f ° r N^idl^ethod8^ t Eng^eer^g/VW te 2 I ^i97o^ p^207!^ Orm Inveraion . , Sterna- 

Method/ Comp m T“vo?77"T974 0 , f p L *37l C ' A " Effid <»' Improvement to Oubner end Ab.te’e 

X, J.M., Theory of heroin.ted p,. t-i Teehnomic Publiehing Co., Inc., 1970. 


0.0036 


£ 0003 


B B 

fl : EirS* s#,u “*" 


° 0.04 

M 


Analytic Solution 
Protont Solution 


aooas 


* 30 46 73 S6 

. .. . wooUtloo of Lamioauo (d«gr*«) 
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Fie. 5 Time dependent max. bending deflections of 
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laminate vs frequency. 



Fig. 8 Finite elmentmesh for GY70/339 composite 
plate with a circular hole 
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Abstract 

clos^^loo^^gerrvaiu'e^rid^the^fficipnc^o^hr^d^ 111 ^ 5 f ° rmuiated wi,h constraints on the 
approach is illustrated by desiring he ACOSS POmft'f SySt ??' Th f faasibil il‘y of the 
and improving the efficiency chaSr^^^^^ OTd “ ^stem 

1* Introduction 

fraction of the^otal control''poweTexD^nded 1111S f " on . dimensio [j al parameter which indicates the 
The balance of wSrf J “ TI, tro,lin ? a finite-dimensional system. 

towards the control objectives. In References 1 and 2 it hLsI^d* 11 ” servin f “° usefuJ Purpose 
efficiency can be used to address a m-mhor ^ ■ b&S been demonstrated that the concept of 

systems such as the spillover effects, selection of*a ffoorf S ei 3° u « tere< * ^ tbe control of dynamic 
reduced order control models. An important asnart 3 th c ° n . r °fi er configuration and obtaining 
system is that the behavior of the fnltnrvW f 1 ° f *7 efficienc y approach to structure-control 
design model without any knowledge oflhe bas * d on the reduced-order 

the control power lost to the truncate *u ^ stem dynamics. The efficiency compares 

the total control power expended via the re^rad^d*^ n0t S f r J m £ the Purpose of control, to 
physical system. P '» a the reduced-order control design model on the full-order 

and A)* a'^ “ inheI ™'* multidisciplinary (Refs. 3 

subsystem-levels (structure or control «nKcvct \ v P ro P® se d both at the system-level and 
the problem. For obvious reasons an ultimate 377° f rmS about 311 interdisciplinary study of 
mass structure subject to structural and/or consol “ *° haVe “ minimum 

mus^ be^o^achi^v^high^owe^e^Bdency^of'thYcont 6 *] 0 ^ a . hi8h Jr™ 0 ! 11 Stractural •*“«> 

jectives and constraints A, a ° f the C ? nt /°l system whlI « satisfying the control ob- 

reference 4. this paper brings on the 

2. Efficiency Modes of a Structure-Control System 

Consider an .V** order FEM evaluation model of the structural system 

Mg + Eg + Kg = D/(f) 

noda[V'^l A and D ^ re The mass ’ st!ffness and input influence matrices. g(t) i s the vector of 
^i^SetS C ° ntrcl ,he S,r “ Ctara d - ribad ^ W. reduced-order modal state-space 

i = Ai + B f(t) 


? = [3 He } T 
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( 2 ) 


/ 


where q c are the n < N structural modes controlled. Hence, considering the structural model 
problem associated with ( 1 ) and denoting the orthonormalized modal matrix $ of the full order 

evaluation model we have 


q = $77 = [ $ c 



r)c 


IVRi 



where R denotes truncated structural modes. The modal-state space system of (2) is the reduced 
2n th order control design model. The A. and B matrices have the form 


0 

1 

—u; 3 

—2 fw 





where u > 2 = diag with u r a natural frequency and I is the n th order identity matrix. 

Due to any arbitrary input f(t) the control power associated with the input on the actual 
full-order evaluation system ( 1 ) is given by the integral 


S R = J f T D T M~ 1 Dfdt ( 6 a) 

The portion of this total expended power on the actual physical system that is projected onto 
reduced-order dynamic system represented by ( 2 ) is 

S? = j f T B T Bfdt ( 66 ) 


We refer to S R as the real (total) control power expended and as the modal control power 
expended on the modal control design model. One has (Ref. 1 ) 

S R > S$? (7) 


and the control power wasted to the truncated dynamics is 


5 m _ cR C m 

u — 



The model input power efficiency is defined as 




x 100 



with a maximum possible efficiency of 100%. 

Associated with c, a power quotient can be defined as 

Sq% = || x 100 = (1 - e) x 100 ' (10) 

We note that while Sq is indicative of a quantity for the reduced control design model through 

the appearance of the B matrix. S R is a quantity for the evaluation model through the appearance 
of the mass matrix M. This observation establishes that the model efficiency relates the power 
performance of the full-order evaluation model of the actual physical system. Most importantly 
the definition of model efficiency is valid regardless of the specific functional dependence of the 
input field f (t) which is the physical input to the real system. For example, it does not matter 

from the po'int of definition whether f(t) is a control input or not. 
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state-feedbac/of the"’reduced^o'mro! (g“ !yS " m h “ the functioM] form of the 


/ = -Gx 


Cu) 


be h s e ho e wn LV^^r 1 COntr01 fCedbaCk gain ^ dimension m x 2 », then it can 

R 5 ~ ?tP s ™ = ?o p r? 0 , x 0 = x(t 9 ) ^ 12 j 

matrices, respectively. They°arethewliuo^S'Se^ 611 ^ t0 M re&1 and modal contro] Power 
closed-loop control system e Lyapunov equations associated with the 


Ae/P* + P R Aci + GD r M ! DG = 0 

Ac/Pc” + P?A cl + GB t BG =0 ft A \ 

(14) 

A c/ = A + BG , v 

m^r:^ - **-«-**■> 

mode,. It Mows that, for a stable strLure-SS 


‘ gp*il ( 16 ) 

the structure and co/trof s^e^p^ametersTirie^onf 8 th ^ initial disturban ce state and 
Equations (13, 14). As simple as definition (16) of efficiency nftT^ 1 ™ ltnces via th e Lyapunov 
a host of internal information about the workinE of th P + the syS j em a PP ea rs, it does hold 
characterizing the control/structure interactions uniquely ^ we outline below tWeby 

represents a RayIeigh^ W qu™ienr eS <^^ the efficiency quotient (16) essentially 

matrices (Ref. 2) q Consider the eigenvalue problem associated with the power 

Pc"*, = AJP*t, » = 1,2,..., 2n (17) 

where A* and t, are defined as the i* h charactPrUtir ' 

mode respectively. The eigenvector is alsf referred ^o STh^ tH - ' , controller efficiency 
Introducing the efficiency modal matrix T: P rinci P a ^ controller direction. 


__ X^P™z 

" gP*z, 


r -lh h ... t Jn ] 

the following orthonormality relations can be stated 

TT P*T=I 2nx2rl) T Tpm T _ A * 


(18) 


^ x A 2nx2r»> T'= A e / 1Q , 

where [ } 

v . A< = diag f^ A 2 ••• AS.]. A* < ... < A 2n < 1 f20) 

Xo™* vlKfthTquotiem^l^hi? b«cketedby ^ arbkrary Vector ( initial disturbance state) 


A* = diag [ A* A| ... A| J , AJ < ... < A| n < l 


X i < « < AS„ < 1 


(21) 
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the initial state X 0 . 

3. Optimization Problem Formulation 

In the design of structural-control systems it is natural to strive for a high modal efficiency 
r * disturbance The consequence is that a high efficiency of any gi en 

constraints: . (23) 


> w* 

e% >e'% 


(23) 

(24) 


where . is the dyrf-lgP 

J*eSitfveTotSSStabJ! which is affected by the structural 
by a constraint on the fundamental efficiency 


A^ > e* 


(25) 


where sensitivity of A; depends only on the sy stemmatrices viai the I>roblem 

(17). Hence, we solve the optimization problem subject to the constraint ( ) { ) 

Sensitivities 

The sensitivity expressions for the objective function and the frequencies ^ exacUy the 
same as given in Ref. (4) where it is assumed that the control gam matrix G is th 1 , 

solution of the 2 n' h order matrix Riccati equation associated with the minimization of the Control 
Design Performance Index (CDPI) 


oc 

CDPI = J (x t Qx + / r R/) dt 


(26) 


The only new sensitivity that is required here is the sensitivity “P"?™ 

efficient A? From the controller efficiency eigenvalue problem (17), noting that P c and P are 
symmetric positive definite, efficiency AJ sensitivities are 

Ajj = tf (P™ - A‘P J) <t * = 1,2,...,2n (27) 

where I denotes partial derivative with respect to the I th design variable. 

of the control power matrices are obtained from the Lyapunov equations 
(13. T 14). Similar to the results of Ref. (4, 5). one obtains the following Lyapunov sensitivity 

equal ions: + p , Arf . -Q, P = P* or P? (28) 


where 


Q j = Q,( + PA f /./ f AltjP 


(29) 
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(30) 


Q.I = (GD'M-’D) for P = p* 

t* 

Q, 1 =(GB T BG) [ forP = P c "* (31) 

“ l:zt:: nshMties *■' eic -«■*-» ■» “ « ■ ^ 


MJ 1 = -M -I M ,/M -1 


(32) 


4. Illustrative Example: 

The ACOSS-FOUR structure shown in Fig. 1 was used to design a minimum weight struct,,™, 
with constraints on the closed-loop eigenvalues and the efficiency oarametcr<! Th;« «. , 

i • . ^ . . | °ur masses of two units each attached at nodes 1 through^^^The 

un^Rcf 4 ? n i the i laSt t ic / r0perties of t ] le stru c^re are specified in consistent nondimensional 
units (Ref 4). Six colocated actuators and sensors are in six bipods. The controls aDDroach used 

l S „rf n rwT drat ^, regUlat0r With constra * nt gain feedback. The weighting mMrLeX the s “ « 
and control variables were assumed to be equal to identity matrices 

to those ewSiTfn Table 1 “ ^ ^ ig ? A with cross-sectional areas of the members equal 

analvTP^ with *b fi l K Th ‘ nominal design weighs 43.69 units . This structure was initially 
analyzed with the first eight structural modes controlled. y 

b f St ¥L° cl ^ e . d " lo °P frequencies wj and u> 2 were found to be equal to 1.296 and 1 597 

0 407 Th^rrJii 6 e * C1 ® ncy P arame ter A* associated with the nominal design was found to be 
0.407. The constraints imposed on the optimum design were as follows: 


uj\ > 0.9069 
uj 2 > 1.117 
X\ > 0.549 

JA e constraints specified on the closed-loop frequencies are 0.7 times those of the nominal design 
. ! h f e efficie ucy 135 times that of Design A. A constraint only on the efficiency would drive the 

hetnfSdTsien 8 The fnV77 UH ? S the °P timi . zation - Henc e, they were constrained to 70% of 
the initial design. The initial design for optimization was Design A. The NEWSUMT-A software 

based on extended interior penalty function method with Newton’s method of unconstrained 

weShtnf 4 ?RQ ,aS t Sed t0 °i tain . aa °P timu m design. After eight iterations the original structural 
weight of 43.69 units was reduced to 15.83 units. The optimum design was designated as Design B 

"° SS ' SeCtlOI J a i arC 7 ° f th ® members ’ square of the structural frequencies Sd the closed-loop 
damping associated with two designs are given in Table 1*3. ^ 

5. Concluding Remarks 

The concept of the efficiency of the structure-control system is used to design an optimum 

fmposer 0 n T the close t d r ino We f 6ht ‘ S “ sumed to u be £ h ? objective function and the constraints are 
imposed on the closed-loop frequencies and the efficiency parameter. The illustrative examnlp 

S^ ontrol efflciencj ' ° f ,ha ~ d “" d 
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Table 1- Cross-Sectional Areas 

of the Members 


I 



Element No. 

Design A 

Design B 

1 

1000.0 

678.62 

2 

1000.0 

211.77 

3 

100.0 

48.83 

4 

100.0 

59.64 

5 

1000.0 

70.13 

€ 

1000.0 

357.89 

7 

100.0 

79.99 

8 

100.0 

118.58 

9 

100.0 

142.32 

10 

100.0 

32.87 

11 

100.0 

136.85 

12 

100.0 

43.18 

Height 

43.69 

15.83 


FIGURE 1: ACOSS-FOUR structure « % 40.7 54.9 


Tabl« 2. Structural Fr.qu.nci.s (w) 


Table 3. Closed Loop Damping 


Mode Design A Design B 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 


1.68 

0.819 

2.55 

1.25 

7.31 

2.94 

7.52 

4.87 

9.98 

8.39 

16.06 

9.72 

20.01 

12.66 

20.17 

19.61 

66.24 

24.21 

77.46 

29.78 

97.42 

43.51 

151.30 

75.12 


Mode 

Design A 

Design B 

1 

0.0563 

0.0634 

2 

0.0674 

0.1147 

3 

0.0739 

0.9297 

4 

0.0805 

0.0791 

5 

0.0848 

0.1052 

6 

0.0866 

0.0939 

7 

0.0762 

0.0899 

8 

0.0718 

0.0715 
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A fundamental problem facing controls-structures analysts is a means of determining the trade-offs 

critlriT DevelopTne eS gU ‘’""T®!* ^ parameters in mcctin <5 “me particular performance 

dynamics and contr^, ge " eral ° pl,miZat,on - based methodology integrating the disciplines of structural 

ynarrucs and controls is a logical approach. The objective of this study is to develop such a method Classical 

^“; 8y m,ol,os "* ,ir " *• —— 

? “ are varied to minimize structural mass, subject to open-loop frequency constraints. The next phase 
integrates control and structure design with control gains as additional design variables. The final phis is 
of U,o -.pU.no,- ,neared design phase considering w - sl „d„d‘ 

"LXId IT “ UW ^ f ““ h " ~ -™—• - —« saturation co 

andITol'*" * PP ' 0 “'' J °“ Uke fu " of opportunities to tailor the struct.,, 

and control byslern design as one system. 

Tl,« integrated optimization scheme u,,d in litis study i, d,pia,d i„ figure l. An inner loop contains control 

“o^mauu' tT,“- ““'’T.Tl*-iructortd »** Produces ntod, slopes, frequencies, and the system 

nertt. nutru. These are used by the control analysis to produce a value for the aetuutor mass based on 

equtre orque. Tins actuator moss value is then used in the structural analysis to regenerate the mode 
shapes, frequences, and inertia matrix. These iterations continue until the mass of the actuator converges 

the unc b ‘ t I ‘"Vrsttutuled os uncoupled partial derivatives. The Generalized Sensitivity Equation, use 
the uncoupled part,al dertvatives to approximate the appropriate coupled partial derivatives. These coupled 

sr^rr* r r by an •f *- 10 *» •*- ^ 

reml vtl d t 7 “ , *" ““ *PP«»i,„al,„„. to the cotttrols-structerc, analysis 

Aid. The outer loop ,s repeated until the coi.irtu.it8 and objective, are met or until a predesigned 
number of cycles arc completed. J b 

A derivative of the Earth Observing Sysco, „ (EOS) is used for optimization studies. The reference model 
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i • r o This model is an adequate representation of a “real world application that can 
is illustrated m figure 2 T sCructura l design variables and twelve control design 

tbe f us or t, : — 

Z b lZ t] the total spacecraft mass (structure and actuator) 
while constraining vibration decay rate, that is. 


irtin[/ ,l ,u.tuuLor + w 'klfuduri] while /u.'(A s) 


where A’s are the system closed-loop eigenvalues. The performance question to be answered is whether 
structural mass can be traded for actuator mass. 

-. «.;* *» c.- rs— 

contro. variable. Because the actuator mass is non- negligible U * of compulillg actu . 

with the control analysis, thereby requiring an «tera of the eigensolut ion until the calculated 

ator mass requires ^tem mass matnx up » u b “« “ „ wilWB lUe opUmiza tion “outer loop.” 

actuator mass converges. The iteration is an w 

.... . j i„.:- behavior are used in the control and structural analysis. Ihe 

sgs-ss 

spacecraft and suppress its vibration. 

TW. wheels with bang-bang control alow the spacecraft du.urg "‘itud. “ d ' “““‘““‘ba 

^ the structure. ThI mode, i, slewed throngh soma Unit, rotation. The maneuver ,s eonarder.d to b 
“ “ | angular displacement over a long duration). In addition to tbe tow. wheels used (or the 

m .. L collocated elastic coutroll.r. are located in tbe bay. below the antenna support.^ 

The modal reptese'nt.tion of the clast,c tespomw, g. of the spacecraft due to the baug-bang maueuve, aud 
U»e collocated elastic controllers is governed by the following equation of motion: 


q+ Dq+ A q = -'* r G p '1>q - * * G,*q + t r M 


Modal damping and stiffness are D and A, respectively. The first two terms on the right side of the equaUon 

above are the collocated elastic controller torques. These torques are proportional to the position gam, 

andlTate gain C, and to the difference of mode slopes, *, at the two elastic control er locations. He 

“t term o„ ,h. 'right-band aide of the er,nation above is due to the baug-bang control * 

last term on in g at lhe point where the bang-bang torque is being applied and to 

tbe^majpitudeof tb. ^deration. M, produced b, tb, torque. A state space reptentation of tbe system 

can be given as: T 

x = (q \q) 

i = Ax + DAI 


A = _ 5,T^ r ^] [_D - * T G p ^l) 
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Int LZt Ld U " !yilSm P '“‘ “«• “ d <— ■«-». respectively. The eUsUe .espouse 

*(t) = 4“ 1 [e ,u — / \BM 0<l</,/ 2 

st(l) = vf V‘ . 2 e A„-„/ 2 , + <(/2 £t£i ' 

*P) = v»-V- + til< 

difcenUal mode slope, aj Z’ZpZdZZZ tilZ, o("a‘ “ ‘’"“"JT' ‘° b ' ““ <* 

, roc «h hc.u.o. I, .esolved so U.cee o,tho 8 oL ^ 

u=-[C„* G r *]x(t) 

Total mass, m. A , for both actuators is nronortinr.il ,1 

(“W, u-.w,u a , mx ) such that: maxm.um torque magnitude along each direction 


where m, is a scaling factor for mass 


* ~ 2m t(“lnua + UJnvhx + « a , llajt ) 


per unit torque. 


sle^^iroug^^'degreesb'The^peak^el - 6 ^ 1 * 0 reSP ° nSe n ° rm ’ M ' ^ maneuv « is a 10 second 

However, unless onf Zl^L *”**« «"* * * ~oI 

usmg a tunc response history after the end of the maneuver^ suffici^ uT* ^ mHneuver ' 

peak response comes not at the end of the man n,v*r i , . “ , ' U ,S im P orta,,t to note that the 

l " e P “ k " Sp °"“ J “» -lev swilchiug .1 Jb u 71I‘ y X r :,f' ni “ r ' y ' <iUri " S tl,e m " K “ m 

»lnch mode. ,i e nilicZZZZuZo 7Z ““ k “°» 

irt z::: t::z::z::z:,:7 i r— 

modes. h W 5 „d , l w ZZZZZ ZV S ‘""f' Z*" »“"* **» »-« 25 

model, respectively. By omitting mode yj the access * lr c cllo « w tea 20 and -10 modes are used ia the 
what it should be. ’ “ C °'“ ro > ‘"due io the x directioa was oaly half of 

Figures 7 and 8 show aggregate results .. . . 

minimizing total mass is illustrated in figure 7 lltaTm **■ objective of 

on the design is that the real part of all closed Iood - *** C ° , ‘ Verges ’ at the Uvel,th cycle. The constraint 
figure S, this constraint h sat.L after ^ *“ ' = ^ ^ ^ *" 

optimization problem T^^hn^uTuk^ integrated as a single 

variables to meet a performance objective. In the method illustrated u C °“ lf01 Vanab,CS and str nctural 
to depend on the modal representation of the • r * ^ 1 “* actuator n,ils s value was prescribed 

very important factor in determining the actuatorTnaT l." 101 ' 0 "' ^° dal S<lcctio, ‘ haa becn sll °w« to be a 
Aggregate results of the entire optimization loop have iHuTrUed tT WaS ^ a ^ ^ t0t - 

approach to meet performance objectives Intcitratimr the ,/ , f “ e(ftfCt,Ve,,ess of us »'g an integrated 

r “ —*» w • -,e jr;;,r zzzzzz ~ ^ 
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Figure 5 Control torniv* hi<;r 
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AN EFFICIENT DESIGN SENSITIVITY ANALYSIS 

OF EIGENVECTORS - 

/ 

n T. TING 

epartment of Mechanical Engineering, University of Bridgeport, Bridgeport, Connecticut, 

U.S.A. 


INTRODUCTION 

Subspace iteration has been a major advance in solving large eigen problems when onlv a 
subset of eigen-pairs is required. The essence of this method is a transformation from 

smalter^ fii ^r^r ^ T^e S ef5r T* eigensystem to generalized coordinates of a 
smaller q-th order. The eigenvalue problem is then solved in the reduced snaee Th#* 

method was first developed by Clint and Jennings * for real sytmieSc systems a^d was 

alnna^ simult an e °us iteration." The success of the method prompted further research 

annrnprhhlTU^ *5*? have , b u een man y improved algorithms developed 2,3. This 
approach has been widely used by structural engineers for extracting the most useful 
natural frequencies and mode shapes of large-scale dynamic systems. 

. . Recently, the increasing importance of automated modification for dynamic svstem 

has brcugM on the ,merest in developing efficient method for computagTI dS 
sensitivities of large scale dynamic system's eigen-parameters The method for 
determination of eigenvalue derivatives is almost conclusive and is ve% rimnL fZ 

found t °i? Vard ' J hC real problem 311565 in calculating eigenvector derivatives which is 
t0 be mucbmore complicated. Fox and Kapoor’s pioneering work 4 in 1968 has 

etgenvecto/deri f d " ect,ons for developing computational methods to calculate 
eigenvector derivatives of discrete systems. Their first approach was derived based on the 

first-order variation of a single eigenvalue equilibrium equation and its eigenvector mass 

normalization equation. Thus, this requires only the specific eigenvalue a^eigSvecSr 

5® t ? m ] ed the d,rect a PP r oach. Nelson 5 presented a method in 1976 which 
S^fhlldf d Ca , C K, at r 0n along thls hne and the method is well received as one of the best 
a n P urposc ; However, since Nelson’s method still requires to solve 

an x n set of equations for each eigenvector, it becomes a costly process when the 
derivatives of a large number of eigenvectors, provided n is large, are demanded Fox and 

£*P°° r S t Se H COnd a PP roach employed modal space expansion conTpt where file 
eigenvector derivative spans the entire modal space for the exact solution. Thev also 
proposed an approximated solution by spanning a subset of the modal space The former 
T P ' e ", “* ofe 'S'"-P^ which is prohibitively expensive foHargcsystmis’ 

Although the later only requires a relatively smaller set of eigen Ws tte taaSSS S 

S n ““ SffSiSlS?" and -' here iS k Sd " “ c ^ car Sideline onh^sub^ 

Howfver P if^Sei!!, approximate the exact with an acceptable tolerance. 

However, if the derivatives of a large number of eigenvector is required this aonroach mav 
become a preferred method owing to its simplicity in computation^ * PP y 

This paper exploits into a new direction which is in the form of iterative oroeess for 

mulfi-variable^ ^Th^mihof f V ii Ct ° r dc ^ adves of man X eigenvectors with ? respect to 
b . Th T*! 11041 fully use all the available information from preceding 
genvalue solution and, thus, effectively economizes computational efforts It iterates 
through two equations derived from the first variation of the two fundamental equations 
used in subspace iteration method. There is no expensive large matri?decotSos?t?on 
required and the process converges to acceptable solution in a finite number of iterations 
Therefore, the procedure increases its efficiency superiority over the othere ^ the sTsrem 
size or the number of interested eigenvectors become larger and larger. y 
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SUBSPACE ITERATION FOR EIGEN-PROBLEMS 


Suppose we are interested in extracting the lowest p, pen, eigenvalues and 
corresponding eigenvectors of a n-th order system, the solution to the reduced problem ca 

be written in matrix form 


KO = MOA 

where O is the modal matrix of nxp containing the required eigenvectors and A is a 
diagonal matrix of order p with the eigenvalues on its diagonal. Let us now consider 
shifted subspace iteration described by 

(K + crM)U** +1) = MU<*> (2) 

where <7 is a well chosen shift value and k = 1,2 .is the iteration counter. U» is a n xq 

lp<q<n) matrix and, provided, whose columns are M-orthonormal. Solving Eq.(2) yields 
U IM). The next step is using as projection vectors to project K and M into 

matrices of q x q and forms the reduced eigenvalue problem 


j£(*+Dq(*+i) - M (t+1) Q (t+1) A (i+1) 


where 


(3) 


(4) 


K<* +1 > = (u^ t+l) ) r KU** +1) 

M( fc+1 ) = (U t * +1) fMU t<:+1) (5) 

are q x q real symmetric matrices. The solution of the reduced eigen-problem of Eq.(3) 
yields A< k+1) and Q( k+1 K Then, for the next iteration, we shall use 


TT(fc+l) _ frtt+Do(<:+!) 




To summarize and for simplification reasons, let 


and 

The two fundamental equations 
written as 


P = A + trl 

W = OP' 1 (8) 

for the shifted subspace iteration at convergence can be 



(K + oM)W = MO 

(9) 


KP = MPA 

(10) 

where 

K = W r KW 

(ID 

and 

M = W r MW 

(12) 
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SUBSPACE ITERATION FOR EIGENVECTOR DERIVATIVES 

Assuming eigenvectors O are available and form an M-orthonormal basis ofnri' ■ , 

subspace of the oneramrc v cr.^ \/i 171131 Dasis °f/’•dimensional 

respect to design variables x = {x y x™* th ? f,rst deriva dves of <D with 

in O aie associated with simple ei^« 0 ^ ^ the e ^nvectors 

respect to x. Since all the eigenvalues are simn^ a ^ H ntlnU ° US 3X1(1 differen tiable with 
respect to x can be uniquely determined. ^ ° lstinct » their first derivatives with 

design vari^le^and^remron^i^^i^dJ 6 ° f b0th ^ ° fEqs (9) and 0°) with respect to 


where 


(K + <r M)^ = ,3K 8M ,J 0 

dx J dXj dXj dxj dxj 

K-— M-—A =-p A + MP— - —p 

dx J dxj dxj dxj dxj 


—=—KW + w'^w + w t k — 
Sx < Sxj 

3M dW 7 ” 

- ——MW + W 7 -—w + W r M~ 
dx J dx j Bxj dxj 


(13) 


(14) 


(15) 


(16) 


e relation between — and — can also be derived form Eq.(8) that 

' ^ = 3W P + W 3P 

dxj dxj fa' (17) 

proS^f imputing eiglnTOmr^erivmiles 0 " 3 '™' recurrcnce Nations f°r an iterative 

derivatives 6 ^T* •“IfT"” “ “ S “ bSPaCe iKrad ° n SCh ' mC ^ Calcula,in * ^"vector 

vectors bas^ on the recunence'reladcnstcfimprovedtheapproximadmi^ ^ ^ ^ 

are e the set of initial trial vectors. For k=l,2.the recurrence relations 


where 


(K + c M)V ( * +1 ) = F + 


F - ^Lis / 3K 
t ~ - (— + o —)W 

° x j Bxj dxj 


(18) 


(19) 
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is constant throughout the itemuons. Solve for in Eq.(18) and employ Eqs.(15) and 
(16) to compute 


9K ( * ) _ V + W r KV ( * +1) + (W r KV (t+1) ) r 

dXj dXj 

9M (fc+1) = w r aM w + w r MV<* +1) + (W r MV<* +1 >) 7 


( 20 ) 


( 21 ) 


Next, consider the following relation 


3A 9M ( * +l) pA _ 3K ( * +1) p 


( 22 ) 


KD (ik+1) - MD (t+1) A = MP— +- FA--— r (2. 

dXj °Xj 

and solve for using a Nelson-like method. Then, for the nest iteration, we shall use 

the updated trial vectors 


vj,(* +1 ) = y(*+i)p + WD (t+1) 


(23) 


The iteration process converges, so that 

vr,(*+D 


(24) 


CONVERGENCE RATE AND ITERATION VECTORS 

The ultimate rate of convergence of iteration vectors to the derivatives of the i th 

d<p/dxj is A,/V i W here q is the number of the lowest eigenvectors usedin 
eigenvector, w j, is ' h , wnc« h .. ired in order to achieve a good 

the iteration process. A large q , q>p, ^ i ffort within each iteration for 

convergence rate. But this also increases it can be 

eigenvectors at the second iteration. This implies that 

d(2, =[^: . . (25) 
S P^ «S-V need not be 

included in the subsequent iterations. 

.rial fo"ng g dr“ 

for convenience, i.may be adequate to assign the 
initial trial vectors the null vectors, i.e., 'F =0. 
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an OVERRELAXED SCHEME 

convergence chStc -Sties oTthe Can ^S^cantly improve the 

overrelaxation for the subspace iterations of efeenv^i me / ho<1 for eigenvalue analysis The 
version except to update the ^ 

u( * +1) = UW+(ut^i)Q(-t + i). uW V 

-SCr ? i,$ ?f n31 ' em,S ^ vect or 

' 1 . ReftlTi "8 '« Babe’s analysis «, we have 


(26) 


a ( = 


1 


letting 


— * 

SMariy, the subspace iteradons L ei^vattves can be ovenelaxed by^ 

»R ( 1} - vj/ ( ) + ((v(i+l)p +WD(A+I) ^(i)U- 


the left hand "7 th dia S° nal elements j = / pXm «. (2 ^ 

eigenvalue problems Eq (9) the’ iS 1S the Same as that of its original eauatirf 
equation remain the W “ h 

the denvative vectors of eigenvector wejiaVe tl0n vector 1S a trial vector for one of 

<*j = <*, 

down. ^XlytagVvSn^ vectors have «JT 

T . . ery three derations should be effective. 

required to obtain an acceptable^resulT'On^heoth 8) h the number of iterations 

SiMredc^ h “ Eq (22) can drastically reduce he wmnu,^ eliminadon of *e need to 
eoreticaily, the tteradon process converges when k “7 P Ses-td‘" MCh iteradon - 


[D]<~) = 


rap 


dx 


L^jJ 



eigcnvecrore a^e«c a d hl In fte"c«e Wi ' h "* provision 'bat the given lowest p 

-edy to the problem is to compute the ^ ^taT^th^ 


(30) 
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example problem 

The FE model of a power turbin^Wc. 
demonstrate the effectiveness of _ P comprising 231 grid points as shown in Fig.l. 
CeieSs'Ld^dedTnfolS tows, from theVt to dte dp, of 10 elements each. 

A single design variable is de&irf as a^scale -^'“"computing the 

the fifth row from the root. The desien variable has been compared against that 

eigenvectorderivanvesmethods have been 
°f ^Ison's .nwtood. Bo*Nel^ J* modifteadon to the previous DMAP 

^of NeWs S * has been done to improve its machine-dependent efficiency. 

Tables 1 and 2 summarize the ° wafran otDECV AX/785-11 

of six and twelve eigenvectors, ^ ^ standard VAX CPU seconds, 

and the CPU seconds shown in the Tables are the stanaara 

The convergence criterion for terminating the subspace iterations is based on the 

error norms defined by . (Jk o 

- K ± I (31) 

" n 

.hem H denotes the vector normofany 

is used and the tolerance for q is set to be 5MU i 



Fig.l. Power turbine blade FE model 
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Table 1 Efficiency comparison for 6 modes 


BASIC SUBSPACE ITERATIONS 


RELAXED NELSON'S 



P*/q** W6 <5/12 12712 

No. of Iterations 12 5 5 

CPU seconds _ 539.7 _ 307.3 _ 494. 

* Number of iteration vectors after the first iteration. 

** Number of iteration vectors at the first iteration. 


6/1 

4 

244.5 


667.5 


Table 2. Efficiency comparison for 12 modes 



BASIC SUBSPACE ITERATIONS 

RELAXED 

NELSON'S 

p*/q** 

No. of Iterations 
CPU seconds 

12712 12720 2(5/20— 

16 7 7 

1181.7 622.1 1004. 

12/20 

6 

492.9 

1293.6 

~ iNumoer o t iteration vectors after the first iteration. 


Number of iteration vectors at the first iteration. 


CONCLUSIONS 

This paper has presented the basic and an overrelaxed subspace iteration methods 
for calculating eigenvector derivatives of general real eigen-systems. The solution 
gonthms have been implemented, and the results of a sample problem are reported. The 
basic formulation is directly derived from the equations of the basic subspace iterations for 
solving eigenvalue problems. The overrelaxation of the subspace iterations shares the 
result of Bathe's analysis for eigenvalue problem. This is due to the fact that the eigen- 
properties of the solution equations are the same for both purposes. In fact, since the 
placements of eigenvalues are known a priori, Bathe's overrelaxation formula can be easily 

employed without having the difficulty of estimating eigenvalues for the evaluation of the 
overrelaxation factors. 


The subspace iterations for eigenvector derivatives does not require the 
decomposition of a system-size matrix. Thus, this approach is desirable for very large 
systems where decomposition of the system matrix may cause spilling operation to occur 
which results in prohibitively high costs. Even for a moderately large system, as shown in 
example, the basic algorithm can achieve 20-50% reduction in CPU and the overrelaxation 
algorithm gains more than 60% of saving in CPU. Nevertheless, since Nelson’s method 
does not require much computational effort for additional design variables, the subspace 

iterations may loss its superiority over Nelson's method for sufficiently large number of 
design variables. 

In the normal circumstances, the convergence rate of this approach does not seem to 
be affected by the selection of initial trial vectors. The quality of the given eigenvectors 
may influence the convergence rate. However, it is worthy of mentioning that the coupled 
basic subspace iterations converge to the true eigenvector derivatives regardless of the 
quality of the eigenvectors provided. On the other hand, the accuracy of Nelson's results is 
directly determined by the quality of the eigenvectors used in calculation. 
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Abstract 

This paper discusses the framework of a ^str^ctural ajid aerodynamic constraints us- 
vironment to design aerospace structures un nroeram') ASTROS is a synthesis tool 

ine ASTROS (Automated Structural Optimization prog )_ b ca p a biUties are 

hidlt around t\ie NASTRAN finite element aerodynamic disci- 

discussed for synthesizing in the Editor/Bulk Data generator 

pUnes. A description of the two ^ d issues invo i ve d in hierarchical representa- 

and Post-processor is included. Expenences q{ abstraction are presented. A brief 

Introduction 

Today engineersmakeextensh*u«wdtddined algorithmic 

proc.du£-d {-**- »S3*£ & 

more complex, engineers axe s . tart ‘j 8 t0 rfc j tools . By applying the technology of Expert 
of implementing these sophisticated & of the ill-structured design knowledge 

f *vadoos 

In the past, several prototype knowledge based system, have been developed (or van 

aerospace and civil engineering structures. earliest expert systems, devd- 

SACON [1 (Structural Analysis Consultant) is one oi required for MARC 

oped for structural analysis. It recommSi,«t el PI developed 
which is a large general purpose *“‘ e1 “J ie SL t *i e 8 t o run an elastic, elasto-plastic, 

a similar consultant for MAR aT ia1vsis using beam, quadrilateral or bnck elements, 

creep, dynamic or large displacemen y witb three external algorithmic pro- 

Buckling Expert [3] integrates an ex P« r ^ , d a te i a tj 0 nal data base manager) using 
grams (an optimization code, an analy , PV i: nt i r ; ca i composite panels and shells. Hajela 
generic interface routines to design stiffened cylmdnol commit p element ana lysis 

f£ developed an expert system framework to aid the users min^ ^ gene ration, and 

program EAL which interfaces algorithmic procedure for structural anah 

yslHnd design with expert systems d^tWs. In the field of 
structural engineer to uutiaUy^ co | . , novice user to select an appropriate 

numerical structural optimization, EXADb lb]System). IDESIGN [7] used heuns- 
optimization strategy from ADS (Automated JJes g^_^ ^ infeasib le designs, choice of 
tical knowledge to identify active cons^ cl ^ sif . t ( .^ tion of prob i e ms as linear, nordinear etc. 
algorithm based on convergence i multidisciplinary aerospace structural design 

6 The impact of Knowledge Based Systems^ of s prototype Knowh 

is studied herein by discussing Ui* mmeworkan ^ blsed synthesis progrnm which 
edge Based System developed for ASTROS, a multidisciphnary knowledge in- 

“dude, both structurd end 'Xd“nd numeried optiriz.tion are discussed, 

volved in structural analysis, aerodynami 7 intellieent environment utilizing a menu 

^'STtrn ^di’e (Adlisor' JZ *°P^ toc TunTt^ew.A d CLIplTch“S I u.se 
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resented as faJts^and^redS ! Johnson Space Center. Knowledge is rep- 

engine. CLIPS provides high portability low rn«t W ^ em pl°ys a forward chaining inference 
An independent bulk-dat.sub-modulewkWnTheWv'sof^yr' 10 ” Wi ‘ h s >' 5t ' n “- 

sign models for both steady and unsteady Llrod,, • “ od . ul * generates analysis and de- 
by ASTROS. The generateLTrodv^ discipKnes in the format required 

element models. The advisor has features to autlmSfr 'l ap P e k nded to ^e existing finite 
Thi* A St , rU . ctur . e - h .f so bas provisions to modify the modeufd^ 8 ^^^' d hi . erarchical 
AdVISOr 15 aT1,llble IBM POs . Macintosh^ VAX and Snn wXattfversI,'"' 1 " 

ASTROS ADVISOR 

ment^ of'expert sys^m^^These^re 0 !!!^ 141 ’ vallda ^ 0 ‘? are critical elements in the develop- 

The development of an expert system fora'll *w\!i* e • r* ^^J^ng both people and time. 

ASTROS, expertise from diverse subsets of knowledge domi-^ 811 a ? aI ?, sis code like 
the unique approach adopted in this Exuert svct^m 1 domains is required. Fig. 1 shows 

entity, a user specialist is added. The usersoedii^ a^ ' In this a PP roach a third 

elements, optimization, aerodynamics, and M «peri"n C ed aItro^"*’“ ‘& 1 L dd , oflSnite 
knowledge of AI. The user SDecialist.« .... iP® ne nce<l ASTROS user with background 

heuristical experiences gained from runnSgre viral f ?f Sented j n 0 ^ e ASTR0S manuals, 
a particular discipline to evaluate the prototype svstem I™ 8 ? n ASTR OS, 411(1 ex P ertis e in 
system is evaluated for knowledge representing ^ T he Prototype expert 

feedback from user specialist anl evXatfons ^ U ? er a . cce P tance «««*. Based on the 
system is continously refined by the knowledge engineer° main eXpert ’ the Prototype expert 

System Architecture 

an ASTROS T Adviw d Ind 0 a y P^-prores^ knowledge based systems, 

architecture. A hieh level commit I ° F Consultant > integrated within the same CLIPS 
modules. The Advfsor comprises of two mdlfenS™?^ dir *, ct f tte u . s er to either of these 

a Bulk Data Generator (BD*G). They can be seleeSd . sub ' modules > an intelligent Editor and 
another. Thev can he ,, aM i £ -*£ y b ? selected independently or sequentially one after 

ASCII ASTROS “put files the £T‘ e " modlfy ASTR0S ^P-t files. Fasting 
facts. The Advisor ?s structured as^rectedlncn* 1111 *'! th * data . ls converted to CLIp! 
to select these options. The menu interface »l«r> rf Wltl1 re * evant options and advice on how 

input file. This is handled in CLIPS* by assMtin^aT^T 8 ? -° any k lem ® nt of the ASTROS 
display of the menu. 7 asscrtin S a fact to trigger the rule that handles the 

to either create^^modify fh^ExeaatfvIcI W jH C k P i°, vides the user with an option 
Optimize and Analyze subsections of th#* Q i n f *° Solution Control sections. The 

Boundaries, Disciphnes and DiscipUxEe-Op^ ma J de of menus to define 

Data Generator fBDGl moduli ™'^P.V 0118 ™ a descending order. To execute the Bulk 

Aero or Flutter discipline is required ^h^RDp 11 * 10 ?) ^° n - tr01 with either the Steady 
aerodynamic model pand andconfiguratTon flwn 1S k made up of four (i) 

.elect either the defatTv^ parameter generator. Th? user can 

value.. All input values Ire Seckcd W 1 ^. pancl data “ enu or his/her choice of 

action is initiated by the system for anv ncJdld^ 118 ^ 011 ^ 07 heuristics, and a corrective 
generated by the BDG module is shared bv both ”? odlfilCa , tlons * def ault, the paneling data 
wing panels if they coexist. However ind«ende!5 nal^d Uns ^ eady aerod y na mic model 

WeTo^S ?e a ferenc C e n S^ ^ 
experience. These include s.nndazd aiz density refemt^,lX“me. 0 t “y SS 
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for steady aerodynamic discipline and an ideal number of reduced frequencies for the flutter 
discipline. User input in terms of simple flight conditions like altitude, Mach number, etc.. 
are requested by the BDG for any missing fields to generate the appropriate performance 
bulk data cardsf Options are available to use conversion factors to maintain consistency of 
input units. The aerodynamic bulk data file created is appended to the solu ion controlfile. 
As shown in Fig. 2, the BDG creates the aerodynamic model and links it to an existing 
finite element model at user defined grid points. The finite element structural model is later 

appended as an external file by the user. 

The Post-processor has been developed as a traditional Production rule system. A se 
of allowable default boolean values make up the intial fact base. The system is modular 
with additional knowledge entered in the form of questions, identified probiems and corre¬ 
sponding solutions. A simple question and answer session with the consultant establ shes a 
possible error in the design problem, and correspondingly the advisor provides a solution. 
The remember and recall features of the Post-processor consultant allows a user to interrup 
an interaction with the system, terminates the session, and saves as a restart file. The knowl- 
Jdee is Abstracted hierarchically down with additional facts solicited only after evaluating 
user response The system provides explanation features for its reasoning.thereby making 
knoKge transparent. V capabilities are provided by mfo.rn.ng 
look for additional assistance in answering a particular query. The Post-processor provicies 
recommendations which are useful in formulating and successfully running the future design 

models. 

Illustrative Examples 

The multidisciplinary swept wing model [9] is selected to demonstrate the modelling 
capabilities of the ASTROS Advisor. Creation of the wing model for steady acr0< J y ^^® 
and flutter disciplines under two different boundary conditions are demonstrated in this 

illustration. The first boundary condition idealizes the wing supported for . P 1 ^^Thewine 
center root of the structural box only and the second boundary condition idealizes the wing 

Sieved bv changing the toggle setting in the Specific Wing Panel to single for just tnat 
menu value (distribution for chordwise boxes). The menu options required to generate data 
for the wing configuration (airfoil data) are displayed only for the steady aero model. User 
input of mach number, altitude, flutter velocity limit, reduced frequencies and def ault valu 
for symmetry present in the Unsteady Aero Menu are used to generate data specifying the 
flutter conditions for the wing. Density ratios are generated by the system based on mp 
altitude and default reference density. The range of velocities to be included for the analysis 
are generated by the system based on flutter velocity limit and heunstical empirical formulas. 
Xe?input of mach number, velocity, altitude, load factor and default 
nrpsent in the Steady Aero Menu are used to generate data specifying the symmetric trim 
Suion. for IhrSLuTTbe dynamic pressule i» calculated by the system based on «r 
dcnsitv^altitudcLiTflfght velocity. The trim type 1 is inferred by the system based on ,ts 

X £* generated for this example problem are .hown for clarity. 

This input file generated by the Advisor has comment cards in the bulk data. 

Fig. 6 lists an interactive session with the Postprocessor consultant which provides advice 
for a ^n-converged optimization run. The help features present in the Postprocessor are 
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ScpE^^^ - b T approximal ' P^Uem 

the rost-processor Advice. P au VIOL file is also generated containing 

T , . Conclusions 

System) to* deri^n awospacniruSurS^ndefTtr '*?**} en ^ onmeilt (ASTROS Advisory 
demonstrated. Experiences and issuedthedetilon™ /? d a f rod y n ^<= constraints was 

b^T/ am u enU 'Ft editor and * post-processor consuftAn^ “ lnteUi S ent environment con- 
M k * dat . a sub-module within the edito? module eeneritS* Wcr , e P. resented - An independent 
and unsteady aerodynamics discip lin e ; n tlw» r_ ® nerated analysis models for both steadv 
to be a viable tool for exnert ■ J-S. j . f ° rmat rec l uir ed by ASTROS CT TP? 

AdW«, ry System is amiable on IBM ASTROS 
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Fig 2 Bulk Data Generator Capabilities 
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Fig. 5 Input File Generated by ASTROS Advisor 
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Element Models 
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Structural Methods and Applications 
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ABSTRACT 

knowledig^l £ general^DurDose ° f airframe structure requires 
a detailed unders Znling^? s \* N * STRAN as ” el1 as 

sophistication of general structure. Due to the 

substantial investment in time and^effort" 1 . SUCh 38 NASTRAN ' a 
expertise in using them effMctiMiA,*2? 1S re( J ulr e<* to gain 
development of an expert svstem ^!? ls pa P er describes the 

based finite eieeewmodels ln the validati °" °f NASTRAN 

structures “re “vieled^to^d" 1 " 6 n e " ent "° d ^n9 of airframe 
their knowledge and reasonina in n < hi ment ' dnders tand and represent 
Stress analysis and system - Finite •!«»«* 

were reviewed to determine expert resolutioMM^®* 1 ,*?'’ th ® ex P erts 
a result, areas reguirinaevlVf-solution of problem areas. As 

airframe structures were 9 identified* tance ln the “deling of the 
The finite element input data is represented as a set of -facts*. 

A EliJ.SSS.rSS’Mgi ^“a'ool'fsd 0 ^ the eXpert X -“^dge. 
acts as an intelligent front p n ,? P 4 . rt d -‘ The ex P ert system first 
requisites needed toperform Ml 1 1 nSUre that a H the pre¬ 
includes material properties boundary M 1 ^ 81 *- 8 are present * This 

information. The next step examined if dl iiMLM d K C i° nneCtivity 
elements are connected Th« f ^^“Patible sets of 

specific airframe component is modeled*bv exami ? es if the 

elements. The next and final modeled by the appropriate set of 

used ere adequate to rlores.nt sp h “ ta " 11 "? 1 *. lf «>e airframe members 
the error. Je likely *=?££££ 

CLIPS^contains !" SySt » is «»»■ 

Rete algorithm clips mav ha -i™ ^ference engine based on the 
as well as mini commuters S on nost P«»onal computer! 

however is generaT Snd can bs , The a PP r ° ac h taken, 

available expert systemshellsf plented usln 9 commercially 
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Introduction 


NASTRAN is a general purpose analysis code that brings together the 
state of the art analysis capabilities into a single program for 
the analysis of complex structures* The usefulness of NASTRAN and 
other similar codes in predicting the structural response depends 
on a large part on a proper idealization and discretization of the 
structure* The process of structural idealization and 
discretization is referred to as the generation of a finite element 
model. The finite element model, for a given structure is not 
uniciuG. Several finite element models, each yielding acceptable 
solution accuracy may be constructed for the same structure. This 
paper will focus on the use of a Knowledge Based System (KBS) in 
aiding the user to validate finite element models constructed for 
airframe analysis. Finite element model validation is achieved by 
insuring that airframe—specific modeling guidelines, coded into 
rules have been satisfactorily met. 

Figure 1 shows the taxonomy for combining the KBS with NASTRAN. 
The KBS sits between the analysis package and the user. The KBS 
uses as input a user generated NASTRAN bulk data file. The KBS 
interprets the input file, interactively asks the user additional 
information, applies airframe specific modeling rules and generates 
an output file. This file records any violation in the modeling of 
airframe structures and reports it to the user before commitment 
to a potentially expensive analysis. 

In the capacity mentioned above, the KBS serves as an Intelligent 
Front End (IFE). The IFE serves to validate the analysis by 
checking the input finite element analysis input data using 
airframe specific modeling guidelines and general finite element 
analysis modeling guidelines. Anomalies, if any are reported to the 
user prior to commitment to a potentially expensive analysis. The 
major steps in the development of the KBS along with an application 
example are described next. 



Figure 1: Interaction Between User, NASTRAN and 
Knowledge Based System 
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Knowledge ar- T 1 j s i t j nn 

methods OW us e ed deling of aLrcrttt "®t pr ° oedures and 

principal sources of knowledgeJS-e• ff, » 3tr “=ture s . Three 

guidelines (ii) stress analysis reports' .i 1 , .? p f uctu nai analysis 

engineers experienced in the^deli^g ^ t d Interv iews with 

NASTRAN. modeling of airframe structures using 

some onh^rt^ analysis procedures for 

structural analysis. Information ob^af 5 nC f Untered in vehicle 
allowed for the selection of an aooromHa 1 * 6 '* the guidelines 

are amenable to solution using knowledge bas^d^meth^ 013161 " 8 that 

airframe finit^ellment^odels^General 3 ™ 1 ^! i nforinati ? n about the 
to airframe components were* identified ell f? princi P les common 
approaches used to meet specific A1 . so ' th e modeling 

Generalizations obtained^frtm exa,»Vn y aVfo 0b;l ? C H Ves were examined 
reports ware later incfude'd'Tn The”“edge bast. 8 *”* 8 ana1 ^’ 

structures w^nt^ia^d £ a “ ”° d8li "9 ° £ airframe 

judgement was consistently used to e^t-h^V / re ^ S Where en 9ineering 
airframe model were identified Also idLbl^ 1 ? ° r inter Pret thl 
inexperienced NASTRAN users mav mofV led were areas where 

modeling of airfranTstructures £ L J l ^. errors ^ the 

be readily accommodated using kAo^dgf h* a f eature that could 
need for the ready identification If techni ^es was the 
model in terms of airframe‘members fFnr f! * lrframe finite element 
BAR STRINGER). i n meetings ln f tance: Element No. 60042 

decided that the KBS will be^best® n 9 ineers it was 
models. ^ suited for use with internal load 

Development Toni 

be used to effectively^ a . ru , le ba sed network can 

can then be introduced i sTs e f»M, a T, rt l“* lKl ’ e - New data 
act on the IF portion of h,« _ -T ^ acts ♦ These facts typically 
actions. The actTons mav hli-v, and .result in some Apecifi^ 

These facts ca^ then f ir/ otLr^llTr^ ° f ^itional^act!? 
all rules whose LHS match with available pro J es s contlnu es until 
Other necessary requirements are facts have been fired, 

mechanism and (ii) the abilitv ^ }Zl f ° rward chaining inference 
routines. ' ablllty to interface with FORTRAN analysis 
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The C Language Integrated Pr '2^ r li 1 °" stem^CLTP^is*'a S ?ule-based 
the tool to develop th J;=®* p ® a the Required software hooKs to 

- -- r assess 

programs. The software h^ k = are inthe f . aUous CLIPS 

tcomp i led*and 3 imp*l ementetf iT-St installations that support 
the C Language. 

noerrintion of Knowledqe-B^sgd-SY^tfflft 


a. tho ifoc consist of a Data-Base Management System 

The components of th ®^BS consist or a inference 

(DBMS). analysis routines and the ^^adu' e the user supplied 

Additional related da?a iterated by the analysis routines to 
complete* the Classification tasK and .validate the finite element 
model. The three components are described next. 

NASTRAN allows an arbitrary input sequence. For .^C ta 

manipulation similar entities 

This grouping allows the KBS to «*»» neede ^ data an d 

storing the input data by MUM* 

nAmb«ACnd F coordinates*' element type and information 

n ossible be CADDB, d the database h management facility linked to ASTROS 
was used.* Any, similar facility may be used to organize the NASTRAN 

input data. 

The analysis routines compute parameters that aid in the 
classification of structural components. These routines use the 
™I?^ Spi? data stored in text files by the DBMS. The routmes 

also query P the user interactively for additional. t ^ n 

„ZZl Is nromoted to enter information relating to the orientation 
ofairframe skins, spars and webs. The FORTRAN routines are used 
to compute the direction cosines of the surface e 1 I 1 ■ ££* 
direction cosines of these elements are checked against the 
orientations of the airframe structural components input by the 
S-l? Thi* is used to classify the surface elements. The 
classification for each surface element used is skin, spar or rib. 
«ASAw?hi?dI not satisfy the criteria forsflM-tJ.-irframe 
members are stored in a special file for later retrieval D y 

user. 
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STRINGERS are identified next ^hese are st? * lrf ? ame components, 
by either BAR or ROD elements hav? n r? Ural ne,Bbers nodel «<* 
greater than 0.001 square inches'anrf ^ 9 «. cross-sectional area 

member identified earlier, a SPAR cap a SKIN airf rame 

ln common with a SPAR element c^n a i 1S a STRINGER having nodes 
having nodes in oonjon with *a RIB 3 th B - CAP is a S ™™«R 

liS if 1Ca , ti0n ° f airfra ">® members for wing-tttt J° m Pi etes the 
list of elements not identified aw • 6 structures. The 

retrieval. loenciried are stored m a file for later 

determine if suitable elements^av^bten th *i a i r ^ rame *°del and 
airframe. Rules for the modeling s ® lected to model the 

invoked. Two factors are genlrallv con^tS • C01nponents are 

suitability of modeling a Specific ^ aidered « deciding the 

element selected can represent thef strait S member <*> if the 
displacement compatibility is main^fff * adequately and (ii) if 

nodal points. Elements no/meetinq either*^ eleinen t common 

be reported to the user. Appropriate eLmL^t tW ° C J iteria will 
airframe component will be suggested to types . to ® odel the 

is of assistance mainly to enainppre user. This final task 

of airframe structures^^ and mav he « m ^? X £ e u lenced in the modeling 

engineers. ' and ma y be omitted by the more experienced 

An example of the application of the kr<? a 

shown on page 6. First, the classifioJ^l ? aircraft wing is 
second, the modeling of the airframe mo P erforme d and 

determine if the appropriate finit-o” 6 . men,b f rs ls examined to 

Airframe members modeled incorrectly are repo/ted^to the* useT"' 

Cost Savinq c 

Kor ex Perienced enqineers the «-o __,• a- . . 

be of assistance in quickly identifying Sk ° f the KBS will 

classification task, q particularly m . einbers - This 

structural members can result in e k identification of non- 
interpreting models that are not u<?Prt Ub f Stantlal time sa vings in 

ls to be implemented in a nroluotfo egUent . ly ‘ Since the KBS 

comparison of the time savings du P e to thi en Y^ onmen t a direct 
of the KBS could not be determined classif ^cation capability 

interpreting the finite element* modoi ® S f* f time sav ings in 
structural components range from 60 to 70 percent ™ 5 ^ airfra ”' e 

modeling ctTt?q e u r e le p™vidtd ai by tr ™t ^BS^Thi ” 111 bei ? efit from the 

SS 53 S 1 JS,“ WWSSiA 5 o? 

^rf«rmo t d y e P i e s m ° <ielS “ ° PP ° sad ‘o texJ-^ooT™ "artm^ia'Uy 
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CLIPS: AIRFRAME MODELING RULES 




Typical Output: 
*** WARNING **** 



OUTPUT 


AF: STRINGER 
AF: SKIN 
IG3: 342624 


MODELED BY: CBAR 54006 NODE1: 
MODELED BY: CSHEAR 32642 IG1: 
IG4: 342628 


34281 NODE2: 34283 
342612 IG2: 342618 


Partial output and classification of an Aircraft wing 

Structure Using the KBS 
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On a Concurrent Element-by-Element Preconditioned 
Conjugate Gradient Algorithm for Multiple Load Cases 

^ N94-71491 

Brian Watson and M. P. Kamat 
School of Aerospace Engineering 
Georgia Institute of Technology 
Atlanta, GA 30332 


Element-by-element preconditioned conjugate gradient (EBE-PCG) algorithms 
have been advocated for use in parallel/vector processing environments as being 
superior to the conventional LDL T decomposition algorithm for single load cases. 
Although there may be some advantages in using such algorithms for a single load case, 

when it comes to situations involving multiple load cases, the LDL^ decomposition 
algorithm would appear to be decidely more cost-effective. The authors have outlined 
an EBE-PCG algorithm suitable for multiple load cases and compared its effectiveness to 

the highly efficient LDL T decomposition scheme. The proposed algorithm offers almost 
no advantages over the LDL T algorithm for the linear problems investigated on the 
Alliant FX/8. However, there may be some merit in the algorithm in solving nonlinear 
problems with load incrementation, but that remains to be investigated. 

Introduction 

A conjugate gradient algorithm for solving a linear system of equations, or 
equivalently for minimizing a function of several variables, is often encountered in 
structural optimization and analysis problems. Using a finite element discretization 
scheme, problems of solid mechanics may be reduced to a set of linear equations or 
equivalently to minimizing the potential energy expressed as a function (quadratic for 
linear problems) of the nodal displacement degrees of freedom. The need to solve finite 
element models with large numbers of degrees of freedom has created the need for 

highly efficient algorithms for solution. 

Modern single-processing computers are limited to an estimated maximum 
performance of 3 billion floating point operations per second (3 gigaflops). However, 
recent advances in computer architectures provide the means to achieve higher 
performance ratings through the use of parallel and/or vector processing. Multiple 
instruction, multiple data (MIMD) computers, which allow several processors to operate 
independently on different sets of data, are considered to have the greatest potential for 
increased performance ratings. 

In a sequential computing environment, the system of linear equations are often 

solved using the very well known LDLT decomposition of the associated stiffness matrix 
followed by simple forward and backward substitutions. However, this technique 
involves inherently sequential operations and thus its potential on a multiprocessor is 
limited. 
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exact ailthmetic^th^conjugate^radien^^go^ithm 4 ^!! co *“ h* 56 " P ™ ven ' lhal ' usm 8 

552 5ara£; isHHHS ~ t 

* U "*' W-» to b. nice"; suited 

Conjugate Gradient Algorithm 

^^^ulation of the total potential energy funrHnn tt fr\r * . i 

typically results in an expression of L form: *° T * structural system 

n = j{q} T [K]{q}-{q}T{F} + { b } (1) 

where: 

{q} is the vector of unknown nodal displacements 

[K] is the symmetric, positive definite structure stiffness 
matrix 

{F} is the vector of externally applied nodal forces 
lb] is an arbitrary constant vector 

«) is a ‘ 80rithm f0r determinins the ** expression 

Select {q } 0 
{ r )o = IF} -[K] {q } 0 

(p)o=(f}o 
Begin Loop: i=] 

{ u )i = M {p}i-i 

-Sd_ 

(p)Zi Mi 

Mi = Mi.i + «j{p}i.i 
( r )i = { r )i-r “i Mi 
*= M t T Mi 

Pi=— 

Yi-l 

{P}i={ f }i + Pi {p}m 
i -> i>l : Repeat Loop 

Figure 1. The conjugate gradient algorithm for the 
minimization of a quadratic function. 
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The residual vectors, (r}„ are the negative of the gradient of the total potential 
energy function at each {q},. The vectors, (pit, are the [K)-conjugate search direction 
The Algorithm terminates after the m' h iteration when the magnitude of the residual, 

(r) m , is small compared to the magnitude of the applied load vector, (F) (re. {pjTjpj 4 

isssssfn assTt 

perform the independent calculation, [icf (p)f = |u)f, where [ K f is the element stiffness 

matrix and (p)f is the element search direction. Then, the vector (u); is computed by an 
assemblage of the (u)f. The remaining computations are all well suited to vector 

processmg^agonai prKonditioning matri x, [Tj, can be applied to the original system to 

improve the condition number of the stiffness matrix’. By introducing [k] = [T] WM, 
(yl-tf'lq), tfMflV), and applying the conjugate gradient method to the function, 
J _ l{y)T[ k ](y) . {y)T((} + (b) , the solution may be determined in fewer iterations. Once the 

minimizing vector, W, of the new function, n, is determined, the minimizing vector, 

, »• of , he original function, n, can be calculated from the transformation, (q) = IT) ly). 
lql ’ More ^Plicated petitioning matrices have been proposed^ An example 
the element-by-element preconditioning scheme by Hughes et alA However, for tins 
it is believed that the additional computational effort required in the 
implementation of these preconditioners is likely to outweigh any potential advantage 
S" the reduction of iterations. Thus, only the diagonal preconditions has 

been investigated. 

Single Load Case 

The element-by-element conjugate gradient algorithm was ^ 

AHiant FX/8 parallel/vector supercomputer^ Umded(success mg™ ^ ^ ^ 

decomposihon^of 1 theViffness matrix to solve the linear system of equations MW - 
The test problem used was generated from a finite element approximation to 
plate subjected to transverse concentrated loads using thin plate elements ( ee 1 § ur ® __ 
adiusdng the ^ mesh size, problems with different numbers of unknowns were 
generated Addittonally. adjusting the node numbering sequence allowed different 
bandwidths of the stiffness matrix, [K] (See Table I.). 
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Simply Supported - All Sides 


- ^ , » < 

,' * * * 

. » r % ** k 

W > ' 


Figure 2 . Test problem model 


Mesh 

TOxlO 

20x20 
30 x30 


Table I. Statistics for Finite Element Models. 


Number of 
Unknowns 
279 
1159 
2639 


Half-Bandwidth Half-Bandwidth 

um ri ng Scheme 1 Numberin g Scheme 2 

35 271 

65 1141 

95 2611 


method^EM^PCGj'^nd^^rOLSOL^for 6 sowing 6 th^ men,t " b ^* elen lf nt con l u S a t e gradient 
performance of the EBE-PCG is independent^P r ° bl f ms - N °te that the 
matrix because it operates at the element level if • ndv ? dth the of the stiffness 
advantageous only for large high bandwidth ’ ui evident that the EBE-PCG is 

though, the effectiveness of the foniugatr^rid^h^ l f ms : t Even for these problems, 
must be examined. J g te gradient algorithm for multiple load cases 


Time 

(sec) 


1 80 
1 60 
1 40 
120 
1 00 
80 
60 
40 • 
20 • 
0 - 


COLSOL-High Bandwidth 


EBE-PCG, 


-OLSOL-Lovy Bandwidth 


500 1000 1500 2000 2500 3000 


Number of Unknowns 

Figure 3. Solution time required for a single load case (20x20 mesh). 
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Multiple Load Cases 

t£j!S liii. i »•**'"“ "“""“'jiS 5S™ information 

The iterative process of the con, ugate gradient thal this 

subsequent loadcases to reduce the nutnber of 

iterations required. (See Figure 4.) 



Figure 4. Scheme to improve convergence for multiple load cases. 

Given the n x m matrix [PL whose columns are the conjugate directions, (pMhen 
[P] T lK][P] = [D] (a diagonal matrix). Note that for all of *econju ga te 

[PWW = IKT 1 . Thus, a good initial ‘ ^ ^ for multiple loa d cases is 

It has been found that the success of using this scheme tor * ^ both 

strongly dependent on the the similarity o 1 ® tben t h ere ( s great improvement, 

are symmetric with respect to problem ^^'t iZZement L be expected (See 
However, with two general load cases, only sol vine nonlinear problems with a 

Table II.). This would seem to sugge t hat P ^ E g E . PCG 

» be established pending further investigation. 
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Table II. Results of Multiple Load Case Tests 


Load Case 
(20x20 mesh) 

Number of iterations 
(as the only load case) 

Number of iterations 
(as the second load case 
using output from the 
single midpoint load) 

Single midpoint load 

102 

11 

Single mid-quarter point 
load 

174 

123 

Two opposite mid-quarter 
point loads 

102 

51 . 

Single load 1 node from 
midpoint 

220 

179 


Figure 5. shows the solution times required for both the EBE-PCG and for COLSOL 
successive iden tical load cases for the same models described previously 
Xf* a ' ^presents the ideal multiple load case problem to the conjugate gradient 
gorithm. The trend appears very similar to that observed for the single load case 

reqIhred r for S tte 8 MF prr?' 5 ' f ° r 3 T bandwidth P r ° b ‘<®< *e additional time 

required bv CCn In G T h° a , general second load case is greater than that 

required by COLSOL. These results indicate that the effectiveness of the conjugate 

gradient algorithm will be severely limited for large numbers of load cases in linear 


Time 

(sec) 



500 


COLSOL-Low Bandwidth 

_ -A 

H-1-1 

1000 1500 2000 2500 3000 

Number of Unknowns 


Figure 5. Solution time required for two identical load cases (20x20 mesh). 
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Figure 6. Additional time required for the second load case. 
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ABSTRACT 

, ^ •_ nre sented to obtain optimal designs of axial 

A procedure is presentee ^ etural design constraints. 

compressor blades with defining the circumferential 

coefficients of the of the airfoil 

tilting angles and the_ axi design geometry are used as 

cross sections from the miti v . 1 _ d jL are modeled by 20 -node 

design variables. The ££l*** S * inite element method is developed 
solid elements. An efficie analvsis with respect to the 

for modal Based^rTthis information, a sequential linear 

design variables. ? applied to calculate the required change of 

geometry X f or” the°d^ired ^structural design constraints. 


1. INTRODUCTION 

in order for a gas turbine, engine to achieve , its^signed 

performance, the compressor ^”“ n he S" e aboV e a certain 
to deliver the air^ at P the coropre ssor blades designed 

^rach^eve^he^reVired aerodynamic perfo^ance^ften 
dIlign e specification, [ 1-7]. m order to obtain^an °P b ^ p b ^J 

SSiS p\^»e^Tnd e ?uTd d e t Unes°must A established for this 
iterative procedure. 

A h blade <T,T “since^the 9 W^de^heightf"chord"^^igth Tnd^elch 
shape, [8,9]. Since tnen its orientation with respect to 

optimized shape. Tnerer< d. re, ; , . and the axial leaning 

vary are the respect to their 

in the initial design. Definitions of these geometry 
parameters are shown in Figure 1. 

ass ss 

optimization. 

Since the circumferential tilting and axial leaning of the 
^^^"^^^{-^^lade, thi y s 
method is called blade stacking optimization. 
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Figure 2. Overview of Blede DesiQn Optimizetion 
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ov&TeTo? Proctdule^fsZwn^ n" F^guia" 2 f S 

2. FORMULATIONS 

stacking points^?'Tblade^the^^ircumfe^nt P ^ S ^ ng thr °ugh the 

the axial leaning distance of tht airfoil tllting an 9 le and 

expressed as functions of radial distance -e sec ^ lons can be 
from the axis of rotation distances of the stacking points 


0-<3i + <a 2 r + a 3 r 2 +a 4 r 3 
X- a 5 + a 6 r + a 7 r 2 + a 8 r 3 


polynomial coefficients' 3 ^ t0 minin,lze the global change of the 


NV 

F ~ T , < a m -^) 2 

777-1 


subject to the frequency constraints on the jth mode 




J-1 ,...,NM 


or their 


corresponding eigenvalue constraints 




J“1/ . . ., NM 


with side constraints on the polynomial coefficients 




rn-i;. . .,nv 


wTs the* numlCr°of Cles ign ^a riabLes^ frequenc ^ constraints and 

cur?I n ries f ign\aC rC L e e r ap^oCimtte^L 6 ^ 3118100 F * nd X of the 
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F-F 0 + £ -jj- 
m-1 * 


NV 

li^ (a *' a "° } 
m-1 * 


The derivatives of the objective function can be easily found as 


dF -2a 

as: 2a " 


whereas much more computation efforts are required to find the 
derivatives of the eigenvalues. 

The stiffness and mass matrices of the 3-dimensional 
elements in the global Cartesian coordinates are 


K- Iff B TDBdx dydz 

M- [ff p N T Ndxdydz 


or in 


the element natural coordinates as 


K 'fff B T - DS ' tJ ' d ^ dl 1 d ^ 


M-fffpN T Nl J\di c?n d( 

where N is the shape function, B is the displacement differential 
nnorat-or D is the elastic material matrix, p is mass density an 
?j is th4 determinant of the Jacobian transformation matrlx ' J ' 
betieen the Cartesian and natural coordinate systems. 

The free vibration equation for the finite element model is 


542 



coSiw!ns i9enVe0t ° rS ' to satisfy the following ' 






Taking the derivatives of the stiffness and mass matrices as 

-§: - III < iff DBl >■ B ^-g- 1 w *db , d( .<*,. d( 


f--///p W ^|^d?dndC 


and using the normalized eigenvectors, the derivatives of the 

can b© calculated from 

8a . Sa. 1 


as shown in Ref [10]. 

deriv ?tives, the objective function and constraints 
be ]- ln ®^ rized to form a linear programming problem, [11 121. 
er e tlade geometry is modified for the current iteration 
the new geometry becomes the initial design for the next 
iteration step. The computation procedure is repeated until the 
desired structural design constraints are satisfied. 
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abstract 

*■*"• m. «.bi«r» d«im £5,1 "°“" t » f 

BfS 

ana- wesSS? f 

designed. “"ducted and complicated missions to be 

optStiKKfc £ CTS^ and c flexible nature of the 

optimality, parameter seSy Wvr.ft?^ Post 
scaling capability in the GTS system ai£d» £ ri ‘^ automatic 

INTRODUCTION 

foSSSSv** NLR0J < A ft “*«ihZi2! 
<CRG) SS?X*n£S2^ °«««« S22222 

calculate the gradients ^e fi^^ST 0 ^ 00 ' 15 “* necd ed to 
that automatiwUy chawe the c ® noins algorithms 

derivatives. AddStltrol***'*"“*<««“ 
parameter sensitivity SSlT ' * *“* <>Pti™aJity / 
capability has been dSeto^^ iSg* 00 ^ngUd.ni 

° f stand ard form of 

optimization in the GTS syscenfis descried a** 1, tra J' ec tory 
is provided to describerh^c!* described. A sample problem 

optimization problem set up TTm mt? 11 of . the vch icle and 
compares the optkS^tioT aWirW * C< ^? n d , CSCrib « “d 
desenbes the post optimality analysis caMbUit?* miU SeCtion 

STANDARD FORM 


( 6 ) 


(7) 


(NL$ e i, SUndaid f0nn of *• nonlinear programming problem 


Minimize: f(x,p) 

Subject to: crfx.p) = 0 i-i.NE 

Ci(*,p) £ 0 i-NH+l^n 

* * (*t.*2.Xn) 

p * (pi»P2t ,pi) 


(1) 

( 2 ) 

(3) 

(4) 

(5) 


\ 1 /V - ’r^ (Si 

constraints?SSi*S^?ofeQS3SS C rcpresents die 
total number of constraints (m-f-JF+vn^ m is the 

inequality constraints. The desien vaShi^ ^ 15 **!* nun, her of 
optimization operator. The es ’ *’ *** chosen by the 

considered constant but may ^arv^w'T 5, P ’ ^ nomi "ally 
modeling or user re-specification. ^ d “"certainties in 

veriKuhn-Tucker conditions W .231 ^ chccked * 


V,L-0 

XjCi(x,p) - 0 i»l, m 

c i(*»P) * 0 i*l,NE 

C «*-P) * 0 i-NE+i ,m 

i-NE+lpn 

tvith the Lagrangian function 
L(x.p) » f(x.p) + £ XjCi(x.p) 

Tucker optiS^ytSSmOT PU ^ ^ SCC ° nd ordcr Kuh " 

T T ^Ly>0 

, ( 8 ) 

for any y such that 

y T ?x<u»o. 

constraints luvfanylnMuahn^c^!^* ° A < r ontains all equali 
The number of55^*555 2?*« ** *« 
equal to the number of variables ^ 1 ( ^) u less than 

proWem Kj5 to the^^b^r 2'^°“ in the °Ptimizatioi 

“»*“ f SSS?! £Tl&?T vssr 

degrees of freedom are aeneraUv^ti^ " ob, « n » with few 
with many degrees of freedom. * ' 10 SO Ve d* 4 " problems 

generalized trajectory system 

GTStW and 22 ) w , t H<tc - „ . . 
trajectories, and has undmtoM^rin^? 1 ™^ at f 4,1(1 optimize 
P«t 25 years. GTS allows for ? evalo Pment for the 

vmety of boosters, upper mg« I ™l uIado " of a wide 

The trajectory is broken into*eve™^?*Y and recntr y vehicles, 
equations of motion are inreerated* 1 P t*^ °, ver which *e 
correspond to vehicle events J /p,CaJ events ca " 

dynamic pressure, etc. M *“«»"«. maximum 

variable, antfay'"o^m cm 1^ consm!- “y.*" °P timiza don 
elective function. TVpic^ obiLHv. 7 lined w used as die 
reserve fuel, reeatrvrm.. "jecuve functions are payload. 

constraints are often u^d jl‘ delta v - Equality 

constraints may be placed on vehicle attinif2 CatI i >n ‘ Inc< l u ality 
« staging, or dynamic pressure, • Jf Xaty ’ °f heating 

rates for the st£es, bKs Can , »* pitcb 

fairing jettison, payload weiehL et^^n,^? ’ tolc of P a y*oad 
typically the fuel k»Sd S ^h?2 < ^ S,gn pararoeICTS « 
conditions (e.g., temperatui^^S f * g “’ * launch 

^«^"5& , 3Sr„ i '! 0 7 s 

The problems arrpoorly sca^d i„d k° dcgrces of ^om. 
constraints. Trajectories L usSy^mu^ non, . incar 
integrating the equations of mnnV^-ri. - 16 ? by "umencally 
making diem difficult to optimize. ^ sunuUtlo " s « noisy, 

(3 r^Fjo^bDOF 0 & » d«e degree of freedom 
the 3 DOF trajectory sSlE^ 0 " “ * encrall y only applied to 
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The equations of motion are integrated 

The^fbrces can be gravity, aerodynamic, solar radiation pressure, 
^erc^also mass flow i.e., ablation, propeUent, or 

« »■?•“» ^-'-ViESSJ 

initial conditions. Tie equations 0, .“ < 5“„¥! h ? “L™ 
integrated to obtain a 3 DOF approximation of the trajectory. 

Several integration methods^ (Runge Kutta, Adams, etcO we 
available. The user can specify the step snse and o * 

fh _ integration The integration is restarted at each event, because 
eventfsuch'as staging c^use discontinuities in the equanons of 

m °' Vehicle definitions are created by combining en^ae, weight 
flow, propulsion, control, aerodynmme, gravity, «« -“<*2 
|‘?r; Sequence of events. The equations of motion are integrated 

over phases between the events. The user can specify «ki1 vy 
functions defined in FORTRAN that perform cM»M 
built into GTS. Data can be input m a convement tabular format, 

or through user defined subroutines. ft nmcvc 

Several operators (e.g., TRAJCEM, DERSYS, OPTS , 
SIZB»1. MCARL01221 and PSTUDY) are avadable in GTS 
TRAJCEM. DERSYS. and OPTSYS are described in this paper, 

which focuses on the OPTSYS operator. . h r 

The TRAJCEM operator executes a senes of commands that 
simulates a single trajectory. Auxiliary computations can 
performed at any event or every integration point. 

The DERSYS operator is used to evaluate denvaoves of any 
output quantity with respect to any input quantity. DERSYS cui 
use TRAJCEM as a function generator. IlS! 

difference approximations can be used. Techruqu 
developed for choosing appropriate values of the perturbation 

sizes for calculating the pardals^ 19 !. , . ... , 

The OPTSYS operator executes the specified optimization 

algorithm for a problem definition. OPTSYS can use TRAJCEM 
as a function ge^ator. The OPTSYS operator can also beused 

for constraint solving problems, i.e. the user desires a feasib 
trajectory. When an optimization algorithm requestsa gradient 
vector^finite difference approximations are calculated using the 
same techniques as DERSYS. Error control for 8™^" 
approximations can be executed once or every ume a gradient 
evaluation is requested by the optimization algorithm^ 

GTS uses Generalized Trajectory Language (GTD to define 
problems. A sample GTL input descnption for a two-stage 
booster (Figure 1) is provided. Some of the GTL input is 
oS for brevity. Ftflire 2, a schematic of the event sequence, 
illustrates the pitch rates during the trajectory. 

Payload Fairing 

Payload 


TS 


h- Stage 2 


TX 


r- Stage l 


Figure 1: Generic Two-Stage Vehicle 


The vehicle is initialized at event pooo. Ignition occurs at event 
JJi sSSfSSr ignition (event poos) the first inemal pitch 
SJL 1 ' „ S and if is held for 5 seconds. At event poos a 

gravity tunm flown for 60 seconds until evenl . p ° 1 a ° mi ^ s ^ 
between events poo* and poio the maximum dynamic pre ssure 
O^Tp^L) occurs. The second 

event poio to poi». Event poi» occurs when the propellent tame or 
the fust stage is empty, at this point sage one is jemsoned, and 
stage two ignition occurs 2 seconds later at eventPOZO-The thud 

pitch rate, Sts. is used from event P 020 to m 

rate, or*, is used from event P023 to po*o. The payload fainng is 


jettisoned at event poso, where the value of the free molecular 
heating (fkh) is saved into a variable fmhpltj. Finally, at event 
P040 the state vector is saved. 

Pitch 



Figure 2: Event Sequence for a Two-Stage Vehicle 


pooo 

PH00 INITIALIZE VEHICLE 
Choose •arch, control, antyln#, MTodynsmic 
weight and int*gr*tion aodmla for stagm on < 


P001 .NULL. 

PH01 IGNITION 

ENGXNE1 ENGM1 STG - 1 
ENG - 1 
FVAC - 150000.0 
DWVAC - 5000.0 

POOS POOl(TFROM) - 5.0 

PH05 BEGIN PITCH RATE 1 

CONTROL CNTRLM6 QC - QR1 

POO6 POOS(TFROM) - 5.0 
PH06 FLY GRAVITY TURN 
CONTROL CNTRIN1 

PUQHAX QOYNP .MAX. 

POIO POOS (TFROM) - SO.O 

PH10 BEGIN PITCH RATE 2 

CONTROL CNTRLMS QC - 0M 

P019 WTANK(1,1) - 0.0 

pm9 jettison stage i 

Drop stMgm 1 aodmls 

P020 P019(TFROM) - 2.0 

PH20 SECOND STAGE INITIUZATICW PITCH RATE 3 
Chooaa nodmls for a tay 2 
ENGINE2 ENQU STG - 2 
ENG - 1 
FVAC - 140000.0 
DWVAC - 4000.0 
CONTROL CNTRLM6 QC - 0R3 

P025 PO20 (TFROM) - 10.0 

PH10 BEGIN PITCH RATE 4 

CONTROL CNTRLM6 QC - GM 

PQ30 TIKE - TPLFJ 

PH30 JETTISON PAYLOAD FAIRING 
/SAVE FMHPLFJ - FMH/ 

PO40 WTANK(2,1) - 0.0 
/SAVE RVFIN - RV 
VIFIN - VT 
GAMFIN - GAJMW/ 

/STOP/ 


GTS can exploit the problem structure to reduce the time 
required for evaluation of partial derivatives by using a 
mechanism called partial trajectories. In the example problem, 
on* does not affect the trajectory until event po2S. Thus, when 

3/ /(QR4+AQR4) • /(QR4) 

* AQR4 

is evaluated, the equations of motion are integrated from event 

P025 to P040 (initialized using the state vector at event pozs) to 

obtain /(qr 4 +Aqr 4 ). The user specifies the event where the 
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SpsiSsSSKS 

sa-.s-sr* - - * -sssa 

.Optimization Pmfr | ft m Input 

£&«££' 

u . . ? problem definitions, and input data A «amnu 
optimization problem definition for the generic twostage vehicle 


booster 


booster optimization 


0PTA1G NLP2 

PROB-;WUC: 

algorithm ptrmamfrs 

/THE FUNCTION GENERATOR IS TRAJCEM/ 

OBJFTN OBJFNM1 (PAYLOAD) 

OBJSKL - l.E-3 
OBJTOL - l.E-4 
PGDTOL - l.E-4 

CONSTR CNSTRM1 

COWAXQ CONFMH 
CONRV OONVI CONGAM4A 
INDVAR VARK1 

VPITCH1 VPITCH2 VPITCH3 VPITOI4 
VTPLFJ VPAYLQAD 

OPTAOM 0PT0M1 

(HTT.AT.PO30) 

poster define* and names the problem, and optalg is used to 
select the optimization algorithm and nedfr to 

SgsSS^"- 8 ^ 

defiSd SeIeCn ° n iS made undcr co » s ™- Constraints are 

C0NWXQ (QDYNP .AT. POQMAX £ QMAX) 

OONTOL - l.E-6 
OONSKL - l.E+2 
INBASIS - ; YES: 

J-SSSSSiffi’ *" " d “ “■<**• A vrtrtte fee 

VP ITCH 4 VAR - (QR4) 

IKRBND - -0.1 
OPRBND - 0.1 

STARTAT - [P025J 
POTYPE - :2-SIDED: 

DELVAR - l.£-4 
VARSKL - l.E+2 
ABSTOL - l.E-5 
CSOLVE - :YES; 

computability reeions gd ‘ The bounds define 

s£s?iT2l ? ®KssrK?S!sa: 

migration ^A* “■ *“ “ 1 

*•*&*. o t “s, itessrass 


►ws Approximation for partial derivative 

t of perturbation size to be used wh<*n es, 1 w * 1 ? re delv ar is the initial 

ed. is the scale fac £totf£Sl2& ^ partials * 

ost to specify the convergence^wJf^X^ ■ P ?J an *« ris Uled 

Si- • , *^SrK335r.5KB 

>ut iteration output A^g^opriSriadOT* ^ 

2 5ES ywanttonK>nitor>such85 **^SSSSSiSdSS 

le opdSSdin £3g “SSR f“ is useful for solving 
When the ruV“ c tos7TtSf CPU 

information required for a restart into a fUe^Th^n “ vcs thc 
input for the next run and the ODrimiMHf^ ti- • / Ue - ,s used as 
as if there were no intemintioi^^^u algorithm is restarted 

other information that the^code’harl ^Proximation or 

subsequent run. “ d crea,ed » available for the 

OPTIMIZATION ALGORITHMS 

Aerospace^Coip^rion'ro^w^^f 1dcvclo P ed at Thc 
problems generated in GTS w. non * inea r programming 
codes are described* firet followed h'LTS" featurcs of th ' 
algorithms, the nominee le«t SuJL 2'°" ° f ** 
comparison of the algorithms. Q ca Pability. and a 

Common Features 

Jseohianitai is «sed dSjSjJ JjjtLpSj* ,0 «* 

t£b Fr”™ ” 

multipliers for the inequality consuJ^ls « thc f La f an 8 c 
variables to deal with inequality constraints^ 11,12.23] rr * u 

determine the * addmonal code required to 

restrict 1 ?H«siM a fH a PPn>*imate the 

minimum: TTie restricted hS^?? 1Ie ?‘ c scarc »> for the 
Hessian (for NLP2 a GTO 2de)« !LSh as the projected 
■ ORO code). The seSdtal’i.'SS^S ^ 

S = Hr-i 2k 8 

( 10 ) 

usedw |^ stric,ed Sradient. The BFSH3J update is 

Hessian, if P upd ^ tc to construc t the approximation of the 


Ax t A^ < 0 


( 11 ) 


t0 * e Symmetric Rank One (SR1)H3] update 
BFS update The^R^rf* 6 c ? nv * xit >’ assumption used by the’ 

approximation is taken as the idemity maiS* 'tShSu" 
approximation is reset when there is a ctange ^ the itive^L 

estu^ Ugrang e mulnpI,ers « calculated from the least squares 


547 


*»S T -^ T ^ <,2 > 

determine optimality. Single tests are easily fooled y 
complicated and poorly scaled characteristics of ^* 1 *^°^ 
optimization problems. The codes check 
constraints to within their tolerances, the correct set of uwquality 

sss s. ob-ta.4 ***<% 

has converged or the projected/reduced gradient is witmn tnc 
specified tolerance. Additionally there are checks on smal 

for successful »l.fa of 
nroblemsl 1 - 13 - 16 - 231 - The codes solve scaled optimization 
problems, however unsealed results are reported to the users. 
The scaling transformations are 

f,-of !S 

V-nx < 15 > 

p, = B J (16) 

where a is a scalar and E, D, and B scaling matrices are of the 

form 

E * Diag(ei,e 2 , 

D =* Diag(di,d 2 * »..dn) 

B * Diag(bi,b 2 .bk) 

The scaling transforms the function gradients, 

V„f, - a D * 1 V,f (17) 

Vx.c,*EV x cD-‘ (18) 

and the Hessian of the Lagrangian, 

V 2 Lj * a D ’ 1 V 2 L D ” 1 

The Lagrange multipliers for the unsealed problem are calculated 
from 

X a a * 1 E X, (20) 

The codes require the input of the scale factors. 

If the functions cannot be evaluated at 
the algorithm, a function error flag is returned. The algonmms 
can recover from function errors when the P° l „ th ! 

computable. Function errors can occur in GTS when the 

trajectory cannot be propagated to completion. When a large 
perturbation of the variables occurs in the line search it can cause 
TfEon error and the step length is reducetiuntila new 
computable point is found. After several iterations the procedure 
to select the initial step length in the line search and.the 
convergence of the Hessian approximation lead to smaller 
changes in the design variables and no longer produce function 
crror s. Users specify a limit on the number of successive 
function errors allowed before the algorithm quits. 

The codes can be run in a stand alone manner and they 
assume the objective function and constraints are evaluated as a 
set, i.e., from some auxiliary black box function generator. A 
reverse communication architecture is used in the interlace. 


The NLP2 [3) code has been developed over thepast 10 years. 
NLP2 is a generalized projected gradient ® go P.™; 

NLP2 has over 20 input parameters which allows a P*®*”*®)" 
comrol over the inneV workings of the code Exp^enced users 
can tune NLP2's parameters for rapid solution for particular 

f 0 rt NLP^uses a QR orthogonal factorization of the active 
constraint set 

= (21) 

Q is orthogonal, and R is upper triangular. The Q and R 
matrices are partitioned as 

Q = l Qi 1 Q2I R * [ o'] 


where the ™inmn« of Qi form a basis of the constraint Jacobian 

Qi t ^- r i (22) 

and the of Q 2 form a basis for the null space of the 

constraint Jacobian 

Q 2 T ^“® 

The matrix Q can be used to transform the coordinate axes x 


y = Q T * 


24 y = Q x 


c(x ,p) * 0 


r T 

Figure 3: Transformed Coordinate Axes 

NLP2 solves the problem as a generalized reduced gradient 
problem in the y variables. The y variables are divided into 
optimization (y 0 in Figure 3) and constraint solving (y c m Figure 

3) variables 
v * Tv y ft l 

The optimization variables (y 0 ) are locally tangent to the 
constraint surface and the constraint solving variables (y c ) are 
l ocal ly normal to the constraint surface. The reduced gradient in 
the v variables is defined by differentiating the objective function 
vrith respect to y 0 with the y c variables adjusted to maintain 
constraint feasibility to obtain 

_dL_ iL + Ofi. (26) 

dy 0 5yo 5yo °7c , . 

In terms of the x variables this equation is 

. o, \ 

the derivatives of the active constraints with respect to the 
optimization variables are 0 , thus 

o8) 

which can be solved for 

<2,) 

This is substituted into equation 27 to obtain 

oo) 

using the definition in equation (23), yields 

(3,) 

The search direction for variables in the y space is 


m r -%1 

U-'d 


where H„ is an approximation of the projected Hessian (initially 
taken as P identity matrix), dyjdyo is equal to zero when 

Qjdcx/dx = 0 , thus 


r 0 1 r ® 1 


The search direction is transformed into the x variables using 

X s Q y 

Thus the search direction in the x variables is 

s* “ Q »y * Q [ Hp -1 Q 2 t V x f] (35) 

which is eauivalent to the projected gradient in the x variables. 
The search direction obtained from the traditional projected 

gradient 
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Vpf«(l.4£A T (4£d. dc^T -idc^. df 
r . dx v dx dx > dx ^dx 


— “•» ax ' ax (36) 

in the line search. Usine this lsuscd as a merit function 

multiplier estimates are calculated ar th« • -Ji . c .^ a ^ ran S c 
search using a least squares estimate [Eq. 02)]^ 901X11 “ ^ lbc 

BFS/SRft^at^to c reate ju innmjn ul ^i accelerated using the 
Hessian using Ay 0 and Adf/dv PP The^ ,0 h * ** P ro J ected 

“ISk S’* v ^ bl v »■SZ2S 02 “ 

“tssr "■samss * e 

dy 0 Ay 0 (37) 

where f ? is a feasible point. (This technique has been used for 

numerically calculate S^roLtJ'w!.^ * “ °P Qon to 

SSsssaafSSSSsSSS 

N1JP2 hw C an'option'that^ows’the^ttartfo 040 ^ 

fixed on the fint iteration tTan , for ? nat } on matrix to be 

iterations, thus Q 2 T ”ca /dx * 0 ™?i cul “. ed on . subsequent 

equations (29). (30)and(32) amusedca&K"J^ US ^ 
gradient and search direction and the th * projected 

^baved approaching te»lution d * ^ Hcssian ,s wcU 

beh^^wJhen'staiiedclore'to'f^* h , hdd ??■««« “ well 

«*n„njs a CcZH S.ES£££ 

MJ >3; A fieneralirerf P^liml G radient Atp^ 

The NLP 3120 ] code haj evo j ved over jg 
implementation of the GRH ~ 1S *** 

divides the design variables in^n? 1 -- The GRG “*thod 
constraint sdvinfvSS l operation variables x„ and 

x * (Xo,Xc) ^ 

constraint°fe«ilbiiity 0lV The reduced* to main ‘ ain 

applying the implidt function theorenf^Jh"' “ dcf ! ncd b y 
examning a perturbation about x^el^ * COnstra,ms “ d 

Ax 

where 

c = a^ T; J -s? T 

ZiS*'""■I* 11 '"*ton. mq> a... 11 . 

A*c - -J'C Ax<, 

™ 5 “ 6 'r." oh s ,,h '~ to « i ‘^“ <w> 


tXTi/ 0 ' *, c mmim !0W „ g Vlrtables ^ ^ 


•tel- 


Hr* 1 


df 
dx 0 


(42) 


S5 && Sffl KS -° f * ^ n. 

2y™“ * HtMi " wSI Sffigf!s 

NLP3 allows users to specify variahlec » 
or optimization variables. This is const nunt solving 

the objective function is to minimizTS^iri problems wher e 
dx (l»0,0,... f 0) 

wU1 not 

= (1,0,0,...,0) : = (0,0,...,0) 

dx^ = (1.0.0.....0) - J-lC (0,0.0) 

df 


CAxo + JAx c *0 


(39) 


d*o 


TW * w l - w . W *C (41) 

optin!fzJfoS?aSaWe^Ke Ve fUnCdon with rcs P €ct »‘he 

adjusted to maintain constraint fL«iKT^ n «/? >lvin ® variabl es 


dx 0 “ (1*0,0,... # 0) 

^SEir U n °‘ g ° W ZCT0> thus x ‘ must a constraint solving 

rolviJ^Sl £21?; for ch oofing the constraint 
the Lagrange multipliers mi2es thc *1 "orm estimate of 

minII ^ T . XT dSlT,. 

X dx dx "I (43) 

•cdJESSZ? vm * Wes toteused «iw .to 

toS^r^oii'i'Sj'r j '' b| !' * q* 

*• a*“ "“tar ofS, rt SE S; » f 

Meant linittattofthe 

search. t0 the constrain ‘ surface in the line 

Honlincar Least .Sqn.m, 

f «.S.Xn e " i S n ? : “ i r ?Z-, 5 7 fi « i "f 12 ". 

least squares problems. * S an be formulated as nonlinear 

constrained ncmlhiMrieasfsqu^e^Droble cap ? bili, y ‘° solve 

function is of the form *l uarc s problems where the objective 

f(x,p) * r(x,p) T r ( x> p) 

wherer(x. P ) is a vector of residuals. The gradient and HeSL, 
^*f(x.p) * 2 V x r(x,p)T r (x iP) 

V,Vp)- v ,u « 

v = 2 V x r(x,p)Tv,r(x,p) (4? ^ 

U - 21 n(x,p) V2 ri (x,p) 

^vedT^Oa^rS^ 

s * V-l V x f 

(49) 

If the residuals go to zero or V 2 rY» n u 

3ES T aWiX il ^ 0 " v *tg es *inearly. "cS 

can be improved by approximating the residual Hessian 
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(U) using variable metric updates, and then calculating the search 
direction from 

A dLcusrion of nonlinear least squares problem can be found in 

re ^NLK S and' NLP3 use a robust least squares method to 
calcSrctl^rcarch direction as in eq. (50), whcrcaconsmuned 

Scted Hessian is approximated. The ^ 

constrained nonlinear least squaxes search duwwm NLK and 
NLP3 are described in references 3 and 20. Testing on anaiyoc 
problems has found that when the least squares options are u«ri, 
problems are solved in 1/3 fewer function evaluations than 

stand^Wcrsions-t ^ # least squares objective function is sicmlar 
to that for a standard problem. A sample input for a 10-res d 
problem is 

OBJFTN 0BJFNM2 (KES(l) OPTO RES(10)) 

OBJSKL - l.E-3 
OBJTOL - l.E-4 
PGOTOL - l.E-4 

Where objfnmz is the objective function 

problems, resid opto resuoi defines the residuals 

problem. 


A discussion of some of the similarities for GRG and GPG 

methods! 23 - 24 ! concludes the methods are first o rder root 

equivalent. This section points out “ IS?. lhc 

Hessian, search direction, and constraint solving that affect the 

oerformance of GRG and GPG methods. ,. 

Therronvergence of the GRG and GPG methods, are driven 
by the convergence of the restricted Hessiim approximanon whw 
variable metric updates are used. In the GRG method, the 
reduced Hessian is 


H r = [ J 'j C ]H[[J- l C]T 


In the GPG algorithm the projected Hessian is 

H p » [Q2 ] t H [Qil (52) 

Where H is the Hessian of the Lagrangian. 

Good performance is expected from variable meonc “Plates 
when the Hessian they are approximating is well condinoned. 
Additionally for well conditioned Hessians, viable 
u pdates are less sensitive to exact line searches. Studies atThe 
CorporationAerospace have shown that the condition number of 
tteprojected Hessian is generally lower tiian the condroon 
number of the reduced Hessian. Thus the GPG method has the 
advantage of approximating a restricted Hessian with a better 
condition number than the GRG method The coi^tiomngof *e 
reduced Hessian and search direction for the GRG method are 

affected by the set of constraint solving variables. 

The GRG and GPG methods use different methods for 
returning to the constraint surface in the line search. 
illustrates the direction used to return to the 1 

variable problem with one nonlinear equality constraint For me 
given seirch direction p. the GRG method sextos ateng SI 
when xi is the constraint solving variable and along S2 wbcnx 2 
is the constraint solving variable. Searching on SI ***?"*? 
efficient than searching on S2, depending on the constrainu, 
thus the GRG method can be influenced by the choice of 
constraint solving variables. The search direction S3 » 
to the constraint surface at the start of the line search and is u 
by the GPG-type code. S3 represents the steepest dercen 
direction for returning to the constraint surface. When secant 
updates are applied to the search to return to the constraint surface 
(hesearch directions are modified. 


3, x 

. hfx.pj-'o 


S3 'y L_« 


y a - 

Figure 4: Search Directions for Constraint Solving. 

The choice between a GPG and GRG code is based on 
scaling, constraint nonlinearity, starting point location, and size 
of the problem. For small dense problems with very nonlinear 
constraints the GPG method is generally prefered, however on 
some poorly scaled problems the GRG method may perfo™ 
better than the GPG method. In our experience the GRG method 
iTsometimes superior to the GPG method when the startmg pom 
is far from the optimum. For large sparse 
method is prefered because it can be programmed to exploit the 
sparsity, whereas the GPG method generally cannot 

POST OPTIMALITY ANALYSIS 

This section describes the post optimality capability in GTS. 
An optimization is not considered complete until some post 
optimality analysis is performed. The POSTOP operator contains 
modules for solution examination, parameter sensitivity analysis, 
and automatic scaling. Several levels of post 
are available. A more detailed discussion of POSTOP and its 
applications can be found in references 2 and 18. 

fWlllP™ Examination 

The POSTOP operator is used to verify that the problem has 
been solved, and Seeks if the second order Kuhn-Tucker 
conditions are satisfied. Several levels of analysis are available. 

The first level of POSTOP uses first order gradient 
information and prints the scaled and unsealed active constraint 
Jacobian, their singular values, and an estimate of their condition 
numbers. First level analysis does not require any extra funenon 
evaluations, it uses gradients obtained from the optimization 

algorithm. ,. 

First level analysis calculates the Lagrange multipliers using 
scaled and unsealed gradients. The Lagrange multiplier,esnimtes 
calculated with the scaled gradients are transformed into unsealed 
multiplier estimates equation (20). arc closer to the «™e values of 
the Lagrange multipliers when problems did not converge with 
V,L *0 and proper scale weights have been specified. If the 
problem has been solved tightly, the Lagrange “ulupliers 
calculated using unsealed gradients and using scaled gradients 
and then transformed by equation (20) match to several decimal 

pb The 8 second level of POSTOP calculates the projected 
Hessian, its eigenvalues and condition number to verify that tne 
point returned by the optimization algorithm is a local minimum. 
The analysis is calculated in both scaled and unsealed units. The 
projected Hessian is a (n-nu) by (n-nu) matrix which uusuaUy 
small for trajectory optimization problems because thereare 
normally only a few degrees of freedom at thesolution.^Thus 
only a few extra function evaluations are required by the second 
level of post optimality analysis. The user can specify that error 
control algorithms!* 9 ) be used to calculate the projected Hessian. 
When the scaled projected Hessian is ill-co ndition ed (e.g., has 
very small eigen values), the solution can be imprecise. 

When the projected Hessian is calculated, the constrained 
Newton correction is calculated!* 0 ). When the Kubn-Tucker 
conditions are satisfied, the correction is small. The objeenve 
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function and constraints arc evaluated usine this cnm^hAn 'rw • 
locales a slightly more accurate solution than that obtained bv the 
optumzatton operator for problems that have 

Parameter Sen«jfjYitY flnnlrii 1 

SCnSltmIy ana,ysis can a“«s the effect of variation in' 
SSSSdSS Z*' cpctnai solutionW. An example is to 
(Weiif,*- *? partla] of tbe optimum objective function 
(note the * is used to indicate optimality) with resneer 
variations in input parameters y; respect to 


ui 

d£!_ ^f, Vi 
dPi~3pi + .Z/j ^ 


2S SS **“* 11 ? the t^jective function and constraints 
xin respect to p,. This means extra trajectories must 

. “J**®d* also requires the Lagrange multipliers, which can 

*?£■»« first le r eI P 8 *' °P dmaIit y analysis. 

Ihe diustrates the payload capability versus altitude of 

die orbit for a given mission. TTus curVe can be generated ufin* 
parameter sensitivity analysis. Mission planner SSu« Sf 

ca P abUity for a veKSdSS Je 
g of n ^°" attainable for a given payload weight 


^1020 


frets 

u 


5 1010 


Linear estimate using 


dA to tilde 


Figure 4- P /” oft? 220 

gure Payload Versus Altitude for generic Two Stage Booster 

:^^^3S2S«b 

Automatic ffiljng 

Sca H ng “ ? ma i° r caus« of poor performance from NLP 

for “*>»« »-tqoirrt 

^ng routines have been proposed!*] These 

JJTJE °" 1 0btaining a SCt of ^ Actors that 

develorLTtn f l ond * tI ° ned constraint Jacobian. Hallman!*?] 
developed an algonthm to automatically scale the mnetnint 

°P timi ?f ri on Ptoblcms, this ratine yielded 
purred when the constraint Jacobian was sc^ed re2d 

5—S5US5 £2S2f —=®« 


is Hessian is not know until the solution is ..... 

« optimal scaling docs not help solve the probtem ™ 150Wt * h ® 
sca^can be used when sirnLproblems^roTve^' T®** 

problem so theSVroSSdH^ 

or a opo code when used to solve similar nmku ^: c 
> scaling obtained from POSTOPmav or miv Tbe 

1 perfonnaoce of a GRG code denenHin* „ /* ot . lm P rovc the 

• and the condition number of ’£ 1323Hm*!" 5 " *" is used 

SUMMARY 

“SSfid 

5-5 

conducted. ChlC CS ’ “ d a,l ° Wcd many ^ade »udied to b2 

V}* POSTOP capability (solution verification / Daramerer 
f^Zre7?h« auWtBatic waling algorithras^STnew 

nm^« ^L C ***"" t0 reduce thc time required w solve 

c " dn “ de ““ 1 ' «*•» *• 

GTS^Xf toibiSv”^?^ ° f ,?s sof,w« ln 

SS3f SttviSSfiSiZ 2$ SBM 
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A 

Figure 1. The delta wing designed by Schmit and Fleury required interleaves at several locations, 

including Section A-A. 
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figure 2. The Intermediate Co “P^"> Wing was designed using ASTROS, but interleaves 

in several locations, including Section A-A. 


were required 


^uiiccpi oecause tne constraint is linear function of th» — .7, , mcmoa is simple m 

design variables be a constanttlicES^Z S*"' vanab , les - rK l uircs ’ however, that the 
scheme in which the thicknesses are descrit*vth!f a °!? amina *f* II precludes the use of an optimi radon 

multiple optimizationrins?Sofen V £Sfr funcUo "-, ™* -"“hod Quires 

function optimization scheme. ^ ^ gCT umber of design vanables than a continuous shane 


continuous shape 


progran^^'^o^m^it^struaures 1 fnrTv^ f cve f lopment . of ASTROS. This multidisciplinary 
structural response, providing potentiallv greater TZ of con straints. It uses the finite element method for 

Reference [ft AsfiS^S *SSJSSM pl ,f C ““** UScd * 
be added without modifying the existing ASTROS roH^ °f lts , m °d“ lant y- It allows new subroutines to 

constraints on tire design variables, and it was used to >pp£ talXKStXr ^ dte “ 
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MATHEMATICAL DESCRIPTION OF INTERLEAVING CONSTRAINTS 

i n nunt^tinn must incrc&sc if the totfll thickness increases 

"^“al thicknesses of two adjacent tones, 

and (tn)e° are the thicknesses of ply orientation 0. 


if ti <, t2 then 


if ti ^ t2 then 


(ti)o° ^ (t2)0° 

(tl)45° ^ (t2)45 0 
(ti)-45° £ (t2)-45° 

(ti)90° - (t2)90° 

(tl)o° 2 (t2)0° 
(tl)45° 2: (t2)45° 

(ti)-45° 2 (t2)-45° 

(tl)90° 2 (t2)90° 


Th* Hiffimlrv with this tvoe of constraint is that it is conditional. Each condition, if feasible, will give a 
unique optimum wight mcot^tonfc of 

SSSo^fean^tge insider a four ?ne laminate with,»ron«Jong the span and two 
rones along the chord. The sixteen possible constraint combinations are as follows. 


ti^t2 

ti^t2 

ti^t 2 

tl^t2 

tl S t2 

tl^t2 

ti^t2 

ti^t2 

tl ^t2 

tl ^t2 

tl ^t2 

ti^t2 

tl^t2 

tl^t2 

tl ^t2 

ti^t2 


tl^t3 

tl**3 

tl^t3 
tl^t3 
tl ^t 3 
tl ^3 
tl^t3 
tl ^ t 3 
tl^t3 
tl St3 
tl^t3 
tl^t3 
tl £t 3 

tl ^t3 
tl^t3 
tl £t3 


t3^t4 

t3^U 

t3^t4 

t3^U 
t3 £ 4 

t3^t4 

t3 £ 4 

t3^U 
t3^t4 
t3 St t4 

t3 ^4 

t3^t4 

t3^t4 

t3^t4 

t3 ^ 4 
t3 ^4 


t2^4 

t2^4 

t2*4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 


Fora twenty zone ^'J^^J'^j^^f^'^roWemis rofot^^op^mmwlut^tf^ 

constraint combina . h.^r of these solutions would be the true constrained optimum. It can be 

all constraint ^bmntmL The ^ can ^ solved, whfle still providing the 

engineering optimization problems, which often require the use of standard cross-secuons for beams or an 
integer number of reinforcing rods for concrete [5]. 

For the laminate optimization problem the top of the Branch and Bound tree is the unconstrained 
optimum, as shown in Figure 3. The term unconstrained refers to the constraints of expression (1). 

£ hranches to the constraint ti <> t2, and to the constraint ti 212. Additional branches are added so that 
r^moVlt~^spo„ 2 d ,0 the — —|ns <<£A - jg~- 

SSrtt£^'^xpSfSgS 1 ^^<*» 4* •<*>• If any of these nodes ucar the lop have 


556 




p- °m™th<S?i t takatts l TOstSf“lave an optimum weigh! f„ > 
found. tree u a good guess at the best constraint _ _ n 


guess at the best constraint combination can be 


0' 


'•© 
» ♦ 

• * 

* * 


O 0 ©‘ 0 4 © J 

: \ * t * • • * • * * 7\ 

• * ♦ • ♦ • * • # ♦ ^ / \ 

0 ©©'©©<©©©©©<©@ ^ ^ ^ 

Figure 3. The branch and bound method reduces the number of constraint combinations 

analyzed. 


that must be 
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ASTROS MODEL OF THE SIMPLE WING STRUCTURE 


~ ACTROS Simole Wing Structure (SWS) was chosen to evaluate the branch and bound 
melhodThe SWS, shown in Figure 4, has four zones of u nique A.ckness on^e wng stan^E 
has four design variables, conespondmgto ^ model, and the 

bottom of the wing are symmetric. A Simula rir^disnlacement less than 10 inches, and a wash-out 

np^foT^Tr EKtf S Tsai-Wu swss constraints «re also appUed to the composite 
skins. The Sickness of the aluminum understructure was not allowed to vary. 


TOP VIEW 






aerodynamic 

LOAD 


SIDE VIEW 



DIMENSIONS IN INCHES T 

RESULTS 

Each circle shown on the branch and bound tree is called a node. The ^ f u?5w^es ° Node 27 

^“^o^l N m te&^n“„tgr 5 : ^e^rtwodesigns are show beiow. 

fo= 9.36 lbs 
f 27 = 9.77 lbs 

This indicates that a 4.4% weight penalty-issm^difcoSLnt 

are tetnoved from Zone 1 

and Zone 4 to minimize weight and satisfy the aeroelastic constraints. 
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0 



tgure 5. The fini step to toe Branch and Bound method is to calculate the most likely feasible solution. 





Figure 6. Ply Aicknesses of Node Oand Node 27 show how toe thicknesses change to satisfy 

interleaving constraints. s y 

constrained optimum exists.^gure 7 showsth^^^ ° f * e tree t0 find out a better 

other brandies. Node 1 converfed to an optimum weighfof c< f es P° ndin g t0 

and additional constraints on this Droblem would oniv sXLfi 19 ‘ • u wei S ht was greater than f*. 

extending from Node 1 were disregarded Next the y 1 "P^ ase . wcl S ht - Jh us all branches of the tree 

disregarded. Next, the optimization run of Node 5 was performed, and it 
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■ v f n f IQ 25 lbs. Since the optimum weight of Node 5i was greater than f*. 
converged to an optimum weight o ' j j the ootimization run of Node 14 was 

all branches extending from Node 5 v ( ere f {q jq since the optimum weight of Node 14 

performed, and it converged to an d££W Next, the optimization run of 

was greater than f*, all branches extendi g ootimum weight of 10.09 lbs. When Node 28 was 

“aS op*™ was — Wi* No* 27. 

Node 27 is the true optimum solution. 
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CONCLUSIONS 

. The branch and bound method of optimization is time-consuming, but it rigorously finds the true 
^timum solution. The major benefit is that it reveals a more practical method of reaching^ feasible 
solution that may be very close to the optimum. The practical method uses a combination of thickness 
constraints that corresponds to the total thicknesses of the unconstrained solution. This simplified wav of 
obtaining a manufacturable design may be appropriate for large optimization problems. y 

The resulting design using ASTROS with interleaving constraints is slightly different from the 
design .ha would be obtained by a heurisdc method. For bod. methods. mmrSXs ^ 

lha a ‘ C „ k ' r ““I 1 ' 8 ™* constraints. ASTROS then takes other plies out of the lambSe 

that are not needed because of the presence of the extended plies. 

that san^ toTS’fSIe'ZS!' 1 fiV ' ® im ‘ k " s - Convcr 8 encc was <"««■» for tons 
comprehen^«docuniCTUidom OS Straigh ‘- forwani ** 1101 of code and die 
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ABSTRACT 

.. C P ntro1 8 y sten > design for general nonlinear flight dynamic models is a 

fall"! ” < ’ nll "“ r E1Isht dyr,Mll = equal Ions'"wlth^non linear a'erodynZics“are numerl— 
are then idlntifi ^ * yn * mic characteristics needed in the optimization process 

SSSJ:«£ ls^emoris treted. metElod> * **** d —- P-entlon for aa F-lS 

introduction 

At high angles of attack, the aerodynamic forces and moments are, in general 
time-dependent and nonlinear functions of motion variables. In addition ft,® ’ 
aerodynamic. kinematic, aad Inertial coupling pheao^Sa a« l.portajt to't^ hlah 
ngle of attack flight dynamics of modern aircraft. One feature of a hivh ainhf 

n:: «• «m.«tK» ^ii^s-s 1 ** 

coaceats toll T « number of high angle-of-attack control 

-u“i: 

current approach to solve this problem Is by «!mnmlv. P pll«S .W«frir.f. 5). 

Methods in optimal control theory represent possible approaches to solving 
^ T ° hlei ^ s ^ nder con8id ^^on. However, computational methods in existence 
na^WefsT U " earIlat ;«" °‘ d /" a «‘n aquations and aerodynamics. Another aUer- 

aK fleolenlin.LT”! »P“«l«*tlon techniques ulthout linearisation as they 
. - - ^ ^ n structural and aerodynamic designs of large systems* A 

similar approach has also been used in other control application? in^ef. 6. 

vrad a r * 8ei * “ etl )? d * a numerical optimization technique based on conlueate 

the ^nonlinear T°Pf 

process' 13 " SI nee 3 th^a^ 3 ! 8 “ tr ° Vli ‘ i “ f '>™ a '“’“ ~«“d U 

process. Since the analysis method can deal with nonlinearities in the dynamics and 

rati^rlrl^ T ** T 86neral COnat ™ iata on the control system c^igu" 

very r^f^stjrand eHectlve?" g " ad " Uh * ”""" lcal »P“" laa “°» «ch„l,ue can be 

. n dem °nstrate the present method, design of control systems to prevent flivht 
par ure at high angles of attack in a maneuver will be considered. Since results 

dLi™ ^ 3 ”° nlinear system tend t0 depend on the initial data to start the 1 

will^be^illustrated apP ”P rlate lnit ^ al valuaa of design variables can be chosen 
will be illustrated in this paper. Some results of the present method, without 

coasldarlag eh. affacr of Initial values of design variables. ha« tin ^Leafed la 
DESIGN METHODOLOGY 

At high angles of attack, the main flight dynamic problems are pitch deoartur# 
and lateral-directional instabilities. These problems are ««SaJ2ed b? t2 rllZL 

nonlinear^6-DOF V f 1 ieht d^ 0 "/ mathe “ atlcal P olnt of vi «»» the problem involves 
momin^ I 8 dynamic equations with nonlinear aerodynamic forces and 

nonlinear ^ nU " eriCal integr * tion of tha ^^owing 
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m(u - vr + wq) - mg + + F T 

xx 

m(v + ur - wp) - mg + F A + F T 

7 y y 

m(w - uq + vp) - mg + F a + F t 

Z Z 

I P - I r - I v _pq + (I . - 
xx xz xz zz yy 


l a + *T 


I q + (I - I )pr + I (P - r ) - M + Mj. 

yy xx zz xz ^ 

I r - I p + (I vv - I >P<1 + x X 2 ^ r " N A + 

zz xz yy xx ~ 

<j) s p + q sin<t> tan0 + r cos<t> tan 9 

0 * q cos <f> - r sin<p 

ip m (q sin <p + r cos <f>)sec 0 

a * tan Qw/u) 

, 2 2 2 
0 - sin (v//u + v + w ) 


(la) 


(lb) 


(lc) 


(Id) 


(le) 


(If) 


(lg) 

(lh) 

(ID 

dj) 


(lk) 


where (u. v. w) are the three linear velocity components of the aircraft; (p, q. r) 
are the angular velocity components; and ( 4>, 6. *) are the Euler angles in roll, 
pitch, and yaw, respectively, g is the gravitational acceleration, and F s are the 
external forces, while (L, M, N) are the moments about the (x-, 1~* *“> a ** s ‘ } n 
addition, m is the mass and I xx , I xz , etc, are the moments of inertia. The sub¬ 
scripts A, T denote the aerodynamic and thrust forces and moments, respectively. 

The aerodynamic forces and moments (F A , I* A , M A , * A ), including the control effects, 
are represented in dimensionless coefficients in a tabulated form as functions of 
motion variables in this study. The motion variables are (u, v, w, p, q, r). The 
results of the integrated motion variables are then used by the optimizer (ref. ) 
to determine the best strategy of control. 

To be more specific, it is desirable to minimize the sideslip (6) in a maneu¬ 
ver. kt the same time, to have good tracking ability, the maximum transient a 
response (a ) and maximum change in yaw angle (^ ma „) should be minimized. To 
prevent spin entry, the maximum yaw rate (r ) should also be as small as 
possible. Therefore, a possible objective in a roll maneuver is to minimize the 

following objective function: 


OBJ « ~ c iP ma x “ C 2 a trim 


max 


+ € 


max 


+ e 


max 


+ e 


r | + e 
max' 


max 


+ F. <p . + C 

1 trim' 


subject to various constraints depending on applications. ®®y u8 ®^ 

define the limiting angle of attack to be discussed later for application to an F- 
16. The constants, C, - C g , are weighting factors to be chosen so that all term 
have the same order ol magnitude. e is taken to be 10 7 . The control system 


magnitude 
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the “optimizer^ Si”"**’ ^ ^ P ° S8lble desl * n triable, to be determined by 
aileron-rudder interconnect gain (K^), 
aide acceleration feedback gain (K ), 

yaw damper gale (K r ), roU damper gill (K ), 

Pitch damper gain ( Kq) , angle o( attack fa P edback ^ (r 
normal acceleration feedback gain (K ), ° ’ 

roll control deflection feedback gain^R.), etc. 
where is defined in 6 

'a * *. - V 

max ( 3 ) 

3tr a l„t a rl ^h CO a?L r c t 1 \ t L C res u b ^sTd e 'l„ i V h Le C «m a d tt r' *" gan<iral - eon- 
imposed. ana can be identified from dynamic analysis can be 

NUMERICAL RESULTS 

the F-U is'unatabie tZpttZ.Z'ZZ 0 “".“^“°° *” 0btalaad fr °" «*• »• Since 
cern. The control system includes an angle-of 8ysteo ls of major con- 
system. In the o-limitine system v f Ct k/normal ~ acce leration limiting 

feedback is defined as * 7Ste,a ’ th * pitch contro1 ^flection (6 e ) due to S“2 


6 A a-feedback) 
6 


K a - K 
a c 


(4) 


W.000 Ft altitude. The ee.umed 

method iTobUl^^rlugh'^^^'ee^UiuuVr'r r r f ableS USad Ia ■««« 

the lg M Var f ableS ar ® 8 y stema tically varied in lan/^ th ® C ° de * That ls » the 
he objective function is then used to determine ft lncren,ents and their effect on 

assumed ^as 'follows: Pl ''° tal arou " d these 


‘ARI 


1.05, 

3.6, 


K ay * 16 ., 


K c " 5a * 


az 

K 


0.3, 

0 . 2 , 


K r - 0.6, 


3., 

0.2 


a B a‘ S fol“„s tbeSe reSUltSl tba values of are them choseu 


k ARI 


0.9, 


K q " 3.8, 


K 


10 ., 


K ay " 18*. 
k az " 0.5, 


0.06, 


0.4, 
2.9, 
0.2 


of design variaWes. tlV ?ak?ng t C° n » <1 0. f M8 d 0° of £“ a , SharP minlmUm in the 8 Pace 
C 6 - 0.008, C ? - 0.7, and C„ - 1 , o ^hf’ % ?*° 5 ' C 3 " la0 » C, - 14.0, C, - 0.01 
illustrated in Fig. 3. 8 * * variation of the objective function is 
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As an application of the afo [® m ® n ^°” e ^euver U for > an F-16 configuration will 
gains to prevent pitch depar ure al coup ii n g, the presence of roll rate will 

be determined. Note that ue oroblem worse. Note that cttrim in Eq. (2) s 

induce additional pitch-up to ma ® ^ P thc whole time period, it is tohe 
defined as the average angle of attac airp i ane . The roll control is applied 

maximized while maintaining sta ults shown in Fig. 4 show that no departure has 

between t - 22 and 34 sec ‘ ^attack ^ a 4 - 24.5 deg. In this case, 

occurred and the final angle of attach is 

o - 62.0 deg/sec. 

^max , no a- 

The calculation J° nver * eS ^^Q^^^airplane wil/trifal! Wangle of attack equal 

. i (.(.i starting values for the design variable 
To chock the coovorgooco, t^lnl ^ d resulc a are still the same, 
aco slightly ^ed. However^ sslb i e one. 

showing that the solution is tne Des y 

CONCLUSIONS , . nonlinear flight dynamic analysis code 

A numerical optimizer was coupled wit preven tion, the design objec- 

to form a control system des gn me • transient angle of attack, the side- 

tive was described in terms of minimizing maneU ver. To make sure the 

slip, the yaw angle, and the yaw ra e^ starting values of the system gains 

converged solutions were the^slysis. The design method was demonstrated 

were obtained through a sensitivity analysis 

Tor an F-16 configuration to prevent pitch departure. 
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Figure 1 Block Diagram of an Assumed Pitch Control System for 
an F-16 Configuration 
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Figure 2 A Sensitivity Analysis of the Effect of System Gains 
on Dynamic Characteristics 
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Figure 3 Variation of the Objective Function with K ARI* 

K =15, K =0.6, K =2.8, K =0.4, K =10, K =0.09, K =0.25 
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Figure 4 Design of a Control System to Prevent Pitch Departure of 
an F-16 Configuration in a Pull-up and Roll Maneuver at 
M = 0.5 and h = 30,000 ft. 
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After a short recall concerning the aeroelastic 
equations, active control lav based on optimal 
stochastic control theory is synthesized for 
a wing flutter and gust response. Robustness of 
of the control system due to structured and un¬ 
structured uncertainties is considered. Robust¬ 
ness recovery technique is applied to improve 

the stability margin. 


INTRODUCTION 

In the last three decades enormous progress has been made in the 
field of structural analysis and numerical aerodynamics. This 
has allowed to build yet lighter and more flexible aircrafts, 
but the flutter phenomenon continues to be one of the decisive 
aircraft performance limiting factors. The concern of this 
paper is to study the control of flutter and turbelence response 
to enhance the performance limitations. 

A sustained oscillation of the wing in motion involving its 
vibrational deformation due to the positive work done per cycle 
of oscillation by the aerodynamic force leads to the flutter 
phenomenon. To make sure that the phenomenon occurs out of the 
flight envelope, active control system is being used. The 
physical purpose of the control system is to generate 
aerodynamic forces using of control surfaces to compensate the 
adverse acting aerodynamic forces on the wing to keep the 
aircraft stable and reduce load. In establishing the control 
system stochastic optimal control design process is used. The 
task of the control system is to find the control variables that 
would drive the system from a state-space point in a Euclidean 
space at the initial time to a point at the final time along an 
optimal path. 

The design model used to derive the control strategy, which is a 
simplified version of the actual model, is obtained by 
neglecting some of the modes and fixing some of the parameters 
at nominal values. Robustness of the control system due to low 
and high order uncertainities will be determined and a recovery 
technique will be applied. 


AEROELASTIC EQUATIONS OF MOTION 

The elastic wing is considered to be linear which can be 
discretised as n points material; so can its equations of motion 
be formulated using Lagrange's equation of motion. The deformed 
shape of the wing is represented by a set of discrete 
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displacements at selected nodes which is approximated by a 
linear combination of the natural modes of vibration. 

_ q = $ q ^ ^ 

where q is the generalized displacement vector, * is the modal 

shape matrix and q is the modal coordinates vector. 

M*4 + Dd[ + Kq=F ^ 

The modal shape , mass and stiffness matrices $, M and K 

respectively are generated using the finit element method. The 
nonconservative generalized force matrix F consists of unsteady 
aerodynamic forces due to motion <V control Q c and atmospheric 

turbelence Q fc . The Laplace transform of the aeroelastic system 

equations of motion (2) is 

(Ms 2 + Ds + K) q = \ p v 2 Q m q + \ p v\s + i p v 2 Q t ^ (3) 

where 5 is the control surface coordinates vector and wt is the 
atmospheric turbelence vertical speed. 

The unsteady aerodynamic generalized forces are detemined using 
the subsonic doublet lattice method as follows. The lifting 

pressure - downwash integral equation (4) : 

w(x,y) - JJ AP (x,y) K (x,x i ;y,y i ) ds (4) 

derived from the hyperbolic acceleration potential equation of a 
subsonic flow for a thin finite wing is discretized into linear 
algebraic equations 

w = D AP (5) 

where D is the influence coefficient matrix representing the 
downwash at a point (x,y) due to a unit pressure difference AP 
at (x ,y ). The downwash distribution is related to the wing 

modal coordinate vector and the pressure coefficients are 
evaluated using the corresponding modal deflections. The 
generalized unsteady aerodynamic forces associated with each 
generalized coordinate is 

( 7 ) 


Q..(ik) = - ( 


b > \[ «i 


(x,y) Ap. (x,y) dx dy 


where s=ik ; k is the reduced frequency. 

To cast equation (3) into the state space form , convenient for 
the control design, the unsteady aerodynamic force matrix 
obtained- in the frequency domain is approximated by a rational 
matrix polynomial [7] 


Q (s) = Ao + A ( H ) + A ( 15 ) 2 + V A m+2 S 

2 2 2V s + 2v/c |3oi 

The coefficient matrices At are determined using the least 

squares technique. 


CONTROLLER DESIGN 

A state space equation has been constructed including flexible 
modes , aerodynamic lag modes , dynamic gust represented by the 
second order Dryden model and actuator dynamics. 

X « AX+BU + GW ^ 

Y = C X (10) 
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(1 1 Ptlmal control that . WriiTSSSSeTSSi 

sub- t J -E f(X T QX+U T RU)dt (11 ) 

To make the controller* of 

reduction technique i s ° £ to s h co ”P le ^f t y a controller order 
method [3] is used in here £or thf . applled - The modal coit 
storh^f 1 - tanking based upon relative 5 *' *5 used to make 

<“^ii h ; imTa^erapp^inl 

observable so as to 

model uncertainities and robustness 

One Of the principal obiectiv«= 

compensate for model 3 nnltltlL ^ 9 feedback control is to 

To fi e nd th th fr ° m ne ^ le cted dynamici oj nar am M< i del unce rtainities 
To fmd the robustness of a ™*.J? r , P aram eter uncertainities 

n^5 rU ^ tured uncertainties l«£l\ SyStera with respect to 

perturbationg are introduced at l , or multiplicative 

miM^ 3 robustness a t a point inaliH^ breakin g points, 
rr? 1 ? 0 ) system does not nece^a^A, multi-input multi-output 
structured uncertainities in ha>- y result at other points 
wing structural inodes here are due to ignored hiSK; 

f, rder conCr ° 1 Emm. wSJ?^s°*s?rS?" iC ; app r°ximations 9 aM 

principaHy due to the natural ? tured un certainities are 

In terms of the loop transfer requecies and dynamic pressure 
given as follows function the uncertainities are 

G(s) - G_(s) + a ar*\ 

( 12 ) 

where g 


G (s,p) - G n (s,p) + G(s,Ap) 


(13) 


vecteur of uncertain 


n ls nominal loop gain, p is a 
parameters. 

Robustness of a mtmo 

value t Qf ni i- t >, ieS is eva luated tai n terms b ° unst ructured 

alue of the system's return di erf* 3 f the minimum singular 

" te X rat «d a s the distance?etwe/n 4, nCS raatri * ' *hich c a 9 n be 
and the nearest sinqular ma+^5^ en the ret urn difference matriv 

perturbatio" which "In be touStS Physicall V the l«g“? 
stebmty of a perturbed sysZt?li°UUtJ&% U * l0 ° P ‘ The 

Z ( I + T ) >?fL“ 1 -Ti 

Wher-o m • ^ 1 ) VtJ >0 /-,a» 

Jftir to acco U e nt n ?or na t l he 1 un°lartt 1 init nd - L iS the p «turbation 
s perturbation matrices cannnf k ln bbe °P en loop system. 
thJ tUrba ^ 10n nor m b °unds are used for* exact ly determined the 
the perturbation matrix assum^t f tbe anal ysis. The bound on 
magnitude applicable to all IhJnnell W ° rSt unca rtaini?J 
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ROBUSTNESS RECOVERY TECHNIQUE 

.. all ctate variables are accesible, linear 

relators have impressive 

reduction ^‘“rfabfe?” eleriiiatts 8 ’thl 

estimate the unacces ^ syst em. Minimum phase plant's 

robustness of the con sy^ /W j.th respect to model 

robustness which is not recovered at different points 

uncertainly can b ® * si ^ /LTR rgf technique. Yedavali & Skelton 
of.the loop u “^ or C v h \ “ B Y“vity approach 1 ,nd Hyland S Bernstein 
using the trajectory s have treated robustness with respect to 

using the ent r°Py®® th internal feedback loop technique of 

parameter vanation. Th int rn purpose. The parameter 

Tahh Speyer.is here^ in P to P input , output and 

variation matrix , icit relationship between the LQG 

fictions feedback loop. An explicit Ration c p the parameter 

weighting .“' at ““ plia S aa 1 The Regulator or the filter part of 

SrSg 0 Sont S roller b \s S asynptotical ? ly robus«fied ^h respect to 

the parameter variations udjusting the weighting matrices. 


Fig. 1 Representation of the perturbation system 


nxp 


(15) 


e IR 


v = r R 
i 


is 


A A(p) = -M L(p) N 

where p is the vecteur of uncertain parameters, M 
N « Ik n • The covariance of the process noise 

chosen so that M is column similar to R ie. fj®" | } ^buStliiss 

lT determined ^rough^Ke * regulator gain ^ 

r"lnr u s b %r% P er e chSce 0 o h f *£.'SSSS^Ur 1* and thi 
Weighting matrix in terms of the input/output perturbation 
matrices M & N respectively. 

EXAMPLE AND DISCUSSION 

The finit element wing structural model consists of rod and beam 
elements. It is known that the flutter phenomenon dominantly 
involves the lower modes, so are only three lower modes retained 
for the control analysis and synthesis. The aerodynamic model 
(lig 2 ) consists Y of 140 boxes. Unsteady aerodynamic 
calculations are made at a flight condition of 0.7 mach , 
altitide of 10 km and 6 reduced frequencies. The aerodynamic 
force rational polynomial fits are given on fig. 3. The initial 
upiohtina matrices are determined using the inverse square of 
the^maximum 3 allowable states and control variables. The system 
beCT simulated for different values of the weighting matrice 
coefficients. Displacement, velocity and acceleration sensors 
«e used to measure the outputs. The open loop flutter speed of 
the system (v- 260 m/sec) is sensibly increased (20%) when the 

control system f is activated. Open and closed loop power spectral 
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tUrbel — of scale, 

can conclude that the active' fll.f"' 15 ^iven fig. 4. 0 n 4 
response control tre “ and 9Ust 

concerning the flexible modes. lated to one another 

at the input is used to determine «•difference matrix 

perturbation matrix bound (worst <5Tse in*??! acceptable 

which stability is guaranteed ,11 JL? 1 * the c T hannels ) up to 

margins; pm = +5 - a „ d cm - , ( , 4) *. The guaranteed stability 

multiloop gain and phate margins '[Sjf “* deter " ined fr °>« the 

i? P , ly Tah *' a met hod is the 

efficiency of this method gets reduced sfnL 4 ^ . C ' the 
higher'inputs'tmd 00^"^“°"' P art icularly for a "system 0 o? 
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An Application of Object-Oriented Knowledge 
Representation to Engineering Expert Systems -& 

by 


D. S. Logie, H. Kamil and J. R. Umaretiya 
Structural Analysis Technologies, Inc. 

Santa Clara, CA 


Abstract 


mgSSg e^rt oh W kn " Wl ri ge represen,ation Md application to 

of the nrohlem If ■! „ * bj f ct ' onented approach promotes efficient handling 

base^ule b^d kT 1 ^ Iemented 35 * to<>1 for Gilding and manipulatkgTe^bjec 1 ! 

. Rule-based knowledge representation is then used to simulate engineering 

“fl o^Zln C °r°; W* ba “’ expert systemS 

^HsaarS9' 

ign and optimization of aerospace structures is discussed. ^ ’ 

Introduction 

P‘'“ rie "- ed approach is being applied to the development of an integrated 

^ t aeroM l ace^tructures Wa Tni PaC ' <a ^tt^ 0r f trUC * Ura ^ ““&* “ d d esign opuSon 

structures. The expert software package brings together several 

w v T ^ ame y * ex P ert s y ste ms, data base resources and procedural programs to 

work together in an integrated environment as shown in Figure 1 ^ionifiii • • 

Z Por« is bemg bnil, into die package whicht,™ invoM by tteutratv™ 

“intelligence” wllUm^ve df UC ff-“ mtegr f'° n ° f desi S" Process with embedded 
emgence will improve the efficiency of the design process, help save significant 

man-hours and costs, and help produce reliable and economical des^s »***«* 
The main goals of the research work presented herein were to: 

□ Develop a practical and efficient environment for the development of large 
expert systems, primarily for engineering applications, and g 

ni ^ ient t0 aeros pace design process involving the iterative 
steps of the finite element analysis, design and optimization. 
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. t l'minarv review of the data and knowledge usually required for structural 

S i?“K* the following two main capabilities were requued: 

□ An efficient data representation and storage scheme, and 

□ The ability to process large numbersof^esnecessary to simulate reasoning 

associated with the various steps of the design pr 

It became clear that the « 

defining the static P™ b ' e ™ d f^ ^ftr Wding, maintaining, and querying an 
therefore implemented in C as . < mented include those for creating, 

object base. ORL commands, cure y £ erying asserting, and reseting property 
editing, and displaying classes and °bje , 9^ * development was to keep 

« - »r=s 

could Lily Utilize the resulting expert systems. 

Once the objects (data) involved 

developed*' ThfcUPSjuleW system t I“J,d mle-ba^d Schemes complement 
inference engine. Together, the object-onented and mle data whi i e 

each other in that the object-onened "PP “ cb /“ng ^ocess Alone, the object 
the rule-based knowledge is used to simulate datastorage scheme; however, 

fbrdatrTand'mimodify'the'objec^base'udlhmmpleteaccess to all the functionality of 
the ORL from rules. 

Object-Oriented Knowledge Representation 
Object-oriented knowledge ***** 

problem data as a collection of ^ d ° b J e f^ C ‘^ u a slot f 0 r holding values of 
descriptive properties and <L lot^anbe attached to a property to put 

type string, word, integer, or tloat * A ... df initial or default values, and 
constraints on the values the property can hold, to define uui^ ^ rf & 

to define the prompt displayed to ® use ^ ^ de j- ming th e search path to be 

tolled wht 6 the *j«t pto^erty 

SSl Progrls are being developed 
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relationships include S®* 5 ? and ob i ects - Types of 

instance, is-a and subclass relationships between clasps Te^Tt™ * ^ and its 

(eg-, wing-x is parf-of ai™ U n tv ' u reIatl t 0n5 !>^ between objects 

relationships come into play when the’classes w 'ng-x). The 

queried for a property vrdue* it will ?? d bjeC ‘ s “* queried. If a class is 

Similarly, if L is qu^ried for a p™'X wWcb^^ °" '° “* 

pass the query on to related objects accord the current bihL'y*™ * haVe ’ “ ma y 

red“ c r apabmty Prom0teS effident handling ofdata * eli2^“ 

representation scheme Independent onhe*^ 'i” 51 "/ “ object-oriented knowledge 
engine, is the “ d infere "“ 

specific tasks. Also previouslv ..tS? y ‘ of smaI1 mle *ts that cany out 

communicate through a^m^onobieIb!2°Ave Pe f V!te ?“ ““ share data and 

developed giving the illusion of a large expert system r^hfn “V" 1 * SetS C£U1 be 

rules are being processed at any one time VhiT llii ,! ,.’ 0nly a sma11 “* of 

platform. Dte^mTdS 

«... «u j , 4 


Application to Aerospace Structural Design 
7^5 klytc£^ nrimics an 

operational and others a^under developX:' * ™ le »» 


Analysis Planning 
Substructuring 
Mesh Refinement 
Element Selection 
Dynamic Modeling 
Optimization Problem Formulation 
Optimization Problem Simplification 
Optimization Algorithm Selection 
Interactive Design Optimization 
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A amplified version ^^^g^ledg^reiw^^tton s^eme to'dev^p^xpert 

S“«ssr« £ 

properties that influence the decision decision is solely based on the 

im ^ d ° n * estmcture * objects 

for the expert system could be defined as follows. 

OBJECT goal 

PROPERTY type TEXT 
METASLOT 

Allow ( _ 

1. "Initial Design 

2. "Final Design ) . . Proiect^ " 

Prompt "What is the current goal of the D 

OBJECT structure 

PROPERTY loading TEXT 
METASLOT 

Allow ( 

X. "Pressure 

2. "Thermal' 

3. "Aeroelastic' 

4. "Aerodynamic' 

5. "Impactive' ) 

Prompt "What loadings are imposed on the 
structure?' 


OBJECT analysis 

PROPERTY type TEXT 
METASLOT 

Allow ( 

1. "Sta 

2. "Dyn 

3 . "Dvn 


Static' 

Dynamic 

Dynamic 


Time History' 
Modal' ) 


Rules are then defined to reason with the otyectsVatu^e * ^nkno^ Other mles^ 
values, automatically query mg e user Most impor tan tly rules must be 

shown in the CLIPS syntax, might look like. 


(defrule rule-name 

(goal type "Final Design ) 
(structure loading Aerodynamic) 


=> (ORL assert analysis type -Dynamic - Time History') ) 

This simple, illustrative rule states * at should be 

the structure has an Aerodynamic loading then a Lime nisiory y 
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Plannin£ A ‘ M ~ •« *veral more objects invo.ved 

4 

Conclusions 

which was linked to the^Lff^mk ob -j ect ' or ‘ e ! lt ® d knowledge representation 
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Figure 1. Integrated Architecture for Expert Design Software 
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Abstract 

The subject of this paper is the efficient and accurate determination of second-order desitm 

Zl™ Vltle 5 in - ela . sdc bodi ® s - Thf approach being carried out here is the direct differentiation of the 

dC fu atIV a boundar y element method (DBEM) formulation of the problem. Second-order 

of^^meAod^oflrri^rf^ 8 ^ ■ arc ° btained here i n “ ele e ant manner. A numerical implementation 
ot the method is earned out with isoparametric quadratic boundary elements and numerical results are 

presented for several sample problems. Considerable savings in computation^^effoTfor m 
design sensitivities dUre 1S P ° SSlble thr0Ugh the use of efficien tly determined accurate second-order 

1. Introduction 

abnost 311 ? b ape optimization processes, design sensitivity coefficients(DSCs) which are the 

sr 0 pdSi ha S h^ q „ris s v w A ,o a **£££&£* 

con^nkThTch^f f b dy u t de f sl gn vanable being considered here is a shape parameter that 

of part or whole of the boundary of a body. Approaches for calculating first-order 

i?ceH makfi h?" devel ° ped ^ Ulte weI1 b y man y researchers. Second-order DSCs, however! are hardly 
used, mainly because they are very expensive to compute. In many nonlinear programming algorithms 

functioned 11 reennd 0 !!^ 0 ^ r I . nformatiod such as . the inverse of the Hessian matrix of the objective 
minimum^ denvatlves of constraints, which provide sufficient conditions for the 

^°P ti mum) design, are generated approximately from first-order derivatives [11 The 

?econd N ordir nS pIIT h P°P uIar , for this Purpose. However, another side of the issue is: if 
second-order DSCs can be determined accurately with reasonable computing cost great increase of 

in'oSlctmSSsB 0ptimizad0 " a, S° rilhms is P°*»*>* ™s can lead to great savings 

for SlidStioi^vsreSs 1 }! ^fSfSr 131 ' Dems dsed the mi xed approach to obtain second-orders Cs 
constraints to th/onnvcnra’n/T compared two commonly used first-order approximations of the 

and SnatS^kre 3 41116 second ‘ order approximations of the constraints. In this paper [6] truss 
ana laminated plate problems were used to compare the accuracy of the approximation and its effort ™ 

S2£?£!i!>dfs ar * ss?^ 

element methods (FEM). Direct differentiation of the reduced global stiffness matrix the adioint 
LTadfniK^JT^ reduced global stiffness matrix, and a combination of direct differentiation 
Sove J ?mh^s h h^ haVC ^ Cen USed t0 ^pu^te second-order design sensitivities [7J. None of the 
continuua^ ’ h ever ’ have attem P ted to determine second order DSCs for general elastic 

. approach being used here is the direct analytical differentiations (DDA) of the governing 

(BEM) fapulation of the problem. The exact differentiations® liminate 
raight . 0CCdr h? 11 ? fin . lte difference methods and lead to closed form integral equations for 

5SSSS5,?* K,uad0ns " SOlVed by numerical discretiMti0 "- This 

2. Integral equations for two-dimensional problems 
2.1 The DBEM formulation 

in^h^ V t? V l. b0U - nda ^ e J ement method(DBEM) formulation for (two-dimensional) linear elasticity 
f" n h ‘ ch th f tractions and tangential derivatives of displacements are the primary variables on the 

boundary of a body, has been proposed by Ghosh et a1 [10]. An analogous fomiulation has been 
presented also by Okada, Rajiyah and Atluri [11]. oeen 

writtenas flO] eqUatl ° nS f ° F tw<>dimensional Iinea r elasticity for a simply connected region B can be 
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( 1 ) 


J [UjjCP.Q) x. (Q) - W..(P,Q) A.(Q)] ds(Q) = 0 

dB 

where the kernel U - is available in many references eg.[12] and W-- is available in [10], Here x. and 

y J 

A. are the components of the traction and tangential derivative of the displacement, (A.=3uj/3s) 
respectively, on 3B. It is very important to note that W- has only a logarithmic singularity (same as 
Ujj) as r goes to zero. A constraint equation 

f A. ds = Uj(2) - Uj(l) 
dB, 

(where 9B, is a suitable part of 9B with Uj(l) and u^2) the values of u ; at the beginning and at the end 
of 3Bj) must be included for certain problems. 

As can be seen from equation (1), the traction and tangential displacement derivative vectors are the 
pr imar y unknowns on dB in this formulation. It has been shown that the stress components at a 

regular point on 3B can be written in terms of the components of x and A as [13]: 

CT ij = A ijk \ + B ijk \ ^ 

where A i - k and B^ are coefficients which can be determined from the geometry and material 

properties [13]. Thus, since x and A are primitive variables on 9B in this DBEM formulation, these 
quantities, as well as on. , can be obtained on 9B with very high accuracy. 

2.2 First-order sensitivity formulation 

The corresponding DBEM equation for the sensitivities are obtained by differentiating equation (1) 
with respect to a shape design variable b [8]: 

f[U ij (b,P,Q) x . (b,Q) - W..(b,P,Q) A. (b,Q)] ds(b,Q) 

dB 

+ J[U .. (b,P,Q) Xj(b,Q) - W .. (b,P,Q) Aj(b,Q)] ds(b,Q) 

dB 

+ f [Uy (b,P,Q) Xj (b,Q) - W ij (b,P,Q) Aj (b,Q)] d*s (b,Q) = 0 (3) 

dB 

where a superscribed * denotes a first-order derivative with respect to a typical component of b. It has 
been shown [14] that 

U j. (b. P.Q) = U ijJc (b, P, Q) [ x k (Q) - x k (P)] (4) 

where, by virture of the fact that 

x k (Q)-x k (P)~0(r) 

Uy is completely regular! A similar argument is used to show that Wjj is also regular. The formula for 
d*s is given in [8,9]. 
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2.3 Second-order sensitivity formulation 

/ tUi/b,P,Q) z j (b,Q) - W (b,P,Q) A j(b,Q)J ds(b,Q) 

dB 

+ 2j[U ,/b.P.Q) z ,(b,Q) - W (bJ>,Q) A ,(b,Q)] ds(b.Q) 

dB 

+ 2 J [UyCb^P.Q) x ,(b,Q) - W (bJ>,Q) A ,(b,Q)] d*s (b,Q) 

dB 

+ 2j[U ..(bJ>,Q) r.(b.Q) ■ W (b,P,Q) A.(b.Q)] d's(b.Q) 

dB 

+J rd u (b J,Q) tj(b,Q) - (b,P,Q) A(b,Q)] ds(b.Q) 

dB 

+/ fU i j(b,P,Q) Tjtb.Q) - W..(bJ>,Q) AjCb.Q)] d*s(b,Q) = 0 (5 ) 

dfi 

where a superscribed a denotes a second-order derivative with respect to a typical component of b. 
regdlr 15 rcgUlar Si ”“ " # “ a ‘ ready rcgular - A staiilar argument is used to show that 6 is also 

setStdSSersenshivtities^t^plSng th^ttactiOTsandH^ 0 ofequ f ion (?) with either the first or the 
SB must be prescribed id Kftcan^.™ dtsplacement denvatives. Half of sensitivities on 
riah, r ™ ? rcS ‘ Ul “ ** deIenmned &om equations (3) and (5). The known 

nght hand side (when solvtng equation (3), T. and A, on the 3B are known and when solving equation 

»pSf™i^£'ly°" 3B “* k ” 0W " ) toVOlV ' S CVaiUad0 "° f regU,ar inKgrals « ve ryeasy 

equation©StMta [|j aa,io " s for bounda, y smss «> obtained by differentiating 

ele^^r""" 10 ” “ P ,f 1 to this w °* <°"» matter of modelling of comers(on 3B) with conforming 

comer. In diTexample prese^tedT mis" work d the T!res SIr ' SS ° may ° r may not be continuous at a 
detailed discussion of this issure, including extra equations * is “aiSe”in[8.l] M C ° merS - A 

3. Numerical implementation 
3.1 Discretization of equations 

thei/fireomde^enritivities) md muation mrfhr the''* 1 dis P lac ' m ent derivatives), equation (3) (for 
usual way-The boundary 8B is subdivided il pieced q^lS^u^Se^ 

• e !'“ ab “ \ a " d A | “* assumed to be piecewise quadratic on these boundaty elements The 
logarithmically singular kernels are integrated by using fog-weighted Gaussian integration. 
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3.2. Numerical Results ,, m( . t hod These examples are chosen with a view 

below are with Poisson's ratio v - 0.3. Tte 

‘StW-The firs, is plane stress problem. The second one is 
plane strain. Figures 1-4 and Table 1 are taken from [ J. 

Example 1 “ 

^iE^cd^reTsi^ not Usted herc 

since they are very long. nii • „, „_ ults for sec0 nd-order stress sensitivities (on the line 

A comparisons of analytical Mid ™ - n consistent units. A total of 44 quadratic 

DC in figure 1) is shown in f , , segment) are used to obtain the numerical results. In 

elements (11 elements are equally spaced on ea ^ F” T ) mer ; ca i result except for some small 

1 Sh ° WS 

Example 2 The classical problem of a body with an elliptical hole is considered in this example 
Only aquaAerof the ellipse needs to be modelled because of symmetry (figure 3). Here, a-2, 1, 

L=30 a =1.0. As in the previous example, this problem also has comers where the stress are 

continuous The semi-major axis a is the design variable in this problem The analytical solution for 
Ae tangential stress on the ellipse (for an ellitical hole in an infinite plate) is [14]. 

1 + 2q - q 2 + 2cos(2<J>) 

o =o -;- 

00 ** 1 + q+ 2qcos(2<j>) 

^sassssssssr^ss^j 

tangential stress along the quarter ellipse is shown l g • P ... e i 0 bal picture is 

mesemed^e^Ah^'iri^imfwmnt^be^n'mlnd that^ese^arc^cond se^itmncs which are 
generally acknowledged to be difficult to obtain accurately in an efficient manner. 

National Supercomputer Facility. 
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Mesh 

Analytical ^ 

A 

Numerical — n 

Error (%) 

24 elements 

-0.09342267 

-0.09988122 

6.46 

28 elements 

-0.09458990 

-0.09988122 

5.29 

36 elements 

-0.09816499 

-0.09988122 

1.72 

40 elements 

-0.1017195 

-0.09988122 

-1.84 

44 elements 

-0.1001325 

-0.09988122 

-0.25 


Table 1. c^j at point C* - (in figure 1) from different meshes (example 1). 
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Analytical Solution 


♦ Nuaerlca! Solution 
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IMPLEMENTATION OF EFFICIENT SENSITIVTTV 
ANALYSIS FOR OPTIMIZATION OF LARGE STRUCTURES 


J. R. Umaretiya and H. Kamil 

Structural Analysis Technologies, Inc. 

Santa Clara, CA 

ABSTRACT 

ITie paper presents the theoretical bases and implementation techniques of 
sensitivity analyses for efficient structural optimization of large structures 
based on finite element static and dynamic analysis methods. The’ 

ana ? SeS h . ave been implemented in conjunction with two 

Ae Mathematical Programming and 
Op mality Criteria methods. The paper discusses the implementation of 

AutoS^ ^ meth ° d in ‘° °“ r “• h ° Use software Parage, 

INTRODUCTION 

Tie design process for aerospace structures involves many analysis/desisn 
iterations, exchanges of a large amount of data and multiple interactions on 
decisions among a variety of technical disciplines. Typically, the design 
process goes through several stages, ranging from early conceptual and 
pre lrnmary designs, through finite element structural analyses, to final 
esign and optimization. For each stage and cycle of the analysis and 
design, a large number of parameters are investigated and a large amount 
of data is utilized. The design process can readily be formulated as a 
problem of optimization, where either cost (weight) or a measure of 
performance can be optimized while satisfying the specified constraints. 

® b { ecti y e ° f . our e /[ orts have been to try to use optimization 
approaches for design of large, practical structures, based on the use of 

finite element techniques for modeling the structures. Large, practical 
structural optimization problems have hundreds or thousands of design 
variables, hundreds or thousands of highly nonlinear constraints and 
multiple local minima. For structural optimization, two different types of 
methods have been proposed, viz, Mathematical Programming (MP) 

n Md 0ptimalit y Criteria (OC) algorithms (Refs. 3,4). 
Both MP and OC methods are iterative in nature and generate a sequence 
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of the design variables converging to the 


of design points in the space 
optimum solution. 


Both of these methods involve gradients of objective and constraint 
functions with respect to design variables. These gradients are called 
sensitivity coefficients. For regular optimization problems, these 
sensitivity coefficients can be evaluated directly s,nc « ob J e ^ e ^ 
constraint functions are explicit functions of design variables. Once these 
coefficients are known, they are used for determining the directionand size 
of the next iterative step towards optimum design. For J^ur 
optimization problems, the objective and constraint functions are implicit 
functions of die design variables. This makes the evaluation of their 
gradients significantly more difficult. The process of evaluating gradients 
of objective and constraint functions is called sensitivity analysis—w c 
provides a bridge between optimization algorithms and finite element 
analysis solutions. This paper discusses the various approaches for 
sensitivity analyses and their implementation to large, practical structures. 


SENSITIVITY ANALYSIS APPROACHES 


There are three main approaches for sensitivity analyses 1 : 

. Virtual Load Approach 

• State Space Approach 

• Design Space Approach 


These methods are briefly discussed below. 


Virtual Load Approach 

This approach was first used by Barnett and Hermann (Ref. 5) for statically 
determinate trusses with a single displacement constraint. The approach 
was later extended to statically indeterminate structures with imultiple 
deflection constraints, and has been extensively used with Optim ty 
Criteria methods (Refs. 3,4). 


Since this approach is somewhat restricted in the sense that constraints must 
be expressed in a specific form, it has been superseded by the more general 


1 The finite difference approach is not considered herein, because of it’s potential accuracy 
and reliability problems. 
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State Space and Design Space approaches, discussed 
virtual load approach can be derived. 


below, from which the 


# 


State Space Approach 


In tins approach, the state variable vector is first treated as an 
variable. An adjoint relationship is then introduced to express the effect of 
a variation in the state variable vector in terms of the variation in the 
design variable vector. In contrast to the virtual load approach, no special 
functional form of constraints is assumed and a variational approach is 
followed in deriving the design derivative vector. 


Design Space Approach 

This approach was first suggested by Fox (Ref. 6), and has been used bv 
several researchers. In this approach, the state variable is not assumed to 
be independent, i.e., it is assumed to be a function of the design variable 
This makes the equations more difficult to solve because of additional' 
tens on the right hand side of the equations. The State Space approach is 
re efficient than the Design Space approach, especially for large 
practical structures where the number of design variables is very large 
compared to the number of constraints. 


Thus it was decided to use the State Space approach for this research and 

development effort because of its generality and efficiency for large 
practical structures. ® ’ 


IMPLEMENTATION OF SENSITIVITY ANALYSIS APPROACH 

The State Space sensitivity analysis approach was implemented in our finite 
element analysis and design optimization software, AutoDesign™ (Ref. 1). 

JH“ ap P toach was implemented for both the MP and OC methods, for the 
truss, beam, membrane and plate/shell finite elements, for the 

f eSS md fr !T enCy constraints - Implementation for the 3-D 
solid (brick) elements and buckling constraints is in progress now The 

implementation for the MP and OC methods is discussed below: 

,W^ P r miZati0n yP roac * es > name] y ^ OC approaches, require the 
information on gradients of objective and constraint functions inlddition 
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to information on functions themselves. As mentioned earlier, the 
constraint functions for structural design problems are usually f ™*ons 
displacements, stresses, and frequencies, which are 

design variables. The gradients of constraint functions and objective 
function (generally weight or cost of the structure to be designed) are 

evaluated. 

The objective function is usually given as: 



where 


and 


£ wiAibi 

i= 1 

wi is the specific weight or cost 

Ai is the cross-sectional area of 1 -D elements 
such as truss, beam, etc., or planar area of 
2-D elements, 

bi is the third dimension, namely, the length 
for 1-D elements or the thickness for 2-D 
elements, 

n is the number of elements in the finite 
element model of the given structure. 


For 1-D elements, Ai’s are used as the design variables, where as for 2-D 
elements, bi’s are used as the design variables. Thus, gradients of the 
objective function may be explicitly written as: 


gWi = wjbi for 1-D elements 
wjAi for 2-D elements 


The computation of the gradients of constraint functions requires the 
evaluation of: 

. partial differential coefficients of constraint functions with respect to 
design variables, say A 

. partial differential coefficients of load vectors with respect to design 
variables, say£ 
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• partial differential coefficients of stiffness matrix with respect to 
design variables, say Q 

• partial differential coefficients of constraint functions with respect to 
displacements, sayJQ 

• a solution vector,.!., from K(b)!.=IL where K(b) is the stiffness 
matrix 

• partial differential coefficients of eigenvalues with respect to the 
design variables, say £, (used for frequency and buckling constraints 
only) 

For displacement constraints, A = 0, £_= 0. 

For stress constraints, E = 0 

For frequency and buckling constraints, A = 0, X ,= 0. 

In general, evaluation of A, H £ and £ is straight forward since it can 
easily be performed at element level. The evaluation of ^requires special 
attention to make the sensitivity analysis efficient, since all the optimization 
algorithms require the information on constraints before they require the 
information on the gradients of the constraint functions. The evaluation of 
constraint functions requires the analysis of the finite element model of the 
given structural problem. 

Now, if D is introduced as a set of dummy loads for each constraint, then X 
can be obtained as a set of resulting dummy displacements from the 
analysis. Thus, for the optimization problem, the total number of load 
cases are considered to be the actual number of load cases plus the number 
of constraints in the design problem. Using this approach for multiple load 
cases, the stiffness matrix, K(b), is required to be decomposed only once, 
resulting in very efficient computation of X. 

This approach was very successful in improving the efficiency of the 
sensitivity analyses implemented in our software AutoDesign™, especially 
for large, practical structures. 
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CONCLUSIONS 


The sensitivity analysis approaches for structural optimization utilizing 
Mathematical Programming and Optimality Criteria methods were 
discussed. The implementation of sensitivity analysis into AutoDesign T , 
our in-house finite element analysis and design optimization software, was 
presented, especially considering application to large, practical structures. 
The State Space sensitivity analysis approach was utilized, with certain 
modifications, since it was found that this was the most suitable approach 
for large, practical applications considering its generality and efficiency. 
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Design Sensitivity Derivatives for Isoparametric Elements 
by Analytical and Semi-analytical Approaches 

Kenneth W. Zumwalt and Mohamed E. M. Ei-Sayed 


Abstract 


This paper presents an analytical approach for incorporating design sensitivity calculations directly into the finite element 
analysis. The formulation depends on the implicit differentiation approach and requires few additional calcnlarinnc u, . 

derivatives In 0rdcr “ cvaluate «P^!Tt is compares^m“ti^S whS 

r ° H commo " 1 y used Finite difference formulations. Both approaches are implemented to calculate the design sensitivities 
T um Ujoparametnc clients. To demonstrate the accuracy and robustness of the dmSSjdSSJS 

approach compared to the semi-analyucal approach some test cases using different structural and continuum elenrcnt types are 

1 Introduction 

popular method for calculating sensitivity derivatives is the semi-analytical method which is based on the finite 
eval “ l aaon of die derivatives of the finite element stiffness matrix. Using either a forward or backward difference 
method to calculate the sensitivities of a structure for m design variables requires the evaluation of 1 «riffnecc matri/- t 
• ddiwn to the time considemdon, these methods the also setSi.e to ctonSTsS s ^ ° " W ‘ b 

H;rr»~ n r a !- ernati I e appro f h that is generating much interest is to calculate the derivatives analytically usine the imnlirit 
differentiation techniques from which the semi-analytical approach is obtained The implicit 

sensiiiviiy dale is best Is . much debated subject. ltefemncSnSj pSSmSSTof^^ 

and . V wwfit 5 ' ^ . atr ) y wwk d0 'l e b . y ^ttnkiewicz and Campbell [6] and Ramakrishnan and Francavilla (71 has been refuted 
and extended over the last one and a half decades. More recent work by Wang Sun and Gallarrher rsi in iqo< h<ac nm •. . 

formulations employing an implicit differentiation approach for sensitivity analysis of 2-Dand3-D Sparai^ert^nSS 
S element £%* “* *2* [9] * 1988 * « W* * *> 

significant imp^Th!‘rST '*«'“to 1 *** <* «• mania deritnuives and thus yields a 

c . The purpose of this paper is to present an efficient approach to obtain the sensitivity of isoparametric continuum and 
ctural elements to geometric properties and to compare it with the semi-analytical approach. The analytical formulation is 
2SS5 Jf'TL-Tf T 1 is ^llcable *> “ y isopamneuie elemcu. we. iffim 
e^St^SL number of calculauons required and to the ease of implementationof the mednSoTg^^p^ 

2 Formulation of Displacement Derivatives 

Consider the general formulation of a linear static finite element problem whose equations are of the form 

The derivative of equation (1) with respect to any design variable ^ is given by 


rearranging yields 


dK dU dF 

— U + K 7 — * —- 

o* 3a da 

m mm 


_ 3F 9K 

K 7 * r - —u 

da da_ da 
m m m 


The unknown terms of equation (3) are ^ and . The derivative, . represents the sensitivity of the applied forces to 

the design variables. In many cases the applied forces are independent of the design variables and this term is zero. This 
assumption will be made for the remainder of the development (A treatment for the formulation of in non-zero cases 

^StiXiP)bSS y ° f PrCSSUrc l0ading 10 ***** VariablCSiSgivcn in detail by Wan *‘ Sun * “d Gallagher m m ^ 
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u 


(4) 


Notice that the left-hand side of equation (4) has the same coefficient matrix as equation (1). Since the decomposed form of 
this matrix is normally stored for the calculation of multiple load cases, it may be reused to obtain 3 — in an analogous 

manner from the equation 


da da 

m m 


i.e. treating the vector f*-U J as a pseudo-load. 

2.1 Displacement Derivative for Continuum Elements 

Consider the formulation of the 2-D and 3-D isoparametric continuum elements. The stiffness matrix of the element is 
given by . 

K e - Jn B t CBUIdfl (6) 

where O is the domain of the element, B is the element strain-displacement matrix, C is the material properties matrix, and 
Ul is the determinate of the Jacobian matrix, J, which represents the mapping of the global coordinates X.Y, and Z into the 
element natural coordinates r, s, and t. For the continuum element, C is a function of the material properties only, i.e. 
Young's modulus and Poisson's ratio. Therefore the derivatives of C with respect to the shape and sizing parameters are zero 
8f1(i 


Multiplying both sides of equation (7) by the local displacement vector, u, as in [7,9], results in the following 


3K e 


” fdB 
u S - 

•t ns m 


C B u + B T C 


Ot_ J „ 

m v r 


B T C B u 7 ^-dfl 


but the stress vector, a, is given by 


a = C B u 


substituting (9) into ( 8 ) and rearranging 


9K e f T J 3IJ 


+ o*iji>dn + 




oUldQ 


where 


Finally, by factoring U! 


where 


* 0 9B 


3K e 


"*L[ bT {°w 




/ 

In order to evaluate equation (12) only two new quantities need be obtained, and ■jjp As will be shown later, 

n 

ijl^ 

significant savings are gained in the direct calculation of the quantity^. Since these derivatives are also required for the 
structural elements, formulations for these terms will be given following their development The remaining values will have 
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been evaluated in the generation of the stiffness matrix. Also, the form of equation (10) is the same as the expression for the 
stress vector. This will allow cr* to be evaluated by re-using the same stress recovery routines. 

2.2 Displacement Derivative for Structural Elements 

The displacement derivatives for the shell and beam elements are derived in the same manner. The element stiffs 
matrix for an isoparametric beam or shell following the formulation in Bathe [10] has the form 


K e = B T Q t C a Q B Ul df) 


(13) 

where Q is the matrix which transforms the element aligned material properties matrix C a into the global coordinate system 
Taking the derivative with respect to an, ' 


3K e 

dam 


Q T C a Q B + B T Q T C a Q lUldfl 


•fi , 

c .<2 B + BT Q T Ca^;B]uidQ 

I 


(14) 


+ B T Q T c a Q B J^dQ 


Using the same procedure as before we post multiply by u and simplify to obtain 


where 

and 


3K e 


u = 



<x* + a 


] 


dB. 

d^ 


T 1 


iji d a 


C = Q T c.q 
a = 2 C s B u 



05) 

(16) 

(17) 


2.3 Formulation of Component Derivatives 


, a f ™ m , th ? general finite element formulation that the strain-displacement matrix, B, is constructed by rearranging 
and adding the denvauves of the element interpolation functions N K with respect to the global coordinates X, Y, and Z in 

!«^ danCe , Wlth equations of the element formulation. For example, the three dimensional elasticity strain- 

displacement matrix is defined as } 


B ~ [ bj b 2 ... b„ ] 


(18) 


N kJC 

0 

0 ' 

0 

N^y 

0 

0 

0 

N k ^ 

N k .y 

N kJC 

0 

0 

N k .z 

N k .y 

N ktZ 

0 

N k .x. 


(19) 


where n is the number of element nodes. 

_ thc isoparametric formulation, the interpolation functions N are expressed in terms of the element natural 
coordinates r,s, and t. Thus, the derivatives with respect to the global coordinates are evaluated by 


N k(X 

-r 1 - 

X/ 

N k .y 

N k 4 ’ 

l N ^j 


Xj 


(20) 
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where J 1 is the inverse Jacobian. Taking the derivative with respect to the design variable a* yields 


_3 

da 


m 


N k .x 

Y 

kZ 


N, 

In.. 


> = 


ar 1 


N k ., 

N k , 

N m 


+ J 


-i_i 

3a„ 


N k> , 

N k> , 

IN U 


(21) 


Since J 


- 1 is not obtained in explicit form, an expression for ^cannot be obtained direcUy. By using the identity 


l^ J+J ** 


-i-^L=o 


( 22 ) 


ar 1 

the expression for^-- is found to be 


dJ‘* _ j.i JLL j-1 


Thus equation (21) becomes 


da* 


Substituting equation (20) into (24) 


da 


N*.x 

N k ,Y 

l N k.zJ 


f N k> x 
N k .y 
N k .z 




r‘ r' 

da, 


‘m 


XJ 

Nk4 > + 

N k , 

C 4,1 


a 

tom 


Nk.r 

Nm 

INm 


(23) 


(24) 


m 


-T-'iLJ 


da 


m 


Xxl 3 

t.T •♦J'r 


N k>r 
N k , 
[Nk,j 


(25) 


Equation (25) contains two derivatives that must be evaluated. First consider 3 a ^- Thc Jacob * an is obtaine< * * rom matrix 
multiplication 1 

Nfc.r 

J =' N kiJ >{X k Y k Z k } 

N kl 

V. 


(26) 


Applying the chain rule, the derivative is 


_dJ 

da. 


Substituting equation (27) into (25) 


d 

da. 


N 

N, 

N 




Mj 


da M 


{X k Y k 2^}+ 


da. 


fN, r l 

N k / {X k Y k Z k } 

N k,. 


(27) 


X/ 


a 

X/ 



' N k ., 1 

n, t 

►* J' 1 

3*. 

N k . 

► — 

< 

N k . T 



X,. 


- 



[n„i . [*C 

N kT i^-{X k Y k Z k } + r—- 

n.. . *k.J 


Hx k Y k Z k } 


’ N k ., 1 
‘ N k . T \ 


j \ ^ t .t j 


(28) 


SllS-nc p'reperUes, U*» equadon (28) stopUr.es IP . fon» e,»i»8e«.re Uto presented re PI. 


a 

da. 


fN 1 


X x ' 

N k . Y 

- = —< 

N^y ' 

k ^kpZ ( 


X- 2 , 


da. 


{X 


Xml 

k Y k Z k }. N J 


(29) 


N 


kjt j 
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The scalar, can be generated directly without evaluating ^ exnlicitlv Th^ h* ,• f , 

Jacobian may be written as 8 m P Uy ' ^ dcnvatlvc of 11,6 determinate of the 

dUI _ aijl 3Jjk 

3 ^ 9 ^ ( 30 ) 

.he repealed indices follow .he convent summation rale. By pmfmmmg . by ^ * 

demonstrated that 6 ^ lcrTn cx P ansion °* can be 


Substituting (31) into equation (30) 
Rearranging yields 



(31) 

US !™*! 1 

(32) 


(33) 


SSy to (28) 0,1 '** •*>*» (33) is evaluated 

3 Numerical Considerallons for Analytical and Semi-Analytlcal Approaches 


Additions 


Multiplications 



100000 


200000 


Figure 1-Comparison of Number of Operations Performed for 20-noded Solid B- 

complea than the more convenSd'scmfmSSSapmSch 1 current??'iT® f nsili,i ‘ y deriv *“ v “ is considerably more 
analytical approach is more element dependant and reauires the ndditZ, n , w,dc use ' a resu,t of this complexity, the 
clement code. The increased efficiency and ^uriv hmE ™ on j >ro S™' statements to the basic finite 

Consider the calculation of the piSlSSo?‘fJV* *“«» Programing effort. 
pseudo-load vector with (216n + 486) multiplications and (2 An 1 ai' < !i^™ enL The presented evaluates the 

freedom m the element. Using the conventional semi-MScSm^h^ 14 ^^ 005 :^ here n is the number of degrees of 
is calculated directly by either a forward or backward vhcre th * suffness ma *« derivative in equation (5) 
displacement vector, requires (SSn* + 324n * d PO«-multi P lied by the global 

considerably by using equation (10) where the derivatives of thelmJIn J^ 5 ? + 324n + 321 ^ “Editions. This can be improved 
finite difference. This reduces the number of operations to me*, s 1 1 ? > ^ c f^d Jacobian matrices are calculated via 
approach will be referred to as the modified semiS^ apprSch mdjaSSg??? ns “J (270n + 513 > Editions. This 
Figure 1 shows m« ml number of calculauons involved for ” PProaCh ' 

4 Implementation and Test Cases 

algorimlTOwereh^pie^^wd , ald^evmnl^raf^^,|^^2: y ^J , ^^ 5°F'P a,w * T ** “"‘•““W'" approach, the 
mam criteria was that the structures had casily P verifiable MnStvSif^ 7** ^ hoscnwi r th s^eral goals in mind. The 
structures could reasonably be modeled with several different types ofelementJ ^ CntCna f ° f lhe teSt 011X5 ^ ^ 
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1.0x10 p»i 


100 lb. 



-* 11 *- 

zo 


Figure 2—Cantilever Beam. 


4.1 Test Problem It Cantilever Beam 

A simple cantilever beam is considered as an 
example to C0 “5J^^^JSitivities. The 

approa^es for obtmnmg d«^ ^ of the 

geometry, loading Mdmam F ^ m lb 

HESS SCW?#* - ■* £ 

si. «**:tsttitsss s 

hriffht of the beam* it is oesuw ^ 

sensitivity of the vertical displacement, v, of the 

beam at point A. . narabolic shell and parabolic solid isoparametric 

-*** zt&sjz is *»««» si«ss™2ii«.«» 

columns of the table show tn w n «w./i deri vatives—choosing the proper step • . ^ w m ai wa y S be 

major <ta»tock of «ep sizes vmies ta» Sue otamed 

small, then errors will result. derivatives. In this example, semi-analyucal app . steo as can be seen in 

|^S£sSSs» ,:r ' 

ano arc cry ^ 10 ^* 

1 i A- 


d 

«» 

8 

o 

u 

d 

0. 

» 

s 


- 1.0 

4*2 
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Figure 3—Accuracy of Displacement for Beam. 
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Figure 4 —Accuracy of Sensitivity for Beam 


i/db (10 


M< 


Beam 



SKcii 

Solid 

memos 

Plane Stress 
S.A. A* .001 

S.A. A-.OOOOl 

3.45<> 

3.654 

3.716 

3.531 

3.685 

3.723 

3.456 

3.654 

3.716 

3.735 

3.453 

3.649 

3.640 

3.450 

3.653 

3.716 


Table 1—Accuracy of Displacement Sensitivity for Cantilever Beam. 


4.2 Test Problem 2: Two Dimensional Plate 

A simple two-dimensional plate ^^^it”proach and ^semi- 
compare the relative cfficmnqf and material 

analytical approach. loading of 100 lb. is 

SSSfSra^lfc^tftc right 

the vertical direction JJf at a for Se different finite element 

XS5SCf«S1 *• ieu—«—»• ">« 7 *« 


100 IK 



I •*TK 


1 

i 


Figure 5—Plate. 
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Hus case the?tep size A*.00u£ tufficiem^^ approach converged well. Also, notice that ir 

ST* ^f'^sis o?thTphre. ^exJSfJd 5?^ performance* was obSd '? ecu ‘ ion dmcs of “ch approach for; 
TTje modified semi-analytical approach was a close second, but always slightly stater.*” USing th * 3nalytical a PP roach 


V A (10~ 5 ) in. 



dv A /da (IQ -6 ) 



5x5 

6x6 


-2.496 

-2.761 

-2.825 

-2.837 

-2.849 

-2.856 


-2.496 

-2.761 

-2.825 

-2.837 

-2.849 

-2.856 


-2.408 

-2.697 

-2.773 

-2.879 

-2.816 

-2.828 



4 

5 
5 


5.490 

5.494 

5.495 


4.4 
5.1 
5.3 
5.608 
5.400 
5.318 


x 10' 


Table 2 Accuracy of Displacement Sensitivity for Thin Plate. 
--- x 10' 6 
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Figure 6—Accuracy of Displacement for Plate. 
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Figure 7—Accuracy of Sensitivity for Plate 
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5 Conclusions 
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Figure 8—Execution Time for Plate Sensitivity Analysis 


sensitivity derivatives are obtained byimpl^^ derivatives into the finite element analysis. The 

elements. The formulation allows for the cIlcSnTfTnJ iSnTSS 1™*" ^ °£ Structural md continuum 
implemented with relative ease since most of the required ntaZS S ,ty P aramcters of element and can be 
In order to evaluate the merits of this S a ° f ** fmite c,ement “ludon. 
test cases conducted show that the analytical approach is the m^ * semi-analytical approach. The numerical 

user to provide a proper step size as decs the finUe difference T 0 ?* 1 ) for ,w0 reasons. It docs not require the 

respect to time. te d,tference based sem.-analytical approach and it is more efficient with 
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Introduction 

. * T° optimize the performance of any system, the sensitivity derivativec nf 
avaMahie m it ° ut f ut 'J ariab J® s with respect to its input variables must be readily 

f ,S0 des,rable that thes ® derivatives be inexpensive to calculate 

an h h th 3 P ll mIZat *° n pr °? ess f e Puires many evaluations of the output variables 
and their derivatives. Optimization methods that have been developed for use 

m automated structural design programs may not be extended for use in 
integrated multidisciplinary design programs until adequate means^f 
calculating accurate sensitivity derivatives of complex, internally couDled 

, Untilthedevelo P™ntoftheGlobsJSensitivity 
H?S? nS 1 )• the on| y method of determining the sensitivity ^ 

denvatives of coupled systems has been by using finite differences Anaivtirai 
or serm-analytical derivatives do not exist as there is no analytical solution to 

m!th^ Gd probem ‘ Als0, difficulties arise because the finite difference 
method is expensive as the system has to iterate to a converged solution for 
each incremental input variable. The method may not be aSatl and the 

r » V T ,abl f ,ncrement ma y cause the difference in the output 
variable to be insignificant compared to computer numerical error if the choice 

If fhe.r^'&^e may n0t PrediCt ,he - *» outp'SfvSfe 

functions oUh^romponentsubSslem'sfloralfsenslfM^de^MfvBs^These 

local sensitivity derivatives are calculated from specifically decoupled 
subsystems, whereas the GSE account for total system coupling. P Since the 
subsystems are decoupled, it may be possible for the local derivatives to be 
calculated by analytical or semi-analytical methods, which generally reduce 

usinn^S? accuracy. Several academic problems have been solved 
using GSE and have demonstrated encouraging results (Refs. 2, 3). 

Approach 

Thic J, hGf °? Ulati0n °! the GSE ( Ref * ^ is from a mathematical prospective 
7, h L s L P fP US ® an alternative formulation from an engineering P prospective 

to develop the equations. This formulation will proceed in three steps: fi) Exact 


601 


nrnhiem definition- (2) Determination of required available information; and (3) 
Problem solut on Experience has demonstrated that once the problem is 
flrioouSelv defined and the known information is reduced to only that which is 
required, the solution is typically simplified. This simplification does exist for the 

development of the GSE. 

GSE Formulation 

Con i- Problem Statement. In structural optimization approximate linear 
Inalvses usina flret oSiflaylor Series expansions to predict new behavior 
analyses us g successfully in various complex developments 

(Rairr^lusUssumedlhatlhis method can be extended for use in predicting 
the responses of a complex, internally ooupled system in the region about a 
converged solution. 

Figure f depicts the typical internal behavior of a system composed of 
three subsystems. The local inputs, x,. ofa subsystem are subsets of and may 
be any, all. or none of the system inputs, X. During the convergence process, 
the subsystems use the current values of the other subsystem responses,*. as 
inputs. When the process has converged, the system output responses, Y, are 
a union of subsets of the subsystem responses, ft. 

New values of system behavior responses are predicted by 

__ _ - - ( 1 ) 

Y (X) = Y 0 (Xo) + dY (AX) 

The information required to predict the new values of the responses is the total 
differentials of the coupled system (Fig. 1), 

dY, = £ ^ dX, < 2 > 

i axj 

As the input differentials, dXj, are chosen by some method, ii, . . d 

optimization, etc., the unknowns are the system derivatives, 3Yi/3X,. The stated 
problem is to determine the system denvatives, dYj/dXj. 

The Droblem statement places two stringent assumptions on the solution. 
The first is that the system and its derivatives, and therefore, the subsystems, 

- are linear "S^hat the solution process must start from a converged 

solution. 

O- k-nr«A/n information. Fiaure 2 represents the decoupled system at a ^ 
converqe^sdutionThesystem may be decoupled since all of the inputs and 
outputs are known at the converged point. The total differentials of each 
subsystem, Uj, may be written as 


602 


dyr -^idx, 




dy 2 

dy 2 =^dx, + ^2 


dys 

du 2 


x 2+ ^£dy 1+ ^dy 3 
° x 2 5yi 9y 3 


d ^-^dX3 + ^dy, + ^d7 2 

dx 3 dyi ay 2 

:;rr ,iais :' the ,ocai ^ *“• * - *• ** <»■»*«. **» 

system inpVdiffere^ correspond to the chosen ' 

derivatives may be calculmed bv anaM ol! ^ 6S a ? calcula,ed ' The local 
methods using the analysis capabilities of the rtolv* na e 0r ^ n ^ a difference 

fc^atrons^ReSrang^ngand vvririna'in «m ati0dS ( , 3) are the Global Sensitivity 
form presented in Reference 1 S is V ma,rix nota,ion 9 ives ,hB 


I du^ 9^ 
dy 2 dy 3 
dU2 3U2 

d ?1 9y 3 

9U3 0U3 

dyi 9y 2 


dyi 


dy 2 = 


dfo 


9ut 

9?i 


0 0 


0 0 


a? 2 

o o 


du 3 


dx 2 


dx 3 


input vector.*, era!r|4rmly e berewrin“rar ndS '° " ^' he SyS ' em 


I dui 

dy 2 9y 3 
5 u 2 ■ 9u 2 

d 9i dy 3 

Bus B1J3 
dyi By 2 


dyi 


dy 2 U 


dyh 


dui 9ut 
BX 1 BX 2 
du 2 du 2 
BXi BX 2 
dll 3 du 3 
dXi ixj 


d(J) 

dX n 

du 2 

dXn 

9u 3 

dX n 


dX 1 


dX 2 


60 3 



a?e'deter!rtn e €S Ua T°e solutonTs^plltedC:*S the desired responses 
for dY from the vectors of subsystem outputs, dy,. 

Comments on the GSE 

system^nput variable tvitlVotto^loiSuhpih vari^^ tor al| P subsy'stems. eaCh 



Examples 

will demonstrate^seve'raJ types of tnt^mal coupHng and the! re JjWng form^ot the 
GSE. 


0) 


( 2 ) 


(3) 


(4) 


(5) 
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Total Differential 
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i v 

Decoupled Systems 


dyi = 


du 


— dut du 


dx« + 


dy 2 + 


dy 3 


dx 


du 

dy 2 = — 


ay 2 


du. 


dx 2 + —±r~ dyi + 
3 x 2 ^s^ 


dy 3 

du 2 


dy 3 


dy 3 = 


du 3 ^ 9 u 3 


dxo + 


dyi + 


<ty 3 


du. 


dy 2 


dx. 


dyi 


dy 2 


Figure 2: Component Subsystem Total Differentials 
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Abstract - Recent results from sensitivity analysis for strain energy with anisotropic elasticity are annli.H t 
thickness and orientational design of laminated membranes. Primarily the first order gradients of the totd 

cinvl C rr„ Crgy a t r u USCd 1D “ ° Ptlmahty Criteria based method ‘ Th “ traditional method S shown to give slow 
vet T W h l ? deSlg f parameters - ^though the convergence of strain energy is very good To 

JL W deeper insight into this rather general characteristic, second order derivatives are included fnd it is 
shown how they can be obtained by first order sensitivity analysis. Examples of only thickness design onlv 
orientational design and combined thickness-orientational design will be presented. 8 ’ * 

1. INTRODUCTION 

Design with advanced materials, such as anisotropic laminates, is a challenging area for optimization. We 

further^* I 68 n< f ° UrSe ves to p,ane Problems, as in the early work of BANICHUK [1] (which includes 
further early references). Recent work by the author [2],[3] was conducted independently and the 

emulations are rather parallel. Similar research is carried out by SACCHI LANDRIANI it ROVATI f4l In 

is to P vTaH PaPCr WCC r binC these orientational optimizations with thickness optimization. The further god 
o get a deeper insight into the redesign procedures based on optimality criteria. g 

The sensitivity analysis that proves local gradient determination relative to a fixed strain field is Dresenhsd 
The physical »»*««di« of the* result, have many aspect, ouuid, the scope of tLe p^ent ?he 

ar y paper y MASUR [5] includes valuable information about this sensitivity analysis. 

mirsssra; re 

Stas' “ ** P"-" » » non—gradient *chm,us. Inti," “SC 

dhttlv'jha! r ! Cipal ff ° f “ ort , hotropic materia * "e equal to, say, the principal strain axes, it follows 
irectly that principal stress axes also equal those of material and strain. However, optimal orientations exist 

pmvedTn ttUhTthT n ““ f ^ 'T th °“ ° f the principal *«*»■• Even for this case it is 

pro ed in [3] that the principal axes of stress equal those of the principal strains. 

The sensitivity analysis for thickness change is extended to include the mutual sensitivities i e change in 
nergy density with respect thickness changes not at the same point. A symmetry relation is proven. 

^number of actual examples will be shown and discussed, but are not included in this short pre-Conference 


2. SENSITIVITY ANALYSIS FOR ENERGY IN NON—LINEAR ELASTICITY 
Let us start with the work equation 

W + WC = U + uc 


( 2 . 1 ) 


Pre-Conference paper for the Symposium: On Recent Advances in Multidisciplinary Analysis and 
Optimization, San Francisco, California, 24.-26.9.1990 analysis ana 
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where W,W^ are physical and complimentary work of the external forces, and U,U^ are physical and 
complementary elastic energy, also named strain and stress energy, respectively. 

The work equation (2.1) holds for any design h and therefore for the total differential quotient wrt. h 

dW dW^ _ dU dUC ( 2 . 2 ) 

dh + dh — dh "ah 

Now in the same way as h represents the design field generally, < represents the strain field and * 
represents the stress field. Remembering that as a function of h,« we have W,U , while the complementary 
quantities W^,U^ are functions of h,* . Then we get (2.2) more detailed by 


gW gW dt dWG gW^ do dV . dV dt { do 

Jh + Ttdh + Th“ + do dh~dh + dtdh dh do d h 


(2.3) 


The principles of virtual work which hold for solids/structures in equilibrium are 


dW dU (2 4 ) 

dt ~ dt 

for the physical quantities with strain variation and for the complimentary quantities with stress variation 

we have „ „ 

dW c _ dU c (2.5) 

do do 


Inserting (2.4) and (2.5) in (2.3) we get 


gUC dW c 
dh dh 


fgU dW] 
~ ~ [gh dh\ 


( 2 . 6 ) 


and for design independent loads 


fguc- 

__ fi 

El 

[gh J 

fixed 

stresses 

fixed 

strains 


(2.7) 


as stated by MASUR [5]. Note that the only assumption behind this is the design independent loads 
gW/gh = 0 , gW c /gh = 0 . 

To get further into a physical interpretation of (gU/gh)n X ed strains (“ d b y ( 2 - 7 ) of 
(gU c /gh)fixed stresses) we need the relation between external work W and strain energy U . Let us 

assume that this relation is given by the constant c 


W = cU 


( 2 . 8 ) 


For linear elasticity and dead loads we have c = 2 and in general we will have c > 1 . 
Parallel to the analysis from (2.1) to (2.3) we based on (2.8) get 


gW gW gf _ gU . gU g< 
gF + gt gh _C gh + g<gh 


(2.9) 


that for design independent loads gW/gh = 0 with virtual work (2.4) gives 


gW dt gU dt _ c gU 
d t dh dtd h 1 -c gh 


and thereby 


du_gu,aug«_j_ faul 

dh “ gh + dt dh 1 -c [ghjfi 


fixed 

strains 


Note, in this important result that with c > 1 we have different signs for 
(gU/gh)n X ed strains • g 


( 2 . 10 ) 

( 2 . 11 ) 

dU/dh and 



For the of li»« d«id. 7 „d <tad brf. « h .„ win . . 2 „ d 

— = _ fel _ fdUl 

dh l^*»J fi xe d [dhj n xed 

strains stresses 

For the case of non-linear elasticity by 


fixed 

stresses 


<r = Et n 


" d “ill d„d load. (WO = 0) e = 1+B md 



( 2 . 12 ) 


(2.13) 


(2.14) 


3. OPTIMALITY CRITERIA 
We want to minimize the elastic strain energy U 


Minimize U = E (J e 
e=l 


(3.1) 


nar, h obtamed “ th * of the element energies U- for e - 1 2 N T 
parameters are considered. The material orientations^ 9 t for e - 1~2 ’ n"’«. . gr ° UpS of desi « n 

element, and the element thicknesses t. for e - 1 2 V* ,i » 1»2,...,N assumed constant in each 
.... e r e - 1,2, ...,N , also constant in each element. The constraint of 

our optimization problem is a riven volume v « 

1,2,..,,N ’ , e- ’ by sun unation over element volumes V e for e = 

N 

V — V = £ V e - V = 0 

e=l (3-2) 


The gradients of volume are easily obtained for thicknesses 


dV dVf. 

9tt = dt e 


and volume do not depend on material orientation 


(3.3) 


d0 t 


(3.4) 


(3.5) 


The gradients of elastic strain energy is simplified by the results of section two and thereby localized 

~- = -[^L] _ fd(u e V*)] 

C Infixed strains [ dh e Jfixed strains M 

"ft t°; wRh = £ for element^area^* = ** * ^ ** by U e = u e V e = 

(3.5)! we'direcUyget^ 6 h “ D ° mflueDCe on *rain energy density u e and thus with (3.3) and 
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(3.6) 


au_ Us__!*sX 
3t e l e 4 « 


With .mpoct t» nmwual orientation the S™di*«*“ d'S' iTpl, h> tenrn ot principal 

U,e.»«r^Y, ",*^riV-«de Vt™Srion or u, principal -w* <“"<“> ~ “ d 

strains <j , < n U f ll > l! Ill/ 8 

material parameters C2 anc * ^ 


* 

’ = fv(«, - «„)=> rin2*(c, + «• 0-2*] e 


(3.7) 


. /o a\ ti fi\ .„/) 13 7 ) we can now formulate optimality criteria. For 
WiU, the 1L of proportional pad-.* g ivm -»,V,/.,~ VJ«e 

11 ' * . - f „ „ na i to the mean strain energy density u 

which means constant energy density, equ 


— u for all e 


(3.8) 


S« also the early paper by MASUR [5] for this optimality criterion. 

P„ ,h. materiel orient^ optimimUo. .. have mi nncon.Uainod pmhiem. and to. *- M * * 
optimality criterion __ 


rin2*[c, i{-±-f “ + 4C 3 eo.2*] ^ = 0 fo, Jl . 


(3.9) 


How U a thickneas di.Uih.Uo. that «. M *£ ZZ+f2!l SSEJS 

sk m ^is- — * < b -‘ —■-- w 

(3.10) 


(te)next = *« + 


<ienaitv u is taken as the present mean energy density u . Thirdly, the 
Secondly, the optimal mean energy , , change At e and then from (3.8) we get 

element energy U e is assumed constant through the change 


~ g _- 

V e (l + MeAe) 


z U t 


(3.11) 


At e = te(u e - «)/“ 01 t 4 *)®*** = te Ue/ “ 

,t is natural to ask, why the gradient of element energy is not taken into account 

(«.)..«-«.+{!:*. (512) 

h., Uri. * explained h, Ihe fan. ~ * <“> ** ^ 

(the element strain energy) 




fixed strain 


f aUel §t_ 

[a< J at e 


(3.13) 


-.*>•» «•»•*«” c °“ pied 



4. MUTUAL SENSITIVITIES 


The redesign procedure by (3.11) neglect the mutual sensitivities, i.e. the change in element energy due to 
change in the thickness of the other elements. These sensitivities can be calculated by H*fi*fl sensiti vity 
analysis. Assume the analysis is related to a finite element model 

[S]{D} = {A} (4.1) 

where {A} are the given nodal actions, {D} the resulting nodal displacements and [S] = E [SJ the 
system stiffness matrix accumulated over the element stiffness matrices [S e ] for e = 1,2,...,N . 

Let h e be an element design parameter without influence on {A} , then we get 

|s 'lh7 1 = -*f < D > = ( p '> <«) 

where the right-hand side {P e } is a pseudo load, equivalent to design change. Knowing 3{D)/dh e it is 
straight forward to calculate dUj/dh e . Generally the computational efforts correspond to one additional 
load for each design parameter. 

Then with all the gradients dU*/dtj available we can formulate a procedure for simultaneously redesign of 
all element thicknesses 



Mnext — {*} + {At} 

(4.3) 

that takes the mutual sensitivities into account. In agreement with the optimality criteria (3.8) we change 
towards equal energy density u in all elements. Formulated in terms of strain energy per area we want 


u e te + E ^ a? Ati = u(t € + At e ) 
i=i dt > 

(4.4) 

or in matrix notation 



with solution 

(ut) + [V(ut)]{At} = u|{t} + {At}| 

(4.5) 


(At) = [ [V(ut)J — ujTjl * 'f(u—u)t} 

(4.6) 

The gradient matrix [V(ut)] 

consists of the quantities d(u e t e )/dti . 



Note that with the assumption of fixed strain field, the strain energy per area is unchanged, i.e. [V(ue)l = 
[0] and we get the simple redesign formula (3.11). This procedure can therefore be evaluated by comparing 

the numerical values in the gradient matrix [V(ut)] with u , especially the off-diagonal values. 

An alternative formulation would be Newton—Raphson iterations directly on energy densities 


or in matrix notation 


N 

(ue—u) + E 

i=l 


fluc-u) 

dtj 


Atj — 0 


(4.7) 


fVu]{At} = 5(1} - {u} (4.8) 

Here, the gradient matrix [Vu] constitutes dug/dtj . An interesting formulation is obtained, when we 
multiply every row e with area a« and get 
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[V(ua)] {At} = {(u—u)a} 


(4.9) 


The present matrix is now symmetric, which to the knowledge of the author is not well-Wn. 
Remembering that = U e /te we P rove this directly from (3.6) 




dt e dt\ 

<PV 

dtidt e 


flUeAe) 

dti 

dt« 


Therefore, as 5®U/(dtedti) = d^U/(dtjdt e ) we have 

[V(ua)]T = [V(ua)] 


(4.10) 


(4.11) 


5. CONCLUSION 

Optimization problems with a single active constraint (thickness design with given volume) or without 
constraints (orientational design) can be solved by simple iterative redesigns based on derived optimality 

criteria. 

For the thickness design this redesign procedure is studied by deriving higher order sensitivities. Second 
order sensitivities of total strain energy are evaluated as first order sensitivities of local (element) specific 

strain energy. 

For the orientational design a normal gradient technique will generally not work, because many local optima 
exist. Therefore, design changes in each redesign must be based on a criterion that identifies the orientation 

which gives global minimum of strain energy. 

For optimal material orientation we get coinciding principal stresses and strain directions. This is used as a 
test optimality criterion", and can also be utilized during iteration. 

Optimization of thickness distribution for anisotropic materials (and even a class of non-lineanty too) is no 
more complicated than with simple linear isotropic materials. The criterion of uniform energy density still 

holds. 
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the dues or laminates are assumed to be given together u»tk _ consuerea. Jhe thickness and the domain of 

the edge. 8 8 prescribed boundary conditions and in -plane loading along 

The problem under study consists in determining throughout the st ructur al domain tu. ~ -• 
concentrations of the fiber fields in such away as to maximire the intent ^ domain the optimum orientations and 

the given loading. Minimization of the integral stiffness can also be car ried ouzTh*^ * h COmposite disc or ^minate under 
prescribed bound on the total cost or weight of thTco^^ite^uforZ^T , , f nmua “° n * Performed subject to a 

*'—-—— «f - zests zs* 


1. Introduction 

(reponed m D«,M,to SJS, iS. JSSSJ?™ “ft W °* “ "» fie,d ■'*”»»■« PI 

applications, whwe higji rtXL^sfrengthw req^Jd Jtow weiJT^raft^?'^ m !j rials " c idcaJ for structura l 
stressed parts of the bodyinSrTo sto fid f Hcncc> transfer of fibcr material from initially lowly 

idea of o^mization of cwnpashe^^^tures 0 ^“ d d,ieCtM,nS *" “ C Subjcc,cd t0 lar « e forces is the J«nd 

on the strain field°det^rrrlied^by , fi^t] h element anadv^f ^ oncn,aMons and -concentrations as design variables. Based 

consists of an optimality criterion approach as described byPeS^i gWnda two ‘ level . °P timiza,ion procedure that 
Here, ^ oesenoea oy redersen [4,5,8], and a mathematical programming technique. 

» * »<*** <**— »e d»« u»ng „ op**** 

^ r mx “““* «**»"? »**» .m « MU1 

is carried out by means of a dual mathematical ^ ^ wived design sensitivities. In this level, the optimization 

Fleury and Braibant [11], 1C P ro S ramnun 8 technique as implemented in the optimizer CONLIN by 


2. Objective function 

^ “ kgeJ - -**» «“?■» f » ■**■*•*». --b. 

orh^'m’S, ^ y ,T^1 “ f bomogenewis, 

e.g. Jones [12J. ** * u then be given by the following formula for an orthotropic laminate, see 


u - ±U) T (A]U) - |a «*+ |a„«!, + A « t ♦ 2A 
* l 11 11 2 22 22 12 11 22 


e 

66 1 


(i) 
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where {e} - » *e ^ iti^^S^n'TScL) by the principal strains, e, and *„ . and the angle 

the largest stiffness An (An^Ajj), see Fig. 1. 



FI,. 1. Definition of ihe engles *, 6 and -I for mnnul rouiions of Ihe Me «!«»«« coordin... sysiem X„ X. <h. pcincip^ 
strain coordinate system x„ x. and the material coordinate system y„ y. 

Since in ihe Bn,,, elemen, ennlysis ih. sirucnne is dittoed 
matrices [A]„ the total elastic strain energy U for the structure is gi Y 


u - j {{kr^V.r^'W' 052 *]* k.[< W-'Vn’" 52 *] 
* k 1 [<-.* , .. > 1 - ( v‘.. )Ww ]* k.<v..> Ww } s }. 

where S, is the area of the i-th finite element. 


( 2 ) 


3. Design model and cost function 

orientataE 8, 8+80* «*<<>• “■< the 

^ ..... —* *' , see Fig. 2. 


volumetric fiber concentrations V a , V a and V 





Fig. 2. Design variables of an element consisting of 3 orthogonal plies 


. „ , . ,__ . fiW _i v y «„ the middle) and the total thickness h of the element. 

Fig. X which c hive hod, -fdtodin-1 (8.8,8=1) end cross *, 

« design nririto for «ch elemea: V.. V..8 sod 8. For das. deagn oddta. «. prescribe lower 
and upper constraint values as follows: 
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Qs(V fi , i iV « • 0s < v m > t sv f . Os^SlSO 0 , Osfisl 


t • • « » XI 


(3) 


Here the given upper constraint value V fnr tH- 

upper botmd R if ailfcto toximtota SStoteS? “"*'"' , * l “ C ° fl ««» »b. less toe, 0agjvra 


+C «[^ 1 ' fV ti\ih 0 1 +(l-(V (ii ) i )h(l.^)Jj s ^ s R 


(4) 


Here c, and c. are given so-called "unit cost facing- n,.„ j . . 

"*“*** Sn°s b iaSeI hereaS * “* C " *“* «the £ 2 “g 

4. Stiffness matrix in terms of design variables 
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For reasons of brevity, the reader is refereed to [1] for the specific expressions. 

5. Optimization technique 

Tbe optimization problem i. rind 

deter mined by finite efemenr "^ffJ^SSSSS^XtSl SWE *. — M of ririfl 

S SEC SCMSd oie S5d —2^^-Sfi^T^riri*. o, 

A notable feature o( <h« pmnnt tri^ riri a-riydjri mhereo, diffirity in tire ter level 

the fibers, because-local[optima a? analytical investigation of the first and second derivative in order to 

l^rJSrJKTiS?LSfeS^Slpeo.»£ onemation. From (2, X (6, ». g e, tire foUowm, 
expression for first order sensitivities, cf. Pedersen [4,8], 

dU dU m r ( , t ) 2 sin2\K7 +c 0 S 2^)sl . 1-1. n (8) 

dT d^ t L * 1 11 J 

where A is a constant, and the parameter y, is defined by 


4< *J 1 


i*i»* * * * ^ 


. „ thn< - gnnearine in (6) The results of a complete investigation of the extrema of U with 
The material parameters ct, and a, are those appearing in t, b . . rgi 

"Tti^ 55STSpi. riSriSZT., fbr“oacb clcmonl can be’tierermmeti b, moms of tins ublo ami tiro 
formula 
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*. - *. 


whoro „ is a,. rmgle of rotation of dm pmdpti sntin or stross dimetion of tiro Mb olomoor rolativ, to tbo X, axis of the 

finite element coordinate system, see Fig. 1. an immoved distribution of the amount of fiber material. 

The second stage in the loop of redesign consists m ^““8“ Twi=l J). This is done by a dual method of 
i.e., to obtain improved values of the design variable *0^ ei eur T^d Braibant [14] and implemented in the computer 

• - 

aforementioned design variables. theorem and the principle of virtual displacements for 

strain energy density u, for a given element, whose strain field is considered to be fixed. 
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S^TrS^^tiviry irrfbrmittoo drat is required for tiro optimization in the second level 

of redesign. 
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6. Examples 


We now consider two example problems of optimization of the rectangular composite disc shown in Fig. 3 The disc has one 
of its sides fixed against displacements in the X and Y directions, while the opposite side is subjected to a oarabolicallv 
distributed shear loading. * 


Fig. 3. Example problem 



o,OY(1-r) 


The upper constraint value V, for fiber concentration in (3) is taken to be V, *80 pet, and we only consider cases of c =0 
and c^l, which means that the fibers are dominating in the cost or weight function C in (4)* 

In the firs t ex a mp l e we consider maximization of the stiffness of the disc under the condition that only one fiber field is 
m ' ach , elemen,> This corresponds to the special case of 0-0 v 6-1, see Chapter 3. The structure is discretized into 
j j , node elemen,s (to* QUAD 2Q1D, see [14]). The result of the optimization is shown in Fig. 4, where the direction 
and density of the hatching within each elements illustrate the fiber orientation and concentration, respectively. 



Fig. 4. Optimal distribution and orientation of fibers in first example: One fiber field, n«800, maximizat ion of stiffness 

We see that the lowly stressed elements do not contain any fibers. It is also noteworthy that the design contains "holes" in 
the fiber reinforcement in the mid part of the structure, where shear forces are dominating. 

No doubt this is due to the fact that only one fiber field is allowed to exist in each element This is not favourable in shear 
dominated areas with almost equal principal stresses, and the pattern obtained in the mid part may be conceived as the best 
possible attempt of the structure to increase its "shear force stiffness" under the given design conditions. The design shown 
in Fig. 4 is associated with a reduction of the total elastic energy U by 51% relative to the initial design, where all the fibers 
were uniformly distributed and given the orientation 0,*O. 

However, the convergence is very slow, and different designs may be obtained as a result of the optimization. In particular, 
the designs depend on the size of the applied FE-mesh, and it is not possible to obtain a limiting, numerically stable design 
by consecutively decreasing the mesh size. These features, along with the generation of "holes" in the design, indicate the 
necessity of a regularization of the formulation of the optimization problem (see, e.g., the survey by Olhoff and Taylor [15]). 

This leads to our second examhlc: Regularization of the formulation of the type of problem just considered is simply 
obtained by extending the design space such as to allow for formation of two orthogonal fiber fields everywhere in the <««• 
(which is actually covered in the preceding chapters). Introducing two fiber fields, the design in Fig. 4 is replaced by the 
solution shown in Fig. 5, where the "shear force reinforcement" appears along the horizontal center line in agreement with 
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the boundary and symmetry conditions. Optimizing the structure, U is reduced by 55%. Now the convergence is rapid and 
the design is found to be independent of the discretization, which confirms that regularization has been achieved. 
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Fig. 5. Optimal distribution and orientation of fibers in second example: Two fiber fields, n=800, maximization of stiffness 
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